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PREFACR 


The  first  edition  of  the  present  book  appeared  in  1859  under 
the  title  "Grundziige  der  mechanischen  Warmetheorie"  (Main 
Features  of  the  Mechanical  Theory  of  Heat). 

This  small  publication  of  only  twelve  printer's  forms  (signatures) 
had  for  its  purpose  a  clear  and  connected  presentation  of  the 
results  of  the  scattered  work  of  different  authors  which  had 
appeared  up  to  that  time,  and  also  of  the  outcome  of  my  own 
investigations  which  dealt  particularly  with  the  behavior  of 
vapors;  another  object  was  to  direct  the  attention  of  mechanical 
engineers  to  the  great  importance  which  the  new  theory  of  heat 
might  assume  in  the  further  development  of  the  theory  of  machines. 

Under  the  same  title  there  appeared  in  1866  a  revised  and 
considerably  enlarged  second  edition  of  the  book ;  it  was 
intended  mainly  for  technical  men,  although  the  general  theo- 
retical portion  was  given  more  fully  than  was  necessary,  as  an 
introduction  to  the  study  of  the  here  pertinent  technical  prob- 
lems. 

This  edition  was  translated  into  French  by  Maurice 
A r n t h a  1  and  Achille  Cazin  imder  the  title  "Th6orie 
m6canique  de  la  Chaleur,"  Paris,  Gauthier-Villars,  1869;  Him 
had  already  reproduced  in  translation  the  first  edition  of  my 
book  in  a  special  section  of  his  work,  "Exposition  anal)rtique  et 
exp6rimentale  de  la  Th^orie  m6canique  de  la  Chaleur,"  Paris, 
1862. 

After  the  German  edition  was  exhausted  and  for  several 
years  completely  out  of  print,  I  resolved  at  the  solicitation  of  the 
publishers  to  issue  in  1877  a  reprint  of  the  second  edition, 
because  other  obligations  assumed  by  me  rendered  it  impossible 
to  prepare  a  revised,  third  edition;   to  this  reprint  I  added,  as 

iii 
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an  appendix,  a  paper  which  I  published  in  the  "Zeitschrift  des 
Vereins  deutscher  Ingenieure,"  Vol.  11,  1866,  under  the  title 
"Theorie  der  iiberhitzten  Wasserdampfe  ";  a  few  omissions  were 
made,  but  nothing  else  was  changed  in  the  arrangement  and 
presentation  of  the  whole  material. 

When  reworking  the  third  edition  of  the  "Grundziige  der 
mechanischen  Warmetheorie  "  I  had  to  completely  give  up  the 
idea  of  simply  revising  the  preceding  editions  and  merely  adding 
the  necessary  supplements.  I  then  chose  the  title  "Technical 
Thermodynamics"  in  order  to  bring  out  the  fact  that  a 
wholly  new  treatise  existed,  and  to  emphasize  strongly  the  new 
purpose  which  I  had  in  view.  In  recent  years  there  has  appeared 
in  the  modern  languages  a  whole  series  of  works  on  Thermody- 
namics, some  of  them  excellent  and  most  of  them  written  by  physi- 
cists; the  progress  made  by  this  comparatively  young  branch  of 
Physics  was  certainly  very  considerable,  but  a  keener  glance  at 
the  results  of  these  investigations  also  showed  that  scientific 
technology  had  reaped  the  main,  and  indeed  we  may  say  the 
greater,  advantage  from  these  results.  This  may  be  due  in  large 
measure  to  the  fact  that  in  the  original  development  and  further 
prosecution  of  Thermodynamics  a  prominent  part  was  taken  by 
engineers  and  the  representatives  of  the  engineering  sciences — it  is 
only  necessary  to  mention  the  names  of  C  a  r  n  o  t,  Clapeyron, 
Rankin e,  Hirn,  and  G r a s h o f .  To  collect  the  new 
technical  acquisitions  in  the  Thermodjmamic  dominion  seemed  to 
me  the  most  important  task  of  this  revision. 

There  was  also  a  special  reason  for  distinguishing  between  the 
physical  and  technical  treatment  of  Thermodynamics,  and  this 
was  the  need  of  the  higher  technical  institutions  of  learning. 
The  introduction  into  the  curriculum  of  certain  parts  of  technical 
mechanics  and  of  the  theory  of  machines  demands  at  the  technical 
high  schools  a  different  treatment  for  Thermodynamics  than  it 
can  receive  in  the  handbooks  of  physics  and  in  the  lectures  on 
general  physics.  The  arrangement  and  choice  of  material  in  the 
new  book  (accompanied  by  the  use  of  the  technical  terminology 
and  the  peculiar  graphical  representation  with  which  the  young 
engineer  must  early  become  famiUar)  correspond  in  general  to 
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the  presentation  which  I  have  found  suitable  and  fruitful,  in  my 
"Lectures  on  Thermodynamics  as  an  Introduction  to  the  Theory 
of  Engines,"  during  many  years  of  activity  as  a  teacher. 

The  wealth  of  the  worked-yp  material  and  the  desire  to  make 
the  book  a  handy  one  seem  to  require  the  division  of  the  work 
into  two  volumes;  the  first  volume  covers  the  Fundamental  Laws 
of  Thermodynamics  and  the  Theory  of  Gases,  whereas  the  second 
volume  treats  of  the  theory  of  vapors.  While  the  second  volume 
in  its  special  technical  application  naturally  devotes  itself  largely 
to  the  theory  of  steam  engines  and  of  refrigerating  machines,  the 
first  volume  gives  a  thorough  discussion  of  hot-  and  cold-air 
engines,  and  of  internal-combustion  motors  the  principal  repre- 
sentative of  which  at  the  present  day  is  the  gas  engine. 

In  working  up  the  fourth  edition  of  the  present  book  (1901) 
I  did  not  expect  to  be  again  put  in  the  position  of  undertaking 
another  revision,  for  the  book  has  been  widely  used  during  a  long 
series  of  years  and  is  particularly  well  known  in  technical  circles. 

Nevertheless  when  the  publisher  after  a  comparatively  short 
period  again  approached  me  with  the  request  to  prepare  a  new 
edition  I  could  not  decline  his  proposition;  to  be  sure  I  had  to 
overcome  many  doubts  and  scruples,  for  now  I  hardly  feel  equal 
to  the  task. 

In  the  long  series  of  years  of  its  existence,  since  the  introduc- 
tion of  Thermodynamics  into  technical  investigations,  my  book 
has  pursued  the  aim  of  giving  a  bird's-eye  view  of  all  the  work 
belonging  to  this  field  up  to  recent  times;  it  therefore  appears  as 
a  sort  of  review  of  the  historical  development  of  "Technical 
Thermodynamics,"  and  to  this  is  probably  mainly  due  its  favor- 
able reception  in  technical  circles. 

I  have  clung  to  this  point  of  view,  it  might  possibly  be  called 
the  standpoint  of  Regnault's  experiments,  in  this  new 
revision  and  therefore  felt  less  obliged  to  lay  stress  on  the  recent 
observations — ^highly  of  course  as  I  appreciate  their  value  for 
current  technical  problems — ^because  their  theoretical  discussion 
is  amply  provided  for  by  the  newer  literary  productions. 

Dr.  Gustav  Zeuner. 

Drkbden,  End  of  June  1905. 
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woodcuts  printed  in  the  text  and  6  lithographed  tables,  8®. 
xvi +259  pages.     1904.    Paper,  Mk.  8;  bound,  Mk.  9. 

Vorlesungen  iiber  Theorie  der  Turbine.  (Lectures  on  the  Theory 
of  Turbines.)  With  preparatory  investigations  in  Technical 
Hydraulics.  With  80  woodcuts  printed  in  the  text.  8®. 
xii+372  pages.    1899.    Paper,  Mk.  10;  bound,  Mk.  12. 
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This  treatise  has  maintained  its  leadership  with  the  German 
technical  public  for  forty  years.  It  has  molded  their  thought 
concerning  engineering  Thermodjmamics  and  has  given  analytical 
expression  to  it.  Dr.Zeuner  was  quick  to  see  the  necessity 
of  taking  this  subject  out  of  the  department  of  Mathematical 
Physics,  of  casting  it  into  simpler  form,  of  bringmg  it  within  the 
range  of  engineers  and  technical  students,  and  of  limitmg  it  to 
their  interests.  It  will  be  found  that  his  presentation  combines 
German  thoroughness  with  French  elegance  and  simplicity. 

In  the  Fifth  German  Edition  (just  completed)  the  distinguished 
author  has  brought  the  whole  subject  well  up  to  date.  He  has 
given  an  adequate  and  conservative  presentation  of  the  subject 
of  variable  specific  heats  in  gases  and  vapors;  has  subjected  the 
whole  que  tion  of  the  characteristic  equation  of  superheated  steam 
to  careful  revision  and  tested  it  by  B  a  1 1  e  1 1  i '  s  experiments; 
has  established  more  practical  and  satisfactory  standards  of 
comparison  in  steam  engineermg,  has  given  us  the  kernels  of  the 
subject  of  refrigerating  machinery  and  has  gone  fully  into  problems 
that  the  rapidly  growmg  sub  ect  of  gas  engineering  now  submits 
for  solution  to  the  technical  world. 

The  general  plan  of  the  work  is  to  establish  a  few  fundamental 
equations  and  deduce  all  results  from  these.  The  author  has  the 
engineer's  ins  inct  to  check  everything  by  experiment,  and  he 
also  has  an  engineer's  appreciation  of  the  limitations  imposed  by 
practical   conditions.    The   great  clearness   and  simplicity   per- 
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vading  the  whole  presentation  is  largely  due  toDr.  Zeuner's 
own  active  and  fruitful  participation  in  the  discussion  and  ex- 
periments connected  with  the  great  questions  of  steam  and  gas 
engineering  as  they  arose.  This  participation  developed  in  him 
a  sound  sense  of  proportion  which  enables  him  to  here  maintain 
the  proper  relations  between  theory,  experiment,  and  construction. 

It  is  no  small  achievement  to  have  brought  this  advanced 
scientific  subject  within  the  reach  and  comprehension  of  that  wide 
circle  of  efficient  engineers  who  have  only  a  moderate  mathematical 
equipment.  The  author's  constant  reference  to  original  sources, 
his  frequent  appeal  to  experiment,  his  many  practical  examples 
with  real  engineermg  data,  and  his  convenient  and  far-reaching 
formulas  and  tables  have  always  been  highly  appreciated  by  both 
the  student  and  the  practitioner  of  engineering.  The  indepen- 
dence of  the  several  parts  of  the  book,  the  simplicity  and  elegance 
of  its  mathematical  presentation,  its  restriction  to  technical  inter- 
ests, render  this  book  particularly  suitable  for  study  in  engineering 
schools. 

This  English  edition  has  had  the  benefit  of  the  revision  fur- 
nished by  classroom  work,  for  advance  sheets  of  most  of  the 
treatise  were  supplied  to,  and  studied  with  profit  by,  the  Senior 
class  in  mechanical  engineering  at  Lehigh  University. 

J.  F.  K. 

Bethlehem,  Pa.,  January,  1907. 
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INTRODUCTION. 

When  the  second  edition  of  this  book  appeared  nearly  forty 
years  ago  under  its  earliest  title,  "Grundziige  der  mechanischen 
Warmetheorie "  (Main  Features  of  the  Mechanical  Theory  of 
Heat),  Leipsic,  1866,  it  was  prefaced  by  an  Introduction  the  pur- 
pose of  which  was  to  present  the  general,  physical,  foundations 
of  the  Theory  of  Heat. 

This  Introduction  started  with  the  Elastic-solid  The- 
ory of  Light  for  the  purpose  of  showing  that  it  is  necessary 
to  imagine  the  particles  of  the  body  in  motion  to  explain  the 
simplest  heat  phenomena,  particularly  heating  by  radiation. 

"The  investigations  of  the  properties  of  Ught" — thus  the 
Introduction  began  at  that  time  —  " have  led  to  the 
generally  prevailing  view  that  the  whole  universe  is  filled  with  a 
fine  and  elastic  substance,  ether;  a  substance  which  permeates  all 
bodies  and  whose  particles  are  in  vibrating,  oscillating,  motion. 

"Just  as  an  oscillating  body  sets  the  surrounding  air  into 
oscillations  which  spread  themselves  wavelike  in  all  directions  and, 
reaching  the  ear,  generate  under  certain  circmnstances  the  sen- 
sation of  sound,  so,  according  to  the  aforesaid  undulatory  theory, 
there  proceed  from  an  illuminating  body  oscillations  of  the 
ether  which,  entering  the  eye  under  certain  conditions,  produce 
the  impression  of  light. 

"  In  the  one  case  the  particles  of  air  oscillate,  in  the  other  case 
the  particles  of  ether  oscillate  about  their  positions  of  equilibrium, 
and  the  propagation  of  the  sound  or  of  the  light  consists  in  start- 
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ing,  from  the  center  of  the  disturbance,  oscillations  in  every  direc- 
tion, so  that  constantly  new  particles  are  set  into  vibration  by 
the  action  of  the  preceding  ones. 

"  The  difference  of  tones  in  acoustic  motion  is  due  to  the 
greater  or  less  number  of  vibrations  executed  by  the  particles  of 
air  in  a  certain  time,  say  in  a  second;  the  quicker  the  oscillations 
follow  one  another,  the  higher  the  tone;  the  velocity  of  propaga- 
tion is  independent  of  the  duration  of  an  oscillation. 

"In  like  manner  difference  of  color  is  explained  by  differ- 
ence in  the  number  of  ether  vibrations  in  a  certain  time;  here 
also  the  velocity,  with  which  the  waves  of  the  differently  colored 
rays  of  light  are  propagated  in  space,  is  the  same  for  all  rays. 

"The  hypothesis  that  light  is  no  substance  but  something 
analogous  to  sound,  that  it  consists  in  the  propagation  of  the 
oscillatory  motion  of  the  smallest  parts  of  a  peculiar  medium 
(Undulatory  Theory),  was  first  suggested  byHuyghens  (1690), 
but  not  till  the  beginning  of  the  century,  till  it  was  shown  (by 
the  work  of  Young  and  F  r  e  s  n  e  1 ,  and  by  the  mathematical 
investigations  ofCauchy,  Green,  and  others)  that  by  means 
of  this  hypothesis  there  could  be  explained  clearly  and  simply  all 
the  phenomena  of  light,  diffraction,  polarization,  interference 
and  double  refraction,  was  the  Undulatory  Theory  generally  ac- 
cepted, and  the  Emission  Theory  set  up  by  Newton  rejected, 
the  latter  theory  representing  light  as  a  substance  whose  particles 
were  emitted  with  great  velocity  by  illuminating  bodies. 

"The  general  acceptance  of  the  undulatory  theory,  for  the 
explanation  of  the  phenomena  of  light,  has  caused  the  imponder- 
ables to  be  generally  banished  from  physics;  the  view  spreads 
more  and  more  that  light  and  heat,  electricity  and  magnetism, 
depend  upon  the  motions  of  the  smallest  parts  of  one  and  the 
same  substance,  ether. 

"The  acceptance  of  the  undulatory  theory  for  light  immediately 
led  to  the  inference  that  radiant  heat  must  be  a  motion  of 
smallest  particles. 

"  It  is  an  undoubted  consequence  of  the  beautiful  experiments 
of  Melloni  that  radiant  heat  like  light  consists  in  the  trans- 
verse oscillations  of  the  ether  permeating  all  bodies. 
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"  Heat  rays  are  nothing  but  invisible  rays  of  light  (which  con- 
sist of  vibrations  of  the  ether),  whose  time  of  oscillation  is  different 
from  that  of  the  visible  rays. 

'*  The  eye  can  no  longer  detect  such  rays  as  light,  just  as  the  ear 
is  incapable  of  hearing  certain  tones,  in  other  words,  incapable 
of  recognizing  vibrations  of  the  air  whose  time  of  oscillation  falls 
below  a  certain  value. 

"  If  through  a  small  aperture  in  a  window-shutter  of  a  dark 
room  we  allow  rays  of  the  sim  to  pass  through  a  glass  prism,  there 
will  appear,  as  is  well  known,  on  an  opposite  white  screen  a  picture 
of  colored  stripes;  they  are  the  rainbow  colors  arranged  in  the 
order:  red,  orange,  yellow,  green,  light  blue,  dark  blue,  and  violet. 
The  white  sunlight  thus  shows  itself  to  be  composed  of  differ- 
ent colored  rays  which  can  be  thus  separated  by  virtue  of  their 
difference  in  refracting  power;  they  cannot  be  decomposed  any 
further,  and  when  recombined  will  again  produce  white  light. 

"Red  is  deflected  the  least  and  violet  the  most;  the  difference 
of  deflection  stands  in  a  direct  relation  to  the  wave  lengths  of  the 
different  colored  rays  and  to  the  number  of  vibrations  which  the 
ether  particles  make  in  a  certain  time.  According  to  F  r  e  s  n  e  1 , 
at  the  extreme  red  of  the  spectrum  this  number  of  vibrations  is 
487  billions,  and  at  the  extreme  violet  the  number  is  764 
billions. 

"The  spread  of  the  colors  is  different  in  the  spectrum;  it  is 
greatest  in  the  violet  and  least  in  the  yellow;  on  the  other  hand, 
the  strength  of  the  light  is  least  in  the  violet,  increases  up  to  the 
yellow,  and  then  again  diminishes  toward  the  red.  In  the  yellow, 
therefore,  the  light  is  of  maximum  strength. 

"  Now  a  further  investigation  of  the  spectrum  results  in  some- 
thing of  special  importance  for  our  discussion:  the  area  upon 
which  the  spectrum  falls  is  warmed,  but  this  warming  has  a 
distribution  that  is  different  from  that  of  the  strength  of  the 
light. 

"  If  we  develop  the  spectnmi  by  a  prism  of  rock  salt,  because 
this  most  completely  permits  the  heat  rays  to  pass  through,  then 
the  heating  will  be  least  at  the  violet  end,  will  increase  gradually 
toward  the  red  end  of  the  spectrum,  but  will  not  i:each  its  maxi- 
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mum  until  it  has  passed  into  the  dark  space  beyond  the  red,  where 
it  again  diminishes. 

''  The  heating  can  be  detected  over  two  thirds  of  the  visible 
spectrum  and  also  beyond  the  red,  that  is,  at  the  less  refrangible 
end.  The  heat  spectrimi  therefore  falls  partly  on  the  optical 
spectnma  and  partly  on  the  dark  space  beyond  the  red. 

"  From  this  we  must  conclude  that  besides  the  visible  rays,  the 
rays  of  light  proper,  there  are  other  rays  which  we  do  not  see  that 
make  themselves  known  by  heating.  These  rays,  constituting  the 
heat  spectrirai,  are  less  refrangible,  have  greater  wave  length  and 
a  greater  time  of  osciUation.  The  greatest  heating  therefore 
occurs  with  those  rays  in  which  the  ether  particles  make  less  than 
481  billions  of  vibrations  per  second. 

''  For  the  sake  of  completeness  we  may  add  that  investigation  of 
the  other  end  of  the  spectrum  has  led  to  no  less  interesting  results, 

"Rays  in  which  the  number  of  ether  vibrations  exceed  764 
billions  per  second  also  escape  the  eye,  but  they  nevertheless 
do  exist  and  express  themselves  principally  by  the  chemical 
changes  which  they  produce  in  certain  bodies. 

'*  Photography  depends  on  the  ability  of  rays  of  light  to  decom- 
pose certain  chemical  combinations;  a  closer  investigation  of  the 
spectrum  shows  that  the  red  possesses  this  power  to  the  least  degree 
and  the  violet  to  the  greatest  degree,  but  that  the  greatest  chemical 
action  obtains  with  the  invisible  rays  lying  beyond  the 
violet,  the  so-called  ultra-violet  rays. 

"  The  presence  of  the  ultra-violet  rays  manifests  itself,  more- 
over, by  fluorescence.  For  example,  certain  colored  plant-extracts 
glow  when  they  are  brought  into  the  dark  space  beyond  the 
violet,  which  is  explained  by  the  assumption  that  these  bodies  are 
capable  of  reducing  the  number  of  vibrations  of  the  ultra-violet 
rays  impinging  upon  them,  and  thus  send  forth  visible  rays. 

''On  account  of  these  properties  of  the  spectrum  near  the  vio- 
let end,  this  portion  has  been  called  the  chemical  or  fluorescence 
spectrum. 

"  From  what  has  been  said  it  appears  that  the  visible  spectnun 
is  only  a  part  of  the  larger  one,  and  indeed  the  smaller  part. 

"  The  visible  series  of  colors  has  often  been  compared  with  a 
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musical  scale  in  which  each  color-tone  can  be  determined  on  the 
basis  of  the  known  number  of  vibrations  of  the  different  colors; 
this  acoustic  division  shows  that  the  visible  spectrum  does  not 
quite  occupy  an  o  c  t  a  v  e ,  but  that,  so  far  as  we  now  know, 
the  whole  spectrum  occupies  four  octaves. 

"The  greater  part  of  it  falls  on  the  heat 
spectrum,  and  the  heat  rays  possess  properties  like  those  of 
the  light  rays;  it  has  been  shown  that  they,  too,  exhibit  the 
phenomenon  of  refraction  and  of  interference,  which  phenomena 
can  only  be  explained  by  ether  vibrations;  the  experiments  on 
polarization  and  double  refraction  of  the  heat  rays  likewise  show 
that  here,  as  with  rays  of  light,  we  have  to  do  with  the  trans- 
verse vibrations  of  the  ether. 

"  Consequently  if  we  wish  to  embrace  the  ether  vibration  by 
one  name,  that  name  must  be  Heat. 

"  A  body  which  is  capable  of  setting  the  surrounding  ether  into 
oscillation,  and  this  property  belongs  to  a  1 1  bodies,  sends  out  dif- 
ferent kinds  of  rays,  and  among  these  there  is  a  certain  kind  which 
affects  our  nerves  of  feeling  and  exerts  a  warming  effect  in  the 
ordinary  sense.  Another  kind  of  these  rays,  for  which  the  num- 
ber of  vibrations  falls  between  the  just  designated  limits,  can, 
in  addition,  produce  in  our  eyes  the  sensation  of  light.  Still 
other  rays,  and  in  general  such  as  possess  a  still  greater  number  of 
vibrations  than  the  '  illuminating '  rays,  announce  their  presence 
by  their  chemical  actions  and  by  fluorescence. 

"The  results  of  the  investigation  of  the  spectrum  which  we 
have  thus  briefly  emphasized,  and  according  to  which  radiant  heat 
doubtless  consists  in  the  propagation  of  oscillatory  motion  of  the 
space-filling  ether,  lead  at  once  to  the  very  probable  assumption 
that  the  heat  contained  in  a  body  has  its  origin  mainly  in  the 
oscillations  of  the  smallest  particles." 

Connected  with  this  Theory  of  Light,  so  generally  accepted 
forty  years  ago,  and  with  the  atomic  view  of  the  constitution  of 
bodies,  there  were  then  separately  and  partially  developed  certain 
h3TX)theses  concerning  the  internal  motion  of  bodies  which  were 
reported  in  the  1866  Introduction  as  follows : 
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''That  view  of  the  constitution  of  bodies  is  the  most  wide-spread 
which  considers  the  body  as  made  up  of  invariable  particles, 
'atoms/  whose  distances  apart  are  relatively  very  great;  it  is  the 
view  that  was  first  definitely  expressed  by  Ampfere,  Pois- 
son,  and  Cauchy. 

"  The  atoms  are  so  small  that  a  quantity  of  matter  imperceptible 
to  our  senses  may  contain  an  uncommonly  large  number  of  them, 
and  there  are  as  many  kinds  as  there  are  chemically  simple  elements. 

•"  These  atoms  attract  each  other,  and  several  of  them,  of  the 
same  or  of  different  kinds,  may  combine  to  form  a  group, 
and  such  a  group  is  called  a  molecule. 

"  In  this  way  chemically  compound  bodies  arise.  The  different 
grouping  of  like  atoms  also  explains  why  (according  to  C 1  a  u  - 
sius  *)  some  bodies  behave  differently  in  a  physical  way,  although 
chemically  they  may  have  the  same  composition. 

"The  relatively  large  spaces  between  the  molecules  are  filled 
with  ether.  The  ether  atoms,  which  are  very  small  in  comparison 
to  their  mutual  distances,  and  in  comparison  to  the  atoms  of 
the  body,  act  so  as  to  repel  each  other,  and  so  as  to  be  attracted 
by  the  atoms  of  the  body.  In  consequence  of  the  action  of  these 
forces  the  ether  surroimds  the  molecules  and  atoms  in  atmospheric 
fashion.  These  atmospheres,  whose  density  diminishes  from 
within  outward,  constitute  with  their  kernel  an  individual  whole. 
An  atom  with  its  envelope  of  ether  Redtenbacher  called  a 
'Djmamide,'  while,  according  to  his  view,  a  imion  of  atoms  (mole- 
cule) with  a  conmion  ether  atmosphere  is  called  a  compound 
dynamide.^ 

"  If  we  imagine  heat  rays  to  fall  on  a  body,  then  the  oscillating 
particles  of  ether  will  transfer  their  motion  in  part  to  the  particles 
of  this  body,  or  to  ether  particles  contained  within  the  body,  or 
to  both  of  them  simultaneously,  and  strengthen  the  motion  already 
existing  within  the  body. 

"  We  then  say  that  the  body  has  been  heated;  it  can,  by  contact 

*  Cl  a  u 8  i  u  8 ,  Uber  die  Natur  des  Obods.     Poggendorfir8  Azmalen,  Vol.  103, 

p.  644. 

'Redtenbacher,  " Pynamidengystem."  " Gnmdsuge  einer  mecha- 
nischen  Phy8ik/'    Mannheim,  1857. 


INTRODUCTION.  7 

with  our  nerves  of  feeling,  produce  the  same  sensation  as  the  heat 
rays  themselves. 

"  Conversely,  motions  within  the  interior  of  the  body  can  be 
transferred  to  the  surrounding  ether;  we  can  then  say  the  body 
radiates  heat. 

*'  Only  in  one  point  do  the  views  diverge,  namely,  as  to  the 
question  whether  the  so-called  heat  motion  is  caused  by  the 
motion  of  the  atoms,  i.e.,  of  the  material  parts  of  the  body,  or 
by  the  motion  of  the  ether  particles  collected  in  the  body. 

"Redtenbacher  (born  July  25, 1809,  died  April  16, 1863) 
assumed  that  the  heat  motion  consisted  in  the  radial  motion  of  the 
ether  envelopes  surrounding  the  atoms  or  molecules  of  the  body; 
these  envelopes  contract  and  expand.  When  these  envelopes 
are  completely  at  rest  the  body  is  absolutely  cold.  If  there  is 
equilibrium  between  the  attraction  and  repulsion  of  the  individual 
dynamides,  the  body  has  an  independent  volmne  of  its  own.  On 
the  other  hand,  if  the  repulsion  is  in  excess,  the  collection  of  dy- 
namides must  be  enclosed  by  a  solid  envelope;  this  latter  case 
corresponds  to  the  gaseous  condition;  in  the  former  case  the  body 
may  exist  in  the  solid  or  liquid  state;  in  the  fluid  condition  the 
dynamides  are  free  to  move  relatively  to  one  another  Tvdthout 
altering  their  relative  distances  and  therefore  without  changing 
the  total  volume. 

"  C 1  a  u  s  i  u  s  1  (bom  Jan.  2, 1822,  died  Aug.  24, 1888)  defended 
another  view  with  far-reaching  consequences.  According  to  him 
the  heat  motion  consisted  in  the  motion  of  the  m  o  1  e  c  u  1  e  s,  i.e.,  of 
the  material  parts  of  the  bodies,  this  motion  differing  in  solid, 
liquid,  and  gaseous  bodies.  In  the  solid  condition  the  molecules 
move  about  certain  positions  of  equilibrium,  they  oscillate,  and 
indeed  under  the  influence  of  forces  which  they  mutually  exert 
on  one  another.  Besides  the  rectilinear  oscillatory  motions  of 
the  molecules  there  can  also  arise  rotary  oscillations  about  the 
center  of  gravity,  and  there  may  occur  motions  of  the  constituents, 
i.e.,  of  the  atoms  of  the  molecule. 

iClausius,  ITber  die  Art  der  Bewegung,  welche  wir  W&nne  nennen.  Pog- 
gendorff  8  Annaien,  Vol.  100,  p.  353. — C 1  a  u  s  i  u  s ,  XJher  das  Weaen  der  Warme, 
veiigHcheQ  mit  laoht  und  Schall.    A  popular  address.    Zurich,  1857. 
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"In  the  liquid  condition  there  occurs  an  oscillating,  rolling, 
and  progressive  motion;  the  kinetic  energy  of  the  motion,  in  com- 
parison with  the  mutual  attraction  of  the  molecules,  is  not  great 
enough  to  completely  separate  them  from  one  another;  even 
without  an  external  pressure  they  keep  themselves  within  a  cer- 
tain volume. 

"  In  the  gaseous  condition  the  molecules  have  passed  wholly 
beyond  the  spheres  of  their  mutual  attraction,  they  move  recti- 
linearly  in  accordance  with  the  law  of  inertia,  obey  the  laws  of 
elastic  impact  when  they  collide,  and  they  rotate;  it  is  probable 
that  in  gases  there  may  simultaneously  occur  oscillating  motions 
of  the  constituents,  of  the  atoms  in  the  molecules. 

"  That  the  principal  properties  of  the  gases  can  be  explained  by 
rectilinear  progressive  motions  of  the  molecules  was  shown  before 
ClausiusbyKronig^  through  simple  calculations;  indeed  the 
idea  underlying  the  latter's  calculations  and  in  part  those  of 
Clausius  goes  much  further  back.  Fuller  details  about  this 
matter  may  be  found  in  the  writings  of  Le  Sage."^ 

The  Introduction  of  1866  thus  reported  on  definitely  formu- 
lated hypotheses  concerning  heat  motion,  but  even  then  the  scien- 
tific development  was  such  as  to  raise  doubts  as  to  the  reliability 
and  value  of  such  hypothetical  details.  At  that  time  the  only 
certain  view  seemed  to  be  that  heat  was  motion  of  the  particles, 
but  the  kind  of  motion  was  even  then  doubtful  and,  for  the  pur- 
poses of  the  mechanical  theory  of  heat,  a  matter  of  indifference. 

The  Introduction  of  1866  continues:  "It  would  be  of  indis- 
putable importance  for  the  further  cultivation  of  the  mechanical 
theory  of  heat  if  the  problem  in  question  could  be  decided,  and  if 
the  kind  of  heat  motion  in  bodies  were  known. 


''Grundziige  einer  Theorie  der  Gaae."    PoggendorfTs  Annalen,  Vol.  99, 
p.  315. 

'  Deux  traitds  de  physique  m^canique  publics  par  Pierre  Prcvost.  Geneva 
and  Paris,  1818.  The  first  part  contains  the  work  of  Le  Sage,  in  which  the 
view  expressed  about  the  constitution  of  gases  is  quite  similar  to  that  recently 
adopted,  in  accordance  with  the  laws  of  the  mechanical  theory  of  heat.  Le 
Sage  mentions  a  series  of  writers  (page  126)  who  had  already  expressed  similar 
views;   this  was  done  with  particular  definiteness  by  Daniel  Bernoulli. 
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"It  is  of  great  interest  to  compare  the  course  of  development 
of  our  Mechanical  Theory  of  Light  with  the  development  of  the 
Mechanical  Theory  of  Heat  or  of  Thermodynamics. 

"  The  Theory  of  Light  starts  at  once  with  a  perfectly  determined 
mode  of  motion  of  the  ether;  it  is  assumed  that  the  particles  of 
ether  describe  paths  about  their  positions  of  equilibrium  under 
the  action  of  a  force  of  attraction  which  is  directly  proportional 
to  the  distance  of  the  particle  from  the  position  of  equilibrium^ 
and  this  simple  hypothesis  concerning  the  nature  of  Light  motion 
led  to  discoveries  which  we  count  among  the  most  splendid  in 
science. 

"An  essentially  different  path  was  pursued  in  the  investiga- 
tions on  the  theory  of  Heat  after  the  view  was  given  up  that  heat 
is  a  substance.  Of  the  numerous  works  on  this  subject  but  few 
start  with  an  assumption  of  a  particular  kind  of  heat  motion,  and 
these  few  investigations  relate  only  to  the  behavior  of  gases. 

"In  general  the  mathematical  developments  avoided  making 
definite  assumptions  concerning  the  nature  of  the  motion  which 
we  call  heat,  and  this  we  will  also  do  in  the  further  course  of  the 
present  treatise. 

"  If  we  nevertheless  here  and  there  suggest  the  probable  con- 
stitution of  bodies  and  their  condition  of  motion,  it  will  only  be 
for  the  purpose  of  rendering  more  easy  the  understanding  and 
prosecution  of  the  mathematical  presentation. 

"  We  may  therefore  say  that  the  Mechanical  Theory  of  Heat 
rests  upon  simpler  laws  than  the  Theory  of  Light,  for  in  the  latter 
we  not  only  assume  that  light  is  a  motion  of  the  smallest  parts  of 
a  substance,  but  simultaneously  adopt  a  particular  hypothesis 
in  the  investigations  concerning  the  nature  of  this  motion. 

"  In  the  newer  theory  of  Heat  the  only  assumption  which  is  at 
first  made  is  a  very  simple  one,  that  the  sensible  heat  of  a  body 
is  a  molecular  motion.  Heating  or  cooling  a  body  consists  in 
strengthening  or  weakening  this  motion.  If  the  body  is  subjected 
to  heat  rays  of  a  certain  intensity,  or  if  it  is  in  contact  with  a 
body  in  which  the  motion  is  greater,  then  its  own  molecular  mo- 
tion may  be  strengthened,  it  is  sensibly  heated;  cooling  consists 
in  giving  off  motion  to  the  surrounding  ether  or  to  other  bodies. 
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"The  Kinetic  Energy  serves  as  a  measure  of  the  strength 
of  the  motion  of  a  material  particle  of  definite  mass  moving  at  a 
particular  instant  with  a  certain  velocity ;  this  energy  is  the  work 
which  is  necessary  to  bring  the  mass  from  a  condition  of  rest  to 
this  velocity,  or  it  is  the  work  which  is  produced  when  the  mass 
passes  from  a  condition  of  velocity  to  one  of  rest,  regardless  of  the 
manner  in  which  the  velocity  changes  are  effected. 

"  Now  if  we  conceive  of  the  body  as  a  combination  of  material 
points  (body  and  ether  atoms)  which  act  upon  each  other  with 
certain  forces,  and  which  are  engaged  in  any  sort  of  oscillation 
and  rotation,  then  there  isstoredata  certain  instant  in  the  whole 
system  a  definite  amount  of  mechanical  work,  whatever  the 
arrangement  of  the  constituents  and  whatever  the  magnitude  of 
the  instantaneous  velocity  of  every  individual  point  may  be. 

"  First  of  all,  the  total  kinetic  energy  is  a  quantity  that  can  be 
stated  definitely  and  is  the  halfnsum  of  all  the  products  of  the 
masses  of  the  various  material  points  each  multiplied  by  the 
square  of  the  instantaneous  velocity  of  the  point  in  question;  con- 
sequently a  strengthening  or  weakening  of  the  molecular  motion 
in  a  body  consists  in  an  increase  or  decrease  of  the  sum  of  the 
energies  of  all  the  separate  oscillating  motions. 

"  If  we  (temporarily)  designate  this  store  of  work  in  the  body 
by  the  name  'vibration  work,'  then  from  all  that  has  preceded 
we  may  at  once  conclude  that  the  sensible  heat  in  a  body  stands 
in  a  certain  relation  to  this  vibration  work,  and  the  thought  nearest 
is  that  a  sensible  heating  or  cooling  of  a  body  consists  precisely 
and  only  in  the  increase  or  decrease  of  the  vibration  work.  But 
in  saying  this  we  do  not  at  all  mean  to  state  that  a  supply  of  heat 
to  a  body  must  always  have  as  a  consequence  an  increase  of 
the  vibration  work;  even  without  the  ordinary  experiences  the 
contrary  may  be  expected. 

*'A  system  of  connected  material  points  (which  act  on  each 
other  by  forces  and  are  in  oscillating  motion)  will  experience 
changes  in  consequence  of  actions  which  it  exerts  on  some  other 
outside  S3rstem,  and  this  will  be  due  not  only  to  the  change  of 
vibration  work,  but  in  general  also  to  the  change  in  the  rela- 
tive   distances    of    the    middle    positions  of   the 
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oscillating  material  points.  Now  whatever  the  forces 
may  be  which  act  or  are  overcome  in  changes  of  this  sort, 
these  changes  will  always  consume  work  or  they  will  pro- 
duce work.  The  forces  here  mentioned  are  of  two  kinds; 
we  have  to  distinguish  between  the  forces  (of  attraction  or  repul- 
sion) with  which  the  material  parts  of  the  body  themselves  act 
on  one  another  and  those  external  forces,  acting  from  the  outside 
on  the  system,  which  are  due  to  the  actions  of  a  second  system 
upon  the  first.  These  external  forces  usually  make  themselves 
felt  as  pressures  against  the  total  outer  surface  of  the  body  or 
against  a  part  of  it.  Now  the  whole  work,  which  in  such 
a  case  is  consumed  or  produced  in  consequence  of  the 
change  in  arrangement  of  the  smallest  parts 
of  the  body  or  system  of  material  points,  will  hereafter  be  briefly 
called  disgregation  work.^ 

''  We  can  now  say  that  every  change  of  condition  of  a  body  is 
connected  with  an  expenditure  or  production  of  vibration  work 
or  of  disgregation  work,  or  of  both  simultaneously. 

"  If  we  consider  more  closely  the  changes  which  arise  in  a  body 
that  is  receiving  or  rejecting  heat,  we  will  in  general  notice  also 
changes  of  volume,  usually  accompanied  by  the  overcoming  of 
external  forces  (pressures).  We  conclude  from  this  that  the 
heat  supplied  to  a  body  also,  in  general,  effects  a  change  in  the 
arrangement  of  the  constituents,  and  accordingly  disgregation 
work  is  consumed  or  produced;  without  doubt  in  so  doing  the 
quality  of  heat  stands  in  a  certain  relation  to  this  work  of  dis- 
gregation. Since  such  a  relation  also  exists  with  the  simultane- 
ously occurring  change  of  vibration  work,  the  question  becomes 
imminent  as  to  what  relations  probably  exist  between  the  mag- 
nitudes mentioned. 


*  The  word  "  disgregration"  was  first  used  by  C 1  a  u  s  i  u  s  ;  he  understood 
by  this  term  the  degree  of  division  of  a  body,  and  when  he  indicated  a  change 
of  arrangement  of  the  smallest  parts  of  a  body,  of  the  kind  described  above 
in  ine  text,  he  spoke  of  "changes  of  disgregation  of  the  bodj'."  See  "Uher  die 
Anwendung  des  Satzes  von  der  Aquivalenz  der  Verwandlungen  auf  die  innere 
Arbeit."  PoggendorfTs  Annalen,  1862,  Vol.  116,  p.  73.  Also,  Clausius, 
"Abhandlungen  iiber  die  mechanische  W&rmetheorie. "  Brunswick,  1864,  Ah- 
handlung  VI. 
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"  Now  in  this  respect  the  mechanical  theory  of  heat  starts  with 
the  following  assumption : 

''The  quantity  of  heat  which  is  supplied  to 
or  withdrawn  from  a  body  is  directly  proportional 
to  the  sum  of  the  simultaneously  occurring 
changes  in  the  vibration  and  disgregation 
work  of   the  body. 

"It  is  this  hypothesis  which  underlies  all  our  future  inves- 
tigations, and  we  must,  now  more  fully  test  its  probability 
before  we  can  utilize  it  as  the  basis  of  the  mathematical  de- 
velopment. 

"  According  to  the  assumption  made  we  can  directly  meas- 
ure a  certain  quantity  of  heat  by  the  work  which  it  has  performed, 
and  therefore  the  above  principle  has  also  been  simply  enunciated 
in  the  words  heat  and  work  are  equivalent.  The 
absorption  of  heat  on  the  part  of  a  body  appears  to  be  synony- 
mous with  an  absorption  of  work.  Heat  absorption  consists  in 
an  increase,  and  heat  rejection  in  a  decrease,  of  the  vibration 
and  disgregation  work  of  the  body.  If  this  assumption  is  cor- 
rect, then  we  must  inunediately  conclude  that  we  can  directly 
produce  changes  in  a  body  by  the  performance  of  work  (compres- 
sion and  so  on)  similar  to  those  occasioned  by  a  supply  of  heat; 
conversely,  through  the  performance  of  work  by  the  body  (by 
its  expansion  and  the  overcoming  of  an  external  pressure) 
changes  take  place  in  its  interior  similar  to  those  observed  when 
the  body  radiates  heat  or  gives  it  off  by  conduction  to  other 
bodies. 

"We  must  furthermore  conclude  that  the  absorbed  heat  or 
work,  which  in  general  is  expended  to  increase  the  vibration 
work  (sensible  heat)  and  to  change  the  arrangement  of  the  con- 
stituents, is  solely  expended  in  augmenting  the  vibration  work 
(increasing  the  temperature)  when  the  disgregation  work  is  zero 
or  infinitesimal. 

"  We  must  also  accept  the  possibility  that  under  certain  condi- 
tions the  sensible  heat  may  remain  imchanged,  and  that  then 
the  whole  heat  supplied  to  a  body  is  consumed  in  changing  the 
arrangement  of  the  constituents.'' 
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Since  these  words  were  written,  however,  it  is  not  only  the 
kind  of  motion  which  constitutes  heat  that  is  in  doubt,  but  whether 
what  we  feel  to  be  heat  is  at  all  due  to  the  motions  of  par- 
ticles. The  whole  line  of  thought  of  the  Introduction  started  with 
the  Elastic-solid  Theory  of  Light.  But  according  to  the  electro- 
magnetic theory  it  is  not  at  all  necessary  to  transmit  motions, 
changes  of  position,  energy  from  one  body  to  another,  but  only 
electrical  and  magnetic  changes. 

And  so  to-day,  more  significantly  even  than  forty  years  ago, 
it  is  true  that  the  mechanical  theory  of  heat  can  be  founded  on 
experience  without  entering  into  the  question  as  to  the  nature  of 
heat. 

Therefore  what  at  the  present  time  seems  to  be  really  con- 
vincing and  fundamental  for  the  Mechanical  Theory  is  the  pre- 
sentation, given  in  the  Introduction  of  1866 : 

It  has  long  been  known  that  a  heating  of  bodies  is  always 
observed  when  there  is  friction  between  two  bodies,  when  there 
is  impact,  and  whenever  work  disappears  during  the  interaction 
of  two  bodies  or,  as  it  is  generally  expressed,  whenever  losses 
of  work  take  place;  the  accompanying  heating  may  some- 
times be  very  considerable. 

Count  R  u  m  f  o  r  d  *  was  the  first  to  appreciate  more  clearly 
this  well-known  phenomenon,  and  to  draw  the  conclusion  that 
heat  could  be  generated  by  mechanical  work;  he  also  tried  to 
determine  the  relation  between  the  work  consimied  and  the  heat 
quantity  generated. 

He  compared  the  work  consmned  drning  the  boring  of  the 
tube  of  a  cannon  with  the  degree  of  heating  of  the  tube,  which 
he  ascertained  from  the  rise  in  temperature  of  the  water  surround- 
ing the  tube.  The  experiment  gave  no  decisive  results  because 
the  losses  of  heat  were  not  considered  and  because  here  evidently 
only  a  part  of  the  work  was  expended  in  increasing  the  vibration 
work,  the  sensible  heat,  the  rest  being  spent  in  disgregation  work 
(separation  of  the  metallic  parts  by  drilling)  which  cannot  be 
directly  determined. 


'  Phil.  Trans.,  1798.     ''An  experimental  Inquiiy  concerning  the  Source  of 
the  Heat  which  is  excited  by  Friction.' 


tf 
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Humphry  Davy*  adopted  Rumford's  view  and  sought 
to  establish  its  correctness  by  other  experiments.  He  showed  that 
two  pieces  of  ice  rubbed  against  each  other  at  (f  C.  temperature, 
under  the  receiver  of  an  air-pump,  could  be  melted,  and  concluded 
that  motion  was  the  cause  of  the  heat  developed,  which  here 
showed  itself  by  the  melting  of  the  ice. 

The  great  distinction  of  first  expressing  in  definite  fashion  the 
principle  of  the  equivalence  of  heat  and  work  belongs  to  the  Ger- 
man Dr.  J.  R.  Mayer  of  Heilbronn  (born  November  25,  1814, 
died  March  20,  1878).  His  treatise  "Bemerkimgen  iiber  die 
Krafte  der  unbelebten  Natur,"  ^  which  appeared  in  1842,  contains 
upon  a  few  pages  the  most  interesting  conclusions. 

Mayer  expressed  himself  with  great  clearness  on  the  ques- 
tion ;  he  showed  that  one  could  heat  water  in  a  vessel  by  shaking 
(performance  of  work),  i.e.,  could  raise  the  temperature  of  the 
water;  he  concluded  that  by  performing  work  under  high  pressure 
(compression)  ice  could  be  transformed  into  water,  which  was  later 
on  confirmed  by  Mousson's  experiments ;  and  he  expressly 
says  at  the  end  of  his  treatise:  "We  must  find  out  how  high  a 
particular  weight  must  be  raised  above  the  surface  of  the  earth 
in  order  that  its  falling  power  may  be  equivalent  to  the  heating 
of  an  equal  weight  of  water  from  0®  to  1®  C." 

The  height  in  question  he  then  gives  as 
365  meters. 

Mayer  was  therefore  the  first  to  definitely  announce  that 
the  quantity  of  heat  generated  by  the  performance  of  work  was 
proportional  to  the  work  consumed,  and  that  the  one  could 
be  directly  measured  by  the  other,  while  up  to  that  time  the  idea 
had  only  been  recognized  and  expressed  that,  in  general,  a  certain 
relation  between  heat  and  work  might  exist. 

First  of  all,  the  proportionality  mentioned  had  to  be  estab- 
lished by  reliable  experiments,  before  one  could  pass  to  the  mathe- 
matical treatment  of  the  problem  with  prospect  of  success. 

To  measure  quantities  of  heat  the  unit  that  must  be  taken  is 

*  "Researches  on  Heat,  Light,  and  Respiration/'  in  Boddoe's  West  Country 
Gontributions.    Compare  Joule,  Phil.  Trans,  for  1842. 
'  Annalen  von  WOhler  und  Liebig.    May  number,  1842. 
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that  quantity  of  heat  which  will  raise  the  unit  of  weight  of  water 
(1  kg)  from  (f  to  1°  C.  [or  1  lb.  of  water  from  32°  to  SS'^  F.].  Now 
if  heat  and  work  are  really  equivalent,  we  can  measure  quantities 
of  heat  in  the  same  way  as  work,  only  we  must  know  how  large 
a  quantity  of  heat  (in  units  of  heat,  in  calories)  [British  thermal 
units]  corresponds  to  the. unit  of  work  (1  mkg)  [1  foot-poimd] 
or  how  much  work  corresponds  to  a  unit  of  heat. 

This  question  was  answered  indubitably  by  the  beautiful  and 
manifold  experiments  of  the  Englishman  Joule  (born  December 
24, 1818,  died  October  11,  1889). 

His  experiments  not  only  showed  that  heat  could  be  generated 
by  work,  but  also  that  the  generated  quantity  of  heat  is  always 
directly  proportional  to  the  work  expended.  The  different  experi- 
ments invariably  led  to  almost  the  same  relation,  and  indeed  it 
appeared  that  the  work  of  424  mkg  generated  a  quantity  of  heat 
exactly  equivalent  to  the  imit  of  heat,  i.e.,  to  a  quantity  of  heat 
which  could  warm  1  kg  of  water  from  (f  to  1^  C.  [1  lb.  of  water 
from  32°  to  33^  F.]. 

The  work  value  424  mkg  [772.83]  is  called  "work  equiva- 
lent of  the  unit  of  heat,"  or  briefly  "the  me- 
chanical equivalent  of  heat";  conversely,  the  quantity 
of  heat  which  corresponds  to  the  unit  of  work,  1  mkg  [1  ft.-lb.],. 
is  caUed  the  "Thermal  equivalent  of  the  unit  of 
work." 

The  value  for  the  mechanical  equivalent  of  heat  found  by 
Joule  was  confirmed  later  by  other  experiments. 

To  J  o  u  1  e  therefore  imdoubtedly  belongs  the  merit  of  having 
first  reliably  determined  this  important  quantity;  it  is  just  as 
certain,  however,  that  Mayer  was  the  first  to  direct  attention 
to  the  existence  of  this  important  constant.  If  Mayer,  as  the 
quotation  from  his  paper  shows,  gave  too  small  a  value  to  this 
constant  (he  determined  the  value  from  observation  on  the  heat 
released  during  the  compression  of  a  gas),  then  it  was  due  solely 
to  the  fact  that  he  had  to  introduce  into  his  computations  some 
quantities  which  were  not  at  that  time  determined  with  suflScient 
accuracy. 

The  experiments  for  the  determination  of  the  value  of  the 
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mechanical  equivalent  of  heat  must  be  arranged  and  conducted 
with  great  care;  it  is  a  question  of  determining  accurately  the 
work  which  is  completely  expended  in  the  generation  of  sensible 
heat  and  then  to  determine  this  quantity  of  heat  itself. 

It  is  only  possible  to  do  both  if  we  choose  such  bodies,  for  the 
absorption  of  the  generated  heat,  that  the  experiment 
can  leave  no  permanent  change  in  the  arrange- 
ment  of  their   constituents. 

As  was  just  mentioned,  all  the  work  must  be  utilized  to  increase 
the  vibration  work,  i.e.,  the  sensible  heat;  no  part,  or  only  an 
infinitesimal  part,  may  here  withdraw  itself  from  direct  observa- 
tion as  disgregation  work. 

Liquids,  like  water  and  mercury,  are  bodies  which  fulfill 
these  conditions  at  low  temperatures  and  small  differences  of  tem- 
perature, and  these  were  employed  by  Joule.  To  generate 
heat  he,  at  the  start,  made  use  of  the  work  which  disappears  with 
friction. 

In  one  series  of  experiments  *  a  vessel  filled  with  mercury  con- 
tained two  cast-iron  disks,  one  of  them  stationary  and  the  other 
pressed  against  the  first  by  a  lever  and  set  into  rotation  by  falling 
weights.  The  magnitudes  of  the  weights  and  the  heights  through 
which  they  fell  gave,  of  course,  after  suitable  corrections,  the 
work  which  was  expended  in  overcoming  the  friction.  On  the 
other  hand  the  rise  in  temperature  of  the  mercury  and  considera- 
tion of  the  heat  lost  by  radiation  enabled  Joule  to  determine 
the  quantity  of  heat  generated  by  the  friction. 

The  experiments  were  conducted  under  different  conditions, 
but  all  gave  the  same  relation  between  the  work  expended  and 
the  heat  generated.  The  mean  value  of  the  mechanical  equiva- 
lent of  heat  was  thus  found  to  be  425.18  mkg  [775.01  ft-lb.]. 

In  another  series  of  experiments  friction  was  generated  be- 
tween solid  and  liquid  bodies. 

In  a  vessel  there  was  placed  water  or  mercury  and  a  stirring  ' 
apparatus  which  was  set  in  rotation  by  falling  weights.    In  order 
to  transfer  the  work  more  rapidly  to  the  liquid  and  to  convert  it 


*  Jo  ul e ,  Phil.  Transactions  for  the  year  1850,  p.  1. 
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into  heat,  perforated  partitions  were  placed  in  the  vessel,  the 
wings  of  the  stirring-gear  fitting  these  apertures  quite  closely. 

These  experiments  led  to  the  same  result  as  the  preceding  ones. 
Joule  found  423.92  mkg  [772.71]  for  brass  in  water,  and 
424.68  mkg  [774.10]  for  iron  in  mercury,  and  concluded  from 
all  his  experiments  that  the  probable  value  was  423.55  mkg 
[772.04  ft-lb.],  in  place  of  which  we  will  hereafter  use  424  [772.86]. 

In  a  subsequent  experiment  Joule  compressed  atmospheric 
air  in  a  pump  and  forced  it  into  a  spherical  vessel  till  the  pressure 
rose  to  22  atmospheres,  w  hile  the  vessel  was  immersed  in  a  water 
calorimeter.  From  the  rise  in  temperature  of  the  water  in  the 
calorimeter  the  heat  generated  was  determined;  the  work  of 
compression  transformed  into  heat  was  the  work  consumed  in 
running  the  force-pump. 

These  experiments  gave  437.77  mkg  [797.96  ft-lb.]  for  the 
mechanical  equivalent  of  heat;  they  are  not  as  reliable  as  those 
already  mentioned  because  the  losses  of  work  in  the  pump  are 
difficult  to  ascertain,  particularly  the  friction  of  the  piston. 

After  Joule,  an  ingenious  experiment  was  conducted  by 
H  i  r  n  * ;  this  experiment  is  of  particular  interest  because  H  i  r  n 
transformed  into  heat  the  work  which  disappears  during  the 
impact  of  solid  bodies,  and  because  then  some  of  the  work  ex- 
pended was  changed  into  disgregation  work  which  H  i  r  n  cleverly 
knew  how  to  determine. 

Two  heavy  prismatic  blocks,  one  of  wood  and  the  other  of  iron, 
were  suspended  pendulum  fashion,  so  that  their  axes  coincided 
when  their  ends  touched.  On  the  end  of  the  wooden  block,  that 
toward  the  iron  one,  there  was  fastened  an  iron  plate,  against 
which  a  small  lead  cylinder  could  be  placed. 

The  iron  block  was  now  lifted  like  a  pendulum  to  a  certain 
height  and  allowed  to  fall  freely,  so  that  in  its  lowest  position  it 
struck  the  lead  cylinder  and  knocked  the  backing  of  the  latter, 
the  wooden  block,  up  to  a  certain  height. 

In  consequence  of  the  impact  the  lead  cylinder  was  com- 
pressed and  heated.  The  heat  generated  was  determined  by 
filling,  immediately  after  the  impact,  the  hollow  part  of  the  lead 

'  R  i  rn  ,  Th^oric  m^canique  de  la  chaleur,  p.  58;   2d  ed.,  Paris,  I860. 
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cylinder  with  a  measured  amount  of  water  of  known  temperature, 
noting  its  rise  in  temperature  and  applying  suitable  corrections. 

The  energy  contained  in  the  iron  block  at  the  instant  of  impact 
was  calculated  directly  from  its  weight  and  the  height  through 
which  it  fell.  But  this  energy  was  by  no  means  solely  expended 
in  the  generation  of  heat;  to  determine  the  amount  thus  expended 
it  is  first  necessary  to  ascertain  how  much  was  lost  during  impact, 
or  rather  how  much  energy  remained  in  the  blocks.  For  this 
purpose  H  i  r  n  observed  how  high  the  iron  block  rebounded  and 
how  high  the  wooden  block  rose.  From  the  weights  and  these 
lifts  of  the  two  blocks  the  work  remaining  in  them  was  found, 
and  then  the  work  done  on  the  lead  cylinder  and  there  trans- 
formed into  heat  could  easily  be  ascertained. 

In  this  way  Him  found  the  mechanical  equivalent  of  heat 
to  be  425  mkg  [774.68  ft-lb.]. 

Therefore  by  all  these  experiments  it  is  shown  that  through 
mechanical  work  the  same  phenomena  can  be  produced  in  a  body 
as  by  the  supply  of  heat;  hence  the  only  question  still  to  be  raised 
is,  whether  a  body  giving  off  work  by  overcoming  an  external 
pressure  during  expansion  also  experiences  those  changes  which 
take  place  with  the  loss  of  heat  of  the  body  by  radiation  or  con- 
duction, and  whether  the  work  performed  by  the  body  stands 
in  the  same  relation  to  the  diminution  of  the  heat  contained  in 
the  body. 

Although  this  question  may  be  immediately  answered  in  the 
affirmative  from  all  that  has  preceded,  nevertheless  we  call  atten- 
tion to  the  fact  that,  in  this  particular  also,  observations  exist. 

First  of  all,  we  may  point  to  the  long-known  fact  that  the 
temperature  of  a  gas  diminishes  when  it  expands,  doing  work  by 
the  overcoming  of  pressure;  heat  therefore  disappears,  and  the 
disappeared  quantity  of  heat  will  bear  to  the  work  produced  the 
definite  ratio  already  given.  Direct  observations  for  this  case 
do  not  exist,  but  the  proof  in  question  has  been  furnished  for 
steam  by  H  i  r  n  .^ 

Him  observed  the  quantity  of  water  which  was  converted  in 

*  H  i rn  ,   "Recherches  sur  P^tiivalent  m^canique  de  la  chaleur,  pr^sent^ 
&  la  soci^  de  physique  de  Berlin.''     Paris,  1858. 
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a  certain  time  into  steam  in  the  boiler  of  a  large  steam-engine 
and  was  then  supplied  to  the  steam-cylinder.  As  the  pressure 
and  temperature  of  this  steam  were  both  observed,  the  quantity 
of  heat  which  it  contained  was  known  from  Regnault's  ex- 
periments. Steam,  after  leaving  the  cylinder,  was  condensed,  and 
from  the  quantity  and  temperature  of  the  injected  water  and  of 
the  condensed  steam  the  quantity  of  heat  was  computed  which 
the  steam  still  possessed  when  it  entered  the  condenser. 

According  to  the  mechanical  theory  of  heat,  and  therefore 
according  to  the  views  developed  above,  the  heat  contained  in 
the  steam  at  its  exit  from  the  steam-cylinder  must  be  "less  "  than 
the  quantity  of  heat  it  contained  at  its  entrance,  and  indeed  the 
difiference  must  correspond  exactly  to  the  work  per- 
formed by  the  steam,  which  work  was  determined  by 
experiments  with  the  brake.  Now  Him  not  only  observed  such 
a  difference,  but  C 1  a  u  s  i  u  s  ^  has  also  shown  that  the  quantity 
of  heat  which  disappeared  in  H  i  r  n '  s  steam-engine  bears  to  the 
work  performed  the  ratio  demanded  by  theory. 

In  the  different  experiments  there  was  performed,  for  every  unit 
of  heat,  399  to  427  mkg  of  work,  and  the  mean  of  all  the  values 
obtained  amounted  to  413  mkg  [752.76];  there  results,  therefore, 
a  value  approximately  like  that  given  by  Joule. 

The  discrepancy  is  easily  explained  by  the  difficulties  which 
must  be  overcome  in  experimenting  on  so  grand  a  scale  (the  steam- 
engines  developed  over  100  horse-power) ;  we  must  rather  wonder 
at  the  cleverness  with  which  the  skillful  experimenter  conducted 
the  experiments;  the  mechanical  sciences  are  indebted  to  him 
also  for  the  solution  of  other  highly  important  problems. 

If,  finally,  we  collect  the  results  of  the  experimental  investiga- 
tions adduced,  we  may  well  regard  as  proved  the  first  law  of  Ther- 
modynamics, "that  heat  and  work  are  equivalent,"  i.e.,  we  are 
justified,  in  the  following  investigations,  in  starting  with  the 
assumption:  "Work  can  be  obtained  from  heat  and,  conversely, 
heat  can  be  generated  by  work;  furthermore,  that  in  so  doing 
the  consumed  or  generated  unit  of  heat  corresponds  to  a  work 

'  Hirn  .  ibid,,  p.  134.  (Report  on  the  work  in  question  to  the  physical 
society  of  BerUn  by  Prof.  Dr.  C 1  a  u  s  i  u  s .) 
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of  424  mkg  [772.83  ft-lb.],  and,  conversely,  that  a  unit  of  work 

corresponds  to  JoT   I  ■po'co  I  of  a  unit  of  heat,  understanding 

by  a  unit  of    eat  the  quantity  of  he        hich  is  necessary  to  raise 
one  kilogram  [pound]  of  water  from  (f  to  1^  C.  [32°  to  33*'  F.]." 

The  more  accurate  determination  of  the  mechanical  equivalent 
of  heat  has  repeatedly  occupied  experimenters  during  the  last 
decades,  and  the  reader  is  referred  to  the  text-books  on  Physics 
for  the  methods  of  observation  employed;  but  for  technical  inves- 
tigations it  is  probably  best  for  the  present  to  stick  to  the  mean 
value  (424  mkg)  [772.83  ft-lb.]  given  by  Joule;  following  the 
practice  of  Clausius,  this  has  been  done  throughout  the  pres- 
ent book. 


FIRST  SECTION 


Fundamental  Equations  of  Thermodynamics 


§  I.  PRELIMINARY  REMARKS. 

The  changes  of  state  of  a  body  which  are  connected  with  an 
absorption  of  heat,  and  which  we  can  certainly  regard  as  a  con- 
sequence of  such  an  absorption,  will  now  be  subjected  to  an  inves- 
tigation imder  the  supposition  that  a  condition  of  equilibrium 
exists,  and  that  therefore  neither  the  body  as  a  whole  nor  its 
parts  are  undergoing  visible  changes  of  position  connected  with 
changes  of  velocity. 

Moreover,  it  is  assumed  that  while  there  are  changes  in  the 
state  of  aggregation,  there  do  n o  t  simultaneously  occur  chemi- 
cal changes;  consequently,  according  to  the  prevailing  the- 
ory, there  do  not  occur  changes  in  the  grouping  of  the  atoms 
within  their  molecules. 

Under  these  limiting  assumptions,  to  which  we  will  almost 
immediately  add  another,  the  state  of  the  body  is  completely 
determined  by  its  weight,  its  volume,  and  its  pressure.  Now, 
whether  we  are  thinking  of  a  body  of  finite  extent  or  of  the  small- 
est part,  we  can  refer,  for  the  sake  of  simplicity,  these  determining 
magnitudes  to  the  unit  of  weight  of  a  body;  for  instance,  only 
the  volume  referred  to  the  unit  of  weight,  or  specific  vol- 
ume, will  here  be  considered. 

As  specific  pressure  we  designate  the  pressure  in 
pounds  acting  upon  the  imit  of  area  (kg  per  sq.  meter)  [lb.  per 
sq.  ft.],  but  here  we  introduce  the  additional  limitation  that  the 
pressure  is  the  same  for  all  planes  passing  through  the  point  in 
question;  this  is  an  assumption  which  at  least  always  holds  for 
liquid  and  gaseous  bodies;  furthermore,  we  assume  that  this 
pressure  is  the  same  at  all  parts  of  a  body,  and  therefore  is  the 

23 
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same  at  all  parts  of  its  surface;  we  now  know  fully  the  kind  of 
body  which  will  be  the  subject  of  the  following  investigation.  A 
body  of  the  described  kind  we  will  designate  (in  a  wider  sense 
than  is  customary)  as  homogeneous,  or  (following  Gras- 
h  o  f )  as  a  body  of  uniform  thermal  condition. 

If  we  do  not  want  to  confine  our  attention  to  fluid  bodies 
enclosed  in  a  vessel,  then  insight  into  the  following  discussions 
may  be  rendered  more  easy  by  supposing  the  body  investigated 
to  be  surrounded  by  an  elastic  envelope  which,  under  the  assumed 
equilibrium,  exerts  everywhere  an  equal  pressure  upon  the  sxurface 
elements  in  directions  normal  to  these  elements.  Now  if  we 
supply  from  without  the  infinitesimal  quantity  of  heat  dO  meas- 
ured in  heat-units,  the  following  changes  will  occur  in  the  state 
of  the  body. 

First:  There  will  occur  an  increase  in  the  molecular  motion; 
the  smallest  parts  of  the  body  oscillating  about  their  positions 
of  equilibrium  experience  changes  of  velocity  and  changes  in  their 
distances  from  the  positions  of  equilibrium,  in  consequence  of 
which  the  work  stored  in  the  sum  total  of  all  the  molecular 
motions  experiences  a  change.  Let  dW  designate  the  incre- 
ment of  energy  of  this  molecular  motion  expressed  in  units  of 
work  (meter-kilograms)  [foot-pounds]. 

Secondly :  There  will  occur  a  change  in  the  mid-positions  of  the 
smallest  parts  of  the  body,  whose  distances  apart  may  be  regarded 
as  very  great  in  comparison  with  the  amplitude  of  the  oscillations. 
But  since  these  parts  act  upon  one  another  with  certain  forces, 
a  change  of  position  will  be  connected  with  an  expenditure  of 
work,  a  change  of  energy  of  position,  i.e.,  of  potential  energy. 
Let  this  quantity  of  work  in  the  sense  of  expenditure  be  designated 
by  dJ. 

Thirdly :  There  will  occur  a  change  in  the  total  volume  of  the 
body.  If  we  here  consider  expansion  as  taking  place,  then  external 
pressure  acting  from  the  outside  against  the  surface  of  the  body 
will  be  overcome,  the  infinitesimal  expansion  corresponding  to  a 
quantity  of  work  designated  by  dL. 

Now  these  three  quantities  of  work  just  defined  stand,  accord- 
ing to  the  principles  given  in  the  Introduction,  in  a  simple  rda- 


THE  INNER  WORK  OR  ENERGY  OF  THE  BODY.      25 

tion  to  the  quantity  of  heat  dQ  which  is  absorbed  during  the  as- 
sumed change  of  state.  If  we  designate  by  A  (measured  in  heat- 
units)  the  quantity  of  heat  which  disappears  or  is  generated  when 
a  unit  of  work  (meter-kilogram)  [foot-pound]  is  gained  or  lost, 
then  in  the  case  before  us  the  work  performed,  dW  +dJ +dL,  cor- 
responds to  a  heat  consumption  of  the  amount  A{dW  +dJ -\-dL) 
and  we  get  as  the  starting-point  for  all  further  investigation  the 
equation 

dQ=A{dW+dJ+dL).    \ (1) 

In  this  equation  A  means  a  constant  value,  according  to  the 
Introduction,  and  is  to  be  taken  as  1 :  424  [1 :772.83];  that  in  special 
cases  some  of  the  terms  of  the  preceding  equation  may  become 
zero  or  n^ative  is  self-evident.  The  positive  and  negative  signs 
of  dQ  will  respectively  signify  heat  supply  or  heat  withdrawal, 
while  a  positive  sign  for  dL  will  indicate  an  increment  of  volume 
(expansion),  and  a  minus  sign  will  indicate  a  decrement  of  volume 
(compression). 

We  must  not  overlook  the  fact  that  the  foregoing  equation 
is  true  only  under  the  several  limitations  specified  above.  To  be 
sure,  the  following  investigation  will  show  that  incertaincases 
we  can  drop  some  of  the  specially  made  assumptions  and  extend 
and  transform  equation  (1)  under  the  assumptions  that  chemical 
changes  simultaneously  occur,  but  for  the  present  we  will  disregard 
such  cases. 


§  2.  THE  INNER  WORK  OR  ENERGY  OF  THE  BODY. 

As  already  mentioned,  the  changes  of  state  of  a  body  are  com- 
pletely determined  by  the  changes  of  volume  and  of  pressure  as 
soon  as  we  assume  the  mass  of  the  body  to  be  of  unit  weight. 

If  we  designate  "specific  volume"  by  v  and  "specific  pressure," 
in  the  sense  indicated,  by  p,  then  we  ought  to  try  to  transform 
equation  (1)  by  expressing  the  individual  terms  of  the  right  member 
by  the  magnitudes  p  and  v.  Such  a  transformation  cannot  be 
carried  out  because  we  have  not  succeeded  (without  hypothetical 
assumptions)  in  establishing  a  relation  between  the  first  and  sec- 
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ond  terms  of  the  right-hand  side  of  equation  (1)  and  the  two  vari- 
ables p  and  V.  Therefore  the  second  term  is  combined  with  the 
third  or  it  is  combined  with  the  first  term;  both  kinds  of  trans- 
formation were  first  given  by  CI  a  u  s  i  u  s .  ^  If  we  make  the  sub- 
stitution dJ+dL=dH,  then  we  get  from  equation  (1): 

dQ^A{dW-^dH) (2) 

We  can  therefore  say  that  the  heat  dQ  imparted  to  the  body  is 
expended  in  two  waj^:  the  one  part,  AdW,  is  expended  in  in- 
creasing the  energy  of  the  molecular  motion,  in  increasing  the  work 
which  resides  in  the  sum  total  of  the  smallest  parts  in  consequence 
of  their  oscillations  about  positions  of  equilibrium.  We  assume 
that  this  part  of  the  supplied  heat  expresses  itself  as  an  increase 
of  the  sensible  heat  (shown  by  thermometers).  On  the  other  hand 
the  second  term,  AdHj  of  equation  (2)  corresponds  to  the  work 
dH  which  is  expended  during  the  change  of  position  of  the  smallest 
parts  in  overcoming  not  only  the  forces  with  which  the  parts  act 
upon  one  another,  but  at  the  same  time  in  changing  the  total 
volume  by  overcoming  the  external  pressure  acting  on  the  surface 
of  the  body;  according  to  Clausius  this  may  be  expressed  by 
sa3dng  that  the  work  dH  or  its  part  AdH  of  the  supplied  heat  is 
expended  in  chan^ng  the  disgregation. 

The  second  of  the  two  mentioned  transformations  of  equa- 
tion (1)  is  much  the  more  fruitful  one.  If  we  place  dW-\-dJ=^dU, 
then  we  get 

dQ=A{dU-hdL), (3) 

and  it  is  this  expression  which  will  serve  as  a  starting-point  for 
all  the  following  investigations.  The  heat  imparted  to  the  body 
can  be  divided  into  two  parts;  the  part  AdU  embraces  the  incre- 
ment dU  of  the  kinetic  and  of  the  total  potential  energy,  while 
the  second  part  corresponds  to  the  heat  value  AdL  of  the  work 
which  is  expended  in  expanding  the  body  against  the  external 
pressure  acting  against  the  surface,  and  is  to  be  regarded  as  the, 
totheeye, visible  effect  of  the  absorption  of  heat. 

^Clausius,  Abhandlungen,  etc.,  1864.  See  also  his  treatise  ''Die  me- 
chanische  W&rmetheorie."    Brunswick,  1876. 
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The  first-mentioned  part  dU  includes;  according  to  the  fore- 
going, the  total  work  which  has  been  done  within  the  body; 
therefore  in  what  follows  the  value  U  will  be  called  the  inner 
work,  the  intrinsic  energy  or  simply  the  energy  of  the  body.* 
Under  the  special  assumptions  made  in  establishing  equation  (1) 
the  inner  work  U  for  a  given  body  is  completely  determined  by 
the  pressure  p  and  the  volume  v  (of  the  unit  of  weight)  and  must 
therefore  be  capable  of  representation  by  a  function  of  p  and  v. 

Accordingly  if  we  put 

U^F(p,v),  ........    (4) 

differentiation  gives 

dU  =  -r-'dp-\  -T—dv, 

dp   ^     dv     ' 

and  if  we  respectively  designate  by  X  and  Z  the  two  partial  differ- 
ential coefficients,  that  is,  put 

X  =  Tr-    and    Z=-r— , 

then  we  can  write  in  simpler  fashion 

dU^Xdp-hZdv; (5) 

but  here  there  exists  between  the  functions  X  and  Z,  according 
to  the  Principles  of  the  Differential  Calculus,  the  relation 

dX     dZ 

Zv^dp' ^^^ 

a  relation  of  which  use  will  be  made  in  the  following  investigation 
The  finding  of  the  form  of  the  function  given  in  equation  (4) 
constitutes  the  miun  aim  of  all  the  following  investigations. 

'Kirchhoff  calls  the  quantity  U  with  a  negative  sign  "acting  function  "; 
Clausius  understands  by  inner  work  only  that  part  of  equation  (1)  which 
is  designated  by  dJ  in  this  text. 
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§  3.  THE  EXTERNAL  WORK. 

The  second  term  dL  of  equation  (3)  gives  the  work  which  is 
expended  during  the  infinitesimal  expansion  of  the  body  in  over- 
coming the  external  pressure ;  we  call  this  value  dL,  but  if  we  have 
to  do  with  a  finite  expansion  we  call  it  L  (following  C 1  a  u  s  i  u  s ), 
the  "external  work";  but  here  we  at  first  hold  fast  to  the 
assumption  that  the  pressure  p  remains  the  same  at  all  parts  of  the 
body  during  change  of  volume,  and  moreover  is  equal  to  the  pres- 
sure exerted  from  the  outside  upon  the  surface  of  the  body  (say, 
for  example,  by  the  surrounding  envelope).  If  we  designate  the 
pressure  in  the  interior,  and  consequently  the  pressure  exerted  by 
the  body  from  within  against  the  external  envelope,  as  ''body 
tension,"  and,  conversely,  the  pressure  by  the  envelope  against 
the  body's  surface  as  the  external  pressure,  then  weassume 
that  dming  the  change  of  state  of  the  body  there  is  constantly 
equilibrium  between  the  body  tension  and  the  external  pres- 
sure, and  therefore  the  value  p  holds  for  the  one  pressure  as  well 
as  for  the  other;  if  we  suppose  the  body  to  experience  an  incre- 
ment of  volume  during  heat  absorption,  that  is,  an  extension  or 
expansion,  then  the  supposition  made  is  valid  only  under  the 
assimiption  that  extension  takes  place  slowly  and  uni- 
formly, and  consequently  that  the  surface  elements  advance 
outward  slowly  and  uniformly  in  the  direction  of  their  normals; 
during  decrement  of  volume  or  compression  of  the  body  the 
motion  of  the  surface  elements  takes  place  in  the  reverse  direc- 
tion, toward  the  inside. 

Under  the  circumstances  mentioned  the  quantity  of  work 
dL  can  be  easily  expressed  in  terms  of  p,  v. 

If  we  designate  the  surface  elements  by  /i,  /a,  /a,  etc.,  and  the 
infinitesimal  displacements  of  the  body  by  Si,  52,  sa,  etc.,  then  the 
pressure  from  without  against  the  individual  elements  of  the  area 
is  fip,  /2P,  fsp,  etc.,  and  since  these  pressures  during  the  infinitesi- 
mal displacements  can  be  regarded  as  constant,  we  will  have  for 
the  separate  quantities  of  work  /ipsi,  /2P52,  Upss,  etc.,  and  their 
sum  represents  the  whole  work  dL  expended  in  overcoming  the 
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external  pressure;  consequently  we  have  the  relation 

(iL  =  30[/iSi+/2S2H-/3«3  +  .  .  J. 

But  now  the  expression  in  the  bracket  is  simply  the  increment 
of  the  total  volume  v  of  the  unit  of  weight  of  the  body,  and  there- 
fore we  have  the  relation 

dL'^pdv, (7) 

and  by  substituting  in  equation  (3)  we  get 

dQ»A(dU'{-pdv).      ......    (8) 

If  we  consider  a  finite  change  of  state  and  designate  the 
initial  pressure  and  specific  volume  by  pi  and  vi,  then,  according 
to  equation  (4),  the  value  of  the  inner  work  at  the  beginning  is 
Ui=F(pi,Vi),  and  at  the  end  U2^F{p2,V2),  and  we  get  from 
equation  (8),  with  the  help  of  (7),  the  whole  heat  supplied, 

Q=4(f72-C/i+L), (9) 

or 

Q-A[F(p2,  V2)-i^(pi,  vO+Ppdv].    .    .    .    (10) 

The  first  two  terms  of  the  right-hand  side  of  this  equation  are 
completely  determined  by  the  initial  and  final  state  of  the  body, 
provided  the  form  of  the  function  U=F{p,  v)  is  known;  it  is 
not  so  with  the  third  term,  which  represents  that  part  of  the  heat 
expended  in  external  work.  In  carrying  out  the  integration  indi- 
cated in  equation  (10)  it  is  still  necessary  to  know  the  manner  in 
which,  during  the  whole  course  of  the  heat  supply,  the  body  ten- 
sion and  the  external  pressure  p  (which  we  must  repeatedly 
emphasize  are  to  be  here  regarded  as  identical)  vary  with  the 
volume,  and  in  turn  this  variation  depends  on  the  manner  in  which 
the  heat  supply  takes  place  in  all  parts  of  the  process  considered. 

If,  for  a  particular  case,  the  law  is  known,  according  to  which 
the  pressure  p  changes  with  the  volume,  then  the  changes  of  state 
can  be  very  simply  shown  to  the  eye  in  a  graphical  way ;  namely, 
if  we  lay  off  as  abscissa  the  value  of  specific  volume  v  at  any 
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Fig.  1. 


instant,  and  as  ordinate  the  corresponding  pressure  p  (Fig.  1), 
then  the  state  of  the  body  at  the  instant  in  question  is  completely 

determined  by  the  location  of  the  point 
C/,  and  the  curve  U1UU2,  which  we  will 
hereafter  designate  as  pressure  curve, 
shows  also  the  way  in  which  the  pas- 
sage from  the  initial  condition  Ui  into 
the  final  condition  ^"2  takes  place;  the 
direction  of  this  change  can,  moreover, 
be  shown  by  an  arrow  a  drawn  in  the 
direction  of  the  curve  UiU2'y  if  this 
passage  is  connected  with  a  supply  of  heat  this  will 
hereafter  be  shown  by  a  second  arrow,  b,  directed  toward  the  curve 
U1U2'  If  the  figure  is  to  indicate  that  heat  withdrawal 
occurs,  then  we  simply  reverse  the  direction  of  the  arrow  in 
all  the  corresponding  presentations;  likewise  the  reversal  of 
the  arrow  a  will  indicate  the  passage  from  the  state  U2  to 
the  state  Ui,  that  is,  show  a  compression  of  the  body.  At 
the  beginning  and  end  of  the  process  we  always  assume  the 
condition  of  rest  to  obtain;  now,  if  we  are  to  start  from  the 
point  Ui,  it  is  only  necessary  to  assume  for  the  introduction 
of  slow  and  uniform  expansion  that  the  external  pressure 
diminishes  a  little  for  an  instant.  On  the  other  hand,  with 
the  path  reversed,  during  compression,  we  take  U2  os  & 
starting-point,  and  assume  that  its  external  pressure  momen- 
tarily increases  a  little;  during  the  whole  path  of  the  expan- 
sion U1U2  or  of  the  compression  U2U1  there  will  then  be  equi- 
librium between  the  body  tension  and  the  external  pressure,  and 
we  can  carry  out  the  process  either  in  going  from  Ui  to  U2  or  in 
the  reverse  direction,  U2  to  Ui.  During  the  reversal  the  arrows 
of  the  figure  change  their  direction,  and  in  equations  (9)  and  (10) 
all  terms  change  their  signs;  therefore  if  heat  supply  occurred 
during  the  forward  motion,  there  will  be  heat  withdrawal  in  all 
parts  of  the  return  motion,  and  if  during  the  forward  motion  the 
external  work  L  is  performed,  then  during  the  return  motion  this 
work  will  have  to  be  expended.  Such  a  process  is  called  a  re- 
versible one,  and  this  term  expresses  most  briefly  that  during 
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change  of  state  of  a  body  there  is  constantly  equilibrium  between 
the  external  pressure  and  the  body  tension. 
The  external  work 

L=  f  vdv 

of  equations  (9)  and  (10)  is  here  represented  simply  by  the  area 
in  Fig.  1  bounded  by  the  pressure  curve  U1U2  and  the  two  end 
ordinates.  This  quantity  of  work  depends  only  upon  the  course 
of  the  pressure  curve ;  but  as  an  infinite  niunber  of  pressure  curves 
can  be  drawn  through  two  given  points  Ui  and  U2,  there  will  exist 
for  each  of  these  curves  an  external  work  L  of  different  value, 
and  consequently  there  will  likewise  vary  the  quantity  of  heat  Q 
which,  according  to  equations  (9)  and  (10),  is  to  be  imparted  to 
the  body  for  the  assumed  passage. 

Only  that  part  of  the  heat  supply  which  is  expended  on  inner 
work  is  completely  determined  solely  by  the  initial  and  the  final 
states.  This  important  proposition,  which  was  first  definitely  enun- 
ciated byCIausius,  furnishes  the  important  starting-point  of  the 
mechanical  theory  of  heat;  up  to  his  time  it  was  usually  assumed 
in  Physics,  generally  without  further  explanation,  that  the  quan- 
tity of  heat  which  was  to  be  supplied  to  a  body  for  certain  changes 
of  state  was  completely  determined  by  its  initial  and  its  final 
states  (pi,  Vi)  and  (p2,  ^2),  while  we  now  know  that  there  should 
also  be  given  the  path  along  which  the  passage  occurs.  Expressed 
mathematically  equation  (8), 

dQ=A{dU+pdv), 

is  an  incomplete  differential;  the  int^ation  can  only 
be  effected  when  we  also  know  in  what  manner  the  heat  supply 
varies  and  how  the  state  of  the  body  varies  with  the  pressure 
p  and  the  volume  v. 


32  TECHNICAL  THERMODYNAMICS. 


§  4.  DERIVATION  OF  THE   FIRST  FUNDAMENTAL 

EQUATION. 

If  in  the  just-quoted  equation  we  substitute  for  the  change  of 
inner  work  that  given  by  equation  (6),  in  which  X  and  Z  are  those 
functions  of  p  and  v  which  represent  the  partial  differential  coeffi- 
cients of  the  inner  work  U  with  respect  to  p  and  v^  that  is,  substitute 

dU  =  Xdp+Zdv, (11) 

we  get 

dQ^A[Xdp  +  {Z+p)dv]. 

Because  all  the  following  deductions  will  be  simplified  thereby 
we  here  put 

Z+p^Y-; (12) 

then  we  can  write 

dQ^AiXdp-^-Ydv) (13) 

If  we  differentiate  equation  (12)  on  both  ddes  with  respect  to  p, 
we  have 

dp       '^  dp* 
and  then  utilizing  equation  (6),  p.  27, 

dp      dv  ^  ' 

This  equation  may  be  designated  as  the  first  fundamental 
equation.  It  was  first  given  byClausius,  though  in  different 
form,  and  is  simply  an  analytical  expression  for  the  fact  that  equa- 
tion (13)  is  an  "incomplete  differential,"  otherwise  the  right  mem- 
ber of  the  first  fundamental  equation  (I)  would  be  equal  to  zero 
instead  of  being  equal  to  unity.  Since  equation  (13)  followed  from 
equation  (8),  and  the  latter  was  already  recognized  in  the  pre- 
ceding investigation  as  an  incomplete  differential,  we  see  that 
what  is  given  in  equation  (I)  simply  expresses  in  mathematical 
form  what  was  before  elucidated  in  words. 
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§  5.  DERIVATION  OF  THE  SECOND  FUNDAMENTAL 

EQUATION. 

The  continuation  of  the  general  investigation  demands  the 
introduction  of  two  more  functions  which,  it  will  be  seen  later, 
assume  a  prominent  significance  in  the  theory  of  heat.  Let  S 
designate  one  of  these  fimctions,  and  let  its  relation  to  p  and  v 
be  represented  in  general  form  by 

S-Kp^v) (14) 

Now  if  we  divide  both  sides  of  the  just  given  equation  (13) 
by  AS,  we  gpt 

JS-jdp^sdv (15) 

We  can  now  eo  choose  the  form  of  function  S  that  the  right  mem- 
ber of  this  equation  will  become  a  complete  differential;  that  is 
to  say,  this  expression  will  seem  to  have  proceeded  from  the  differ- 
entiation of  another  function: 

P=<l>(.P,v), (16) 

80  that  we  have  the  relation 

dQ 


AS 


-dP, (17) 


or  dQ^ASdP (18) 

But  these  assumptions  completely  fix  mathematically  the  sig- 
nificance of  the  two  fimctions  S  and  P;  the  function  S  appears 
here  as  the  integrating  factor  ^  of  the  right-hand  side  of  equation 

^Remark . — It  ought  to  be  emphasized  that  there  are  an  infinite  number 
of  functions  which,  like  S,  possess  the  property  of  rendering  expression  (IS)  & 
complete  differential.  If  we  imagine  both  sides  of  equation  (17)  to  be  divided 
by  f{P),  any  arbitrary  function  of  P,  we  get 

dQ  dP 

AsnP)    /(P)  • 

Now  since  here  the  right  member  can  be  integrated,  it  follows  that  the  left 
member  can  likewise  be  integrated,  and  therefore  we  can  regard  generally  the 
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(13),  and  its  connection  with  the  functions  X  and  Y  through 
equation  (15);  according  to  the  Principles  of  the  Calculus,  is  given 
by  the  formula 

If  we  carry  out  the  indicated  differentiation,  we  get 

ov         ov        op        cp' 
or  also 

^dp      dvf         dp        dv' 

But  since,  according  to  the  first  fundamental  equation  (I),  the 
expression  in  the  parenthesis  is  equal  to  unity,  we  have 

s-i-if-^f. («) 


ezpreesion  Sf(P)  as  the  integrating  factor.  Here  f(P),  the  arbitrary 
function  of  P,  can  be  put  equal  to  unity,  as  is  done  in  the  text.  If  in 
future  applications  another  choice  of  this  function  presents  advantages,  then 
we  can  at  any  time  make  use  of  the  foregoing  proposition. 

Thus  we  can  put/(P)  equal  to  any  constant  A;,  so  that  we  can  ascribe 
to  the  value  kS  all  the  properties  which  the  future  applications  in  the  text  may 
find  for  the  function  S  itself.  It  is  just  this  last  generalization  of  which  profit- 
able use  wiU  be  made  hereafter. 

The  step  taken  in  the  text,  introduction  of  function  8  as  integrating  factor, 
was  first  taken  in  the  second  edition  of  the  present  book,  1866.  R.  R  u  h  1  - 
mann  notes  in  his  article  ''Geschichte  der  mechanischen  W&rmetheorie," 
at  the  end  of  the  second  volume  of  his  ''Handbuch  der  mechanischen  W&rme- 
theorie/'  Brunswick,  1885,  that  before  him  the  same  course  had  been  pursued 
by  Reech  (Journal  de  Mathtoatiques  pures  et  appliqu^es  von  Liouville, 
2d  Series,  Vol.  1, 1856,  p.  58) ;  but  this  remark  is  entirely  incorrect.  In  the  first 
edition  of  the  present  book  (1860),  I,  of  course,  giving  credit  to  the  source  in 
discussing  the  second  fundamental  law,  pursued  R  e  e  c  h  '  s  course,  and  that 
is  also  incidentally  mentioned  by  C 1  a  u  s  i  u  s  ;  the  latter's  remark  was  doubt- 
less sufficient  reason  forR.Ruhlmann  not  to  examine  more  closely  R  e  e  c  h '  s 
work.  Reech  from  the  very  start  proceeds  from  the  assumption  that  S  is 
a  function  of  the  temperature,  and  at  that  time  furnished  nothing  which  was 
not  already  known  through  Clausius.  It  was  not  until  the  second 
edition  that  I  pursued  the  above-mentioned  course;  this  course  at  first  avoids 
every  assumption  concerning  the  physical  significance 
of  said  function,  and  herein  lies  the  difference  upon  which,  in  my  opinion, 
great  weight  should  be  laid. 
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and  this  may  be  put  down  as  the  second  fundamental  equation  of 
Thermodynamics.  It  was  first  developed  by  C 1  a  p  e  y  r  o  n,^  and 
later  in  another  form  by  Clausius,  and  both  give  from  the 
start  the  particular  physical  significance  to  the  function  S  to 
which  the  following  investigation  will  likewise  lead,  but  which 
cannot  be  obtained  without  setting  up  a  new  principle.  It  there- 
fore seems  to  me  more  suitable  to  base  the  general  discussions  for 
the  present  exclusively  on  the  first  fundamental  law  (the  equiva- 
lence of  heat  and  work) .  Now  if  we  find  from  equation  (II)  first 
Y  and  then  X,  and  substitute  the  values  in  equation  (13),  at 
the  same  time  making  use  of  the  relation 

^°i^p+i^^ (^9) 

'£.ClapeyroD,  Engineer  of  Mines  (born  Feb.  21, 1779,  died  Jan.  28, 1864). 
"Mteoire  sur  la  puissance  motrice  de  la  chaleurs,"  Journal  de  I'^cole  poly  tech- 
nique. Twenty-third  Number,  Vol.  XIV,  Paris,  1834.  It  appeared  as  a  German 
tnuislation  first  in  1843  in  PoggendorfTs  Annalen,''  Vol.  59,  pp.  446  and  566. 
This  masterly  discussion  byClapeyron,  which  is  distinguished  by  great  clear- 
ness and  elegance  in  the  mathematical  presentation,  is  moreover  the  first 
mathematical  work  on  Thermodynamics,  and  is  based  on  the  formerly  very  rare 
work  of  Sadi  Carnot  (bom  June  1,1796;  died  Aug.  24,  1832), ''Reflexions 
sur  la  puissance  motrice  du  feu,"  Paris,  1824. 

Both  works  were  for  a  long 'lime  unnoticed,  or  at  least  unused,  and  their 
high  value  was  only  recognized  later  through  the  discussions  of  Clausius,  of 
which  the  first  appeared  in  1850. 

The  work  of  Carnot  was  reprinted  in  the '' Annales  scientifiques  de  PEcole 
normale  sup^rieure,"  1872  (II.  series,  Vol.  I)  and  more  recently  (1878)  was  pub- 
lished separately  in  Paris  by  Gauthier-Villars  under  the  original  title.  This 
issue  contains  interesting  biographical  notices,  extracts  from  the  papers  which 
Carnot  left  behind  him,  and  was  in  1878  presented  to  the  Paris  Academy  of 
Sciences  by  his  younger  brother,  Senator  H.  Carnot.  The  most  remarkable 
statement  in  these  papers  is  the  following  one,  which  was  reproduced  in  fac- 
simile in  the  aforesaid  issue: 

"D'apr^s  quelques  id^ee  que  je  me  suis  form^es  sur  la  th^rie  de  la  chaleur, 
la  production  d'une  unite  de  puissance  motrice  n^cessite  la  destruction  de  2.70 
unites  de  chaleur."  Here  Carnot  understands  by  unit  of  work  that  which  is 
necessary  to  raise  1  cbm.  of  water  to  the  height  of  1  meter.  His  unit  is  there- 
fore 1000  mkg;  the  unit  of  heat  would  therefore  correspond  to 

1000    oT/>     1 
2^75 -370  mkg, 

and  this  is  almost  exactly  the  same  value  as  was  found  by  J.  R.  Mayer  (1842) 
for  the  mechanical  equivalent  of  heat,  of  course  with  the  statement  of  the  method 
by  which  it  was  obtained  (Mayer  gives  365  mkg) . 
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then  we  will  get  the  second  and  third  of  the  following  three  equa- 
tions: 

dQ^A[Xdp  +  Ydvl 

dQ^-^XdS+Sdvl 
dp 

dQ^-^YdS-Sdpl 

dv 


.  .  .  .  ail) 


For  the  purpose  of  ready  inspection  we  will  here  reproduce  equa- 
tions (8)  and  (18), 

dQ^A{dU+pdv] 
and  dQ^ASdP. 

These  five  equations  are  identical  and  differ  from  one  another 
in  having  a  different  independent  variable  in  each  equation.  The 
utilization  of  these  formulas  is  only  possible  if  the  form  of  the 
functions  X,  Y,  S,  and  P  is  known.  But  if  we  review  the  course 
of  the  present  work,  we  recognize  that  it  is  only  necessary  to  deter- 
mine o  n  e  of  the  designated  functions  in  order  to  determine  the 
remainder  from  the  given  relations. 

For  example,  if  the  form  of  the  function  S^f(p,  v)  is  in  any 
way  known,  then  functions  X  and  Y  can  be  determined  from  the 
two  fundamental  equations  (I)  and  (II).  The  substitution  of  Y 
in  equation  (12)  then  gives  Z,  and  the  integration  of  equation  (11) 
thereupon  brings  out  function  U.  Finally,  the  last  function,  P^ 
results  when  we  integrate  equation  (15)  and  make  use  of  equation 
(18). 

The  line  of  thought  here  indicated  is  the  one  which  we  will 
now  pursue,  but  the  determination  of  the  function  S  will  demand 
a  series  of  preliminary  investigations  whose  results  are  separately 
of  consequence  in  future  applications,  namely,  in  the  solution  of 
certain  physical  and  technical  problems. 
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§  6.  INVESTIGATION  OF  DIFFERENT  PRESSURE  CURVES. 

If  a  body  while  absorbing  heat  passes  from  the  initial  con- 
dition a  (Fig.  2),  where  its  initial  pressure  b  pi  and  initial  volume 
Vi,  to  the  final  condition  b  {p2f  V2) 
along  the  pressure  curve  06  which 
represents  a  reversible  path, 
then  the  equation  of  the  pressure 
curve  can  be  represented  by 


«=^(p,i^), 


(20) 


n^^t 


provided  the  magnitude  R  can  be 
regarded  as  a  constant.    The  corre-  pio.  2. 

sponding  constant  can  be  found  if  we 

substitute  in  this  equation  for  p  and  v  the  initial  values  pi  and  vi ; 
for  another  initial  point,  ai ,  equation  (20)  ^ves  a  pressure  curve  of 
the  same  sort,  but  for  t h i s  the  constant  has  a  different  value, 
and  indeed  for  the  new  curve  we  should  put  /2'=#(pi',  v/),  while 
for  the  first  curve  we  should  write  /J=^(pi,  Vi).  Equation  (20) 
therefore  represents  in  general  the  curve  equation  of  an  infinite 
series  of  pressure  curves  of  the  same  species  which 
differ  only  by  the  different  values  of  their  constant  R;  and  for  a 
point  a  of  the  plane  given  by  its  coordinates  pi  and  Vi  there  is 
simultaneously  determined  through  the  corresponding  constant  the 
special  pressure  curve  passing  through  a.  Now  if  we  oise  equation 
(20)  in  formula  (10),  we  can  compute  the  quantity  of  heat  Q  which 
is  to  be  imparted  along  the  corresponding  pressure  curve  during 
the  passage  from  a  to  & ;  similarly  when  Q  is  negative  this  quantity 
of  heat  is  to  be  withdrawn,  and  we  at  once  see  that  the  sign  of  Q 
is  the  same  when  bodies  starting  from  the  initial  condition  a,  ai, 
etc.,  describe  separate  pressure  curves  of  the  same  species  in  the 
same  direction.  Accordingly  if  heat  supply  was  necessary 
along  the  path  06  (Fig.  2),  then  such  supply  will  also  be  necessary 
along  the  path  ai5i ;  on  the  other  hand,  if  we  had  transferred  the 
body  from  the  state  6  to  the  state  61  and  by  reversing  brought  it 
from  61  to  ai,  then  along  this  path  biai  a  certain  quantity  of  heat 
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would  have  to  be  withdrawn,  provided  heat  s u p p ly  had 
taken  place  before  along  the  path  ab,  and  conversely. 

If  the  two  pressure  curves  of  the  same  species  ab  and  aibi 
are  infinitesimally  near  to  one  another,  then  their  constants  will 
differ  by  the  infinitesimal  R,  which,  according  to  equation  (20), 
will  be 

dR        dR 

dR-'^dp+^v. 

Of  the  numberless  pressure  curves  of  different  species  which 
can  be  considered  there  are  especially  three  which  play  an  impor- 
tant part  in  all  future  developments,  and  these  will  now  receive 
fuller  discussion. 

We  discussed  before,  with  some  detail,  the  significance  of  the 
three  functions: 

U^F{p,v),    S^f{p,v),    and    P^4>{p,v). 

If  the  body  in  state  a  is  given  by  the  pressiu'e  pi  and  volume 
Vi,  then  there  exists  for  this  point  a  definite  value  for  each  of  the 
three  functions,  respectively: 

Ui=F{pi,vi),    5i=/(pi,  ri,)  and     Pi  =  #(pi,  i?i). 

Accordingly  in  Fig.  3  we  have,  starting  from  point  a,  three 
curves  aUi,  aSi,  and  aPi,  provided  heat  supply  and  pressure 

variation  are  so  arranged  that  at  one  time 
U,  another  time  S,  and  the  third  time 
P  is  maintained  constant. 

The  first  of  the  three  curves  men- 
tioned is  subject  to  the  relation 


F{p,v)^Uu      .    .    .     (21) 

.^  which  expresses  that  during  the  change 
the  inner  work  (energy)  is  kept  constant. 
Therefore  dC/=0,  and  the  quantity  of 
heat  which  is  necessary  along  the  path  ab  to  effect  the  change  to 
the  final  condition  {p2,  V2)  can  be  found  from  equation  (3),  page  26, 
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where  L  is  understood  to  be  the  external  work  which,  in  Fig.  3, 
is  given  by  the  area  dbv2Vi.  The  corresponding  curve  may  be 
called  (according  to C a z i n)  the  "  is odynamic  curve,"  and 
for  this  we  can  say  that  during  the  expansion  of  the  body, 
according  to  this  curve,  the  whole  heat  supply  is  converted 
into  outer  work,  and  conversely  that  during  compression  the 
outer  work  expended  has  been  converted  into  heat,  and  as  such 
must  be  completely  withdrawn.  With  the  second  curve  aS\  (Fig. 
3)  it  is  assumed  that  the  function  iS  is  to  be  maintained  constant; 
the  equation  of  the  curve  is  therefore 

f(j>>v)=Su ;22) 

and  this  curve,  for  reasons  which  will  be  given  later,  will  be  called 
the  isothermal  curve. 

Finally,  with  the  third  curve  aPi,  the  function  P  is  to  remain 
constant  during  the  changes  of  state;  the  equation  of  the  curve 
is  therefore 

^(p,v)=Pi (23) 

Since  P=Pi  is  a  constant,  there  follows  dP=0,  and  therefore 
from  the  equation  ^accompanying  set  (III),  namely, 

dQ=ASdP, 

we  also  get  dQ=0.  It  follows  from  this  that  equation  (23) 
represents  those  changes  of  state  of  the  body  which  occur  if 
during  the  whole  course  heat  is  neither  supplied 
nor  withdrawn.  The  corresponding  curve  we  will  in  the  fol- 
lowing call  the  adiabatic  curve,  or  briefly  the  adiabatic, 
as  was  done  by  R  a  n  k  i  n  e  (bom  July  5,  1820,  and  died  Dec.  24, 
1872). 

If  there  is  adiabatic  expansion  along  the  path  ab'  (Fig.  3) 
from  the  condition  (pi,  t?i)  to  the  final  condition  (p,  v),  and  C/a 
is  the  inner  work  corresponding  to  the  point  V,  then  if  we  integrate 
equation  (3),  that  is  to  say, 

dQ^A{dU+dL), 
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we  get,  because  dQ^O,  and  also  Q«0, 

0^A{U2'^Ui+L), 
from  which  follows  the  external  work 

which  is  represented  by  the  area  ab^vvi. 

In  accordance  with  the  foregoing  discussion  we  will  hereafter 
briefly  speak  of  isodynamic,  isothermal,  or  adiabatic  expansion  (or 
compression),  according  as  one  or  the  other  of  the  three  discussed 
changes  of  state  are  in  question. 

The  last  of  the  preceding  equations  therefore  expresses  that 
during  adiabatic  expansion  the  outer  work  requires  an  expen- 
diture of  an  equal  amount  of  inner  work,  and  conversely  that 
during  adiabatic  compression  the  expended  outer  work  finally 
completely  reappears  in  the  form  of  increased  inner  work. 

§  7.  GRAPHICAL  DETERMINATION  OF  HEAT  QUANTITIES- 

To  what  has  been  said  there  may  be  added  a  few  important 
remarks. 

If  we  imagine  the  body  in  state  a  to  be  given  by  pi  and  vi 
(Fig.  4),  and  supply  it  along  the  path  ab  with  a  quantity  of  heat 
Q  till  it  has  passed  into  the  final  state  b,  determined  by  p2  and 
V2,  then  its  initial  condition  a  will  be  given  by  the  value  Ui  = 
F(pif  vi),  and  its  final  condition  b  by  the  value  U2=F(p2,  t'2),  pro- 
vided the  fimction  U^'Fip,  v)  is  known.  From  equation  (3), 
page  26,  we  can  now  find  the  quantity  of  heat  Q  which  must  be 
supplied  along  the  arbitrarily  assumed  curve  ab: 

Q=A{U2-Ui+L\    .    .         .    •    •    (24) 

where  L  represents  the  external  work,  which  is  given  by  the  area 
ab  V2V1. 

But  to  the  two  states  a  and  b  there  correspond  the  perfectly 
definite  values  of  the  function  P;  that  is,  if  we  assume  this  func- 
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tion  aa  known,  then  Pi=^(pi,Vi)  and  /'2  =  ^(p3,  Va),  and  thus 
we  have  the  means  of  drawing  the  two  adiabatics  Pi  a  Pi  and 
PibPa  (Fig.  4)  passing  through  the  two  points  a  and  b,  for  the 
equations  of  both  can  be  written 

^(p,  v)  =  Pi    and    ^{p,  r)  =  Pa. 

Furthermore,  let  us  consider  the  body  to  exist  in  any  state  Oo 

corresponding  to  the  values  po  and  vo',  if  the  corresponding  value 

d  the  inner  work  Uo=F{po,  vo)  is 

computed,  then  we  can  draw  through 

this   point    the    isodynamic   curve 

Oot/o,  whose  equation  is  Vo^F{p,  v), 

and  whose  curve  will  cut  the  two 

adiabatics   in  the    points  c  and  d, 

having   the  pressure    and    volume 

Pi',  Vi'  and  Pa'  Vs'  respectiv.  ly. 

Now  if  we  imagine  the  body  to 
be  brought  back  into  \h&    initial 

state  a  and  allow  it  to  expand  adiabatically  from  a  to  c,  then 
because  dQ-0  and  Q— 0,  we  get  from  integration  of  equation  (3) 

0  =  .4{t/o-(7i+Li), 

the  outer  work  L\  being  represented  by  the  area  a  c  vi'  »i . 

On  the  other  hand  if  we  imagine  the  body  to  pass  adiabatically 
from  the  state  b  to  the  state  d,  we  have  in  hke  manner,  for  this 
change, 

where  the  outer  work  L3  is  determined  by  the  area  6  d  v^  va. 
If  we  subtract  the  last  two  formulas  from  each  other  we  get 

Ua~Ui  =  Ls-Li, 

and  substitution  in  equation  (24)  then  gives  for  the 
from  a  to  6  the  quantity  of  heat: 

Q'-AiL+U-Li). 
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If  we  further  introduce  for  the  separate  quantities  of  work  in  the 
parenthesis  the  areas  of  Fig.  4  which  represent  them,  we  get  the 
simple  result  that  the  hatched  area  ahdvj Vi  c a  of  the  figure 
represents  the  value  L+L2—I/1,  or  the  value  of  the  quan- 
tity of  heat  Q,  measured  in  units  of  work,  which  is 
necessary  for  the  change  of  state  along  the  pressure  curve  06. 

We  have  here  acquired  a  simple  graphical  procedure  for 
ascertaining  the  quantity  of  heat  Q  for  the  change  of  state  ab 
given  by  the  diagram,  provided  that  for  the  body  in  question  we 
know  the  general  course  of  the  adiabatic  and  of  the  isodynamic 
curve. 

It  is  here  worth  noting  that  the  position  of  the  point  Oq,  through 
which  the  isodjmamic  curve  Uo  is  passed,  can  be  chosen  in  a 
perfectly  arbitrary  manner;  but  the  two  adiabatics  are 
fixed,  one  of  them  passes  through  the  initial  point  a,  and  the 
other  through  the  final  point  b. 

We  now  recognize  clearly  from  the  figure  the  influence  exerted 
by  the  kind  of  passage  along  the  curve  06  both  on  the  outer  work 
L  and  upon  the  heat  suppUed;  this  was  already  fuUy  described  at 
the  beginning  of  the  general  investigation;  every  different  pressure 
curve  rimning  from  a  to  b  leads  to  different  values  of  L  and  Q, 

If  we  let  the  point  oo,  through  which  the  isodynamic  curve  Uo 
was  passed,  coincide  with  the  initial  point  a  (Fig.  4),  then  this 
special  assumption  will  lead  us  to  the  graphical  representation 
first  given  by  C  a  z  i  n  .* 

On  the  other  hand  if  we  so  choose  oq  that  the  intersections 
cd  can  coincide  with  the  axis  of  abscissas  OX,  then  we  get  the 
method  given  by  Macquorne  Rankine^;  in  this  case  the 
heat  quantity  Q  expressed  as  work  is  represented  simply  by  the 
area  included  between  the  pressure  curve  ab  and  the  two  adiabatics ; 
to  be  sure,  R  a  n  k  i  n  e  here  assumes  that  both  adiabatics  approach 
the  axis  of  abscissas  as  asymptotes,  which  can  be  regarded  as 
correct  at  least  for  gases  and  vapors. 

Hereafter,  the  more  general  representation  of  Fig.  4  will 

^  Ca z  i n ,  "Th^orie  <^16mentaire  den  machines  k  air  chaud."   Versailles,  1865. 
'Macquorne  Rankine,   "A  Manual  of  the  Steam-engine  and  other 
Prime  Movers."     London  and  Glasgow,  18.5Q. 


RELATION  BETWEEN  THE  FUNCTIONS  S  AND  P.  48 

be  utilized  in  some  discussions,  but  we  may  here  and  now  remark 
that  subsequent  discussions  will  lead  to  a  still  simpler  graphical 
method  which  is  to  be  preferred  in  the  treatment  of  technical 
problems.  In  drawing  the  diagram  of  Fig.  4  a  difficulty  is  en- 
countered; namely,  it  will  be  seen  that  with  certain  bodies  (gases 
and  vapors)  the  course  of  the  adiabatic  curve  deviates  but  Uttle 
from  that  of  the  isodynamic  curve;  the  intersections  c  and  d  of 
the  curves  mentioned  in  Fig.  4  consequently  occur  at  very  acute 
angles,  and  therefore  these  points  cannot  be  fixed  with  sufficient 
accuracy  by  the  drawing  of  the  curves.  The  same  difficulty 
exists  in  the  method  given  by  Cazin  mentioned  above.  The 
third  method  by  Rankine,  likewise  indicated  above,  can  be 
seen  at  once  to  be  useless  for  the  graphical  solution  of  our  problems 
because  it  demands  the  determination  of  the  contents  of  an  area 
enclosed  by  two  curves  which  approach  one  another  as  asymptotes. 

§8.    RELATION   BETWEEN  THE   FUNCTIONS  S  AND  P. 

If  a  body  receiving  heat  passes  from  the  initial  condition 
ai(Pi,  vi)  (Fig.  5),  along  any  arbitrary  but  reversible  path  a^x 
to  the  condition  6i  (p2,  ^2),  there  will  follow  from 

AS,    ^ 
by  integration 

where,  according  to  equation  (16),  the  value  Pi  corresponding  to 
point  a\  is  determined  by  the  relation  Pi  =^(pi,  Vi);  in  like  man- 
ner there  corresponds  to  the  point  61  the  value  ^2  =  ^(^2,  ^2). 

Now  if  we  pass  through  the  points  ai  and  61  two  adiabatic 
curves,  then  for  the  former,  as  was  mentioned  on  page  39,  the 
value  of  function  P=<f>{'p,  v)  is  the  same  for  all  points,  namely, 
=  Pi,  and  likewise  for  the  adiabatic  passing  through  61  the  corre- 
sponding value  for  P  is  constant  for  all  points,  and  equal  to  ^(p,  v) 

=  P2. 
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Therefore  if  the  body  passes  from  another  initial  condition 

a2  or  03  in  any  reversible  manner 
to  the  final  state  &2  or  63,  and  if 
these  initial  points  02  and  as  lie 
upon  the  adiabatic  passing  through 
ai,  and  the  terminal  points  62  and 
&3  upon  the  adiabatic  passing  through 
bi,  then  for  the  second  and  third 
passages  also  there  is  valid  the  re- 
lation 


ViV, 


Fig.  6. 


/ 


dQ 

AS 


=  P2  —  jPi  . 


From  this  follows  the  important  proposition : 

"If  a  body  in  any  (reversible)  way  passes  from  one 
point  of  a  particular  adiabatic  to  any  other  point  of  a 
second  adiabatic,  then  the  integral 


/ 


dQ 
AS' 


taken  between  the  same  limits,  has  always  one  and  the 
same  value/' 

If,  for  simplicity,  we  designate  the  difference  P2  —  P1  by  P, 
we  have  the  magnitude 


"7  AS'     ••••••-     (26) 


a  constant  quantity  for  every  one  of  the  infinite  number  of  pas- 
sages possible.  For  the  return  path  the  proposition  likewise  holds; 
but  then  the  sign  of  P  changes  and  will  be  negative,  provided  it 
was  positive  upon  the  forward  path,  and  conversely. 

We  recognize  from  this  that  in  Thermodynamics  the  adiabatic 
curves  play  a  part  similar  to  the  altitudes,  or  differences  of  level 
in  Mechanics.  For  reasons  which  will  appear  in  the  following 
discussions  I  have  called  the  value  P  represented  by  equation  (26) 
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"heat  weight";^  but  we  will  also  hereafter  use  for  it  the  term 
"entropy,"  one  which  is  more  widely  used  among  physicists. 

In  discussing,  in  Fig.  5,  the  passage  of  a  body  from  one  adia- 
batic  to  another,  the  pressure  curves  were  assumed  running  in  a 
perfectly  arbitrary  manner;  we  can  now  think  of  the  transfer 
as  taking  place  upon  particular  prescribed  curves,  and  here  that 
case  is  of  special  significance  in  which  the  transfer  takes  place 
along  the  isothermal  curve,  i.  e.,  along  the  curve  for  which  the 
function 

is  kept  constant. 

If  the  body  subjected  to  investigation  exists  in  the  state  Oi 
(Fig.  6),  it  will  possess  for  this  a 
particular  value  Si  of  the  function 
iS,  namely,  /Si=/(pi,  vi);  now,  if  we 
bring  the  body  to  the  state  bi  and 
at  the  same  time  supply  heat  to 
the  body  along  the  isothermal  curve 
of  constant  value  S=Si,  that  is,  along  ^ 
the  curve  having  the  equation 


Fio.  6. 


Si  =  /  (p,  v\ 


then  equation  (26)  can  be  integrated,  and,  designating  by  Qi  the 
necessary  quantity  of  heat,  we  have 


Qi^APSv 


(27) 


If  we  again  pass  adiabatics  through  the  point  ai  and  &i,  and  im- 
agine this  same  body  at  one  time  to  start  from  the  point  02  and 
at  another  time  from  the  point  03,  both  of  these  points  lying  upon 

>  Clausius  designates  the  integral  /  -^,  with  the  addition  of  a  constant, 

as  the  transformation  value  or  as  the  entropy  of  a  body  in  which  S  appears  as 
the  temperature  function,  and  as  such  it  will  likewise  appear  in  the  subsequent 
developments  of  the  present  treatise.  (Compare  quotation  on  page  24.) — 
Rankine  calls  P»^(p,  v)  the  thermodynamic  function. — C.  Neumann 
designates  P  as  the  parameter  of  the  caloric  (adiabatic)  curves.  ("Vorlesungen 
uberdie  mechanische  Theorie  der  Wflrme.''     lieipsic,  1875.) 
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the  firet  adiabatic,  and  to  proceed  along  the  correspoDding  iao- 
thermals  to  the  second  adiabatic,  and  if,  furthermore,  Qa  is  the 
heat  supplied  for  the  path  a^&s,  and  Q3  that  for  the  path  0363 — then, 
according  to  equation  (27),  we  will  have  the  relations 

Q2-APS2    and    Q3  =  APSi. 

From  this,  and  from  equation  (27),  it  follows  that  for  all  passages 
the  heat  weight  is  constant,  namely, 

^    AS,     AS2     ASa ^^^ 

The  necessary  quantities  of  heat  are,  therefore,  proportional  to 
the  corresponding  values  of  S. 

Use  will  be  made  hereafter  of  the  foregoing  relation  (28). 


§  9.   REVERSIBLE    CYCLES. 

For  the  quantity  of  heat  which  must  be  imparted  to  a  body 
undei^ing  changes  of  state  along  the  reversible  path,  in  order 
that  the  body  may  pass  from  a  certain  initial  condition  a  into  a 
given  final  condition  b,  we  found  from  Fig.  4  and  equation  (24), 
page  38, 

Q~A(U2~Vi+L). 

But  now  if  we  suppose  that  the  assumed  pressure  curve  baclosed 
curve  (Fig.  7a),  and  that,  consequently, 
the  fioal  state  coincides  with  the  initial 
state,  the  point  b  with  the  point  a,  then 
in  the  foregoing  formula  we  have  Vi  ^  U2 
and  get  the  umple  relation 

Q  =  AL (29) 

I  Here  L  means  the  work  gained,  which  is 

pm.  7a.  measured  by  the  area  enclosed  by   the 

pressure  curve,  and  Q  is  the  quantity  of  heat  consumed  in  pro- 
ducing it.    But  doubtless  this  quantity  of  heat  can  be  imparted, 
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during  the  whole  process,  only  from  without,  that  is,  be 
furnished  by  other  bodies,  and  therefore  can  not,  either  in 
whole  or  in  part,  be  abstracted  from  the  interior  of  the 
body  with  which  the  cycle  was  described,  for,  according  to  the 
hypothesis,  the  body  has  been  led  back  to  its  initial  condition: 
its  total  inner  work  is,  consequently,  the  same  at  the  end  of  the 
process  as  at  the  beginning. 

A  process  of  the  contemplated  sort  is  called  (according  to 
Clausius)  a  c y  c  1  e ,  and,  moreover,  since  we  are  at  first  consid- 
ering only  reversible  changes  of  state,  it  is  called  a  reversible 
cycle. 

The  closer  consideration  of  Fig.  7a  shows,  moreover,  that  the 
work  gained  can  be  considered  as  consisting  of  two  parts :  during 
the  expansion  of  the  body  along  the  path  aaia2,  there  was  gained 
the  work  Li  represented  by  the  total  hatched  area;  and  when  led 
back,  or  during  compression  along  the  path  02030,  there  was  e  x- 
pended  the  work  L2,  measured  by  the  more  closely  hatched 
area.  The  total  work  L  produced  in  the  whole  cycle,  therefore, 
appears  as  the  difference  L1—L2. 

We  see,  moreover,  that  Fig.  7a  represents  nothing  but  what 
is  known  and  familiar  to  the  mechanical  engineer  as  an  indicator 
diagram.  As  the  same  process  can  be  repeated  as  often  as  desired, 
we  can  easily  refer  the  gained  work  L  to  the  second  of  time  and 
can  express  it  in  horse-powers,  provided  we  know  how  many  times 
the  process  takes  place  in  a  second. 

Steam  engines,  hot-air  engines,  gas  (internal-combustion) 
engines,  which  I  include  under  the  general  name  of  heat  engines, 
do  in  fact  produce  diagrams  or  processes  of  the  described  kind; 
of  course,  in  very  special  cases  we  must  first  investigate  whether 
the  process  of  the  one  or  the  other  kind  of  engine  really  can  be 
regarded  as  reversible,  for  only  under  this  supposition  do  the 
above  general  propositions  hold ;  particularly  should  direct  applica- 
tion to  the  occurrences  in  internal-combustion  engines  be  preceded 
by  a  special  investigation,  because  here  the  process  is  connected 
with  a  chemical  change,  a  condition  which  has  hitherto  been 
expressly  excluded  from  the  investigation.  In  appl3dng  thermo- 
dynamics to  technical  problems  we  will  come  back  to  the  foregoing. 


48  TECHNICAL  THERMODYNAMICS. 

Worthy  of  note  is  the  reversal  of  the  process  indicated  in  Fig.  7a. 
If  we  reverse  the  direction  of  the  arrow,  then  work  L2  will  be  gained 
along  the  path  00302,  and  work  Li  must  be  expended  upon  the  return 
path,  02O10;  consequently  the  work  L=Li— L2  will  become  nega- 
tive, and  so  will  the  quantity  of  heat  Q,  according  to  equation  (29) ; 
hence  the  carrjdng-out  of  the  process  here  demandsan  expendi- 
ture of  external  work  L,  and  the  quantity  of  heat  Q  thus  generated 
must  be  conducted  away  to  the  outside,  to  other  bodies. 

This  reversed  process  also  plays  an  important  technical  part, 
in  engines  for  the  production  of  cold. 

We  will  now  rnore  fully  discuss  the  question  of  heat  consump- 
tion and  of  heat  production  for  the  cycle  represented  in  Fig.  7a. 

In  Fig.  76  the  closed  curve  of  the  cycle  considered  in  Fig.  7a 

is  again  represented ;  we  may  say, 
^  A  therefore,  that  we  have  before  us 

\        ;ft\  ^^^  ^^^  investigation  the  same  in- 

N^^^^^  dicator  diagram. 

c  ^'^^^^^iiw  ^^^  ^^  ^®  draw  two  adiabatic 

^L!^:^is,^^f^i^^^  ^     „    curves  Pi    and  P2  so  that  they 

Ar       V^^  ' '  *1  ^-^  ^  just  touch  the  closed  curve  at 

Fio.  76.  the  points  e  and  €2,  and  if,  more- 

over, we  draw  anjrwhere  under  the  diagram  the  isodynamic  curve 
UqUo,  cutting  the  adiabatics  in  points  c  and  d,  then,  according  to 
the  discussion  of  Fig. 4,  page  41,  the  whole  hatched  area  of 
Fig.  76  represents  in  units  of  work  the  quantity  of  heat  which 
must  be  supplied  along  the  curve  66162;  and  the  more  closely 
hatched  part  measures  in  like  maimer  the  quantity  of  heat  which 
must  be  withdrawn  along  the  return  path  62636. 

If  we  designate  the  first  quantity  of  heat  by  Qi  and  the  other 
quantity  of  heat  by  Q2,  the  two  mentioned  areas  will  be  determined 
by 

A     *°^     A- 

It  is  evident  from  the  figure  that  the  difference  of  these  sections 
represents  the  work  L  which  is  given  by  the  area  enclosed  by  the 
cycle ;  therefore  for  this  process  we  also  have  the  relation 
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L-^'% (30) 

or  AL=Qi-Q2, (31) 

and  considering  equation  (29), 

0=01-02 (32) 

We  now  recognize  clearly  whence  comes  the  quantity  of  heat  0 
which,  in  this  process,  was  converted  into  the  work  L.  It  is 
simply  the  excess  of  the  imparted  heat  Qi  over  the  abstracted 
heat  02* 

If  we  reverse  the  process  (Fig.  76),  then  along  the  path  ee^2 
there  will  take  place  the  supply  of  the  quantity  of  heat  Q2, 
and  along  the  path  62^16  the  withdrawal  of  the  heat  Oi;  both 
quantities  of  heat,  and  therefore  also  the  quantity  of  heat  0 
(equation  32),  and  likewise  the  work  L  (equation  29),  change  their 
signs :  in  this  case  the  withdrawn  quantity  of  heat  is  larger  than 
the  supplied  quantity,  and  the  excess  corresponds  exactly  to  the 
quantity  of  heat  which  has  been  generated  in  this  process 
by  the  external  work  expended. 

It  was  shown  above  that,  for  any  passage  of  a  body  from  one 
adiabatic  to  another,  the  magnitude 


^^  '  AS 


(equation  26)  is  a  constant;  if  the  body  in  our  cycle  first  traverses 
one  of  the  branches  ee\e2  or  66362,  and  then  comes  back  upon  the 
other,  the  magnitude  of  P  has  the  same  value  for  the  forward 
motion  as  for  the  return  motion;  the  only  difference  is  a  change 
of  sign,  and  the  sum  of  the  two  values  is  therefore  zero. 

For  a  cycle,  and,  as  we  must  expressly  add,  for  the  "reversible 
cycle,"  there  accordingly  holds  the  relation 


/: 


a  proposition  which  is  self-evident  from  our  whole  discussion. 

The  function  S  was  so  chosen  at  the  start  that  the  expression 
under  the  integral  sign  of  equation  (33)  represented  a  complete 
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differential.  Now,  if  we  effect  this  integration  by  a  change  of 
state  in  which  the  final  condition  coincides  with  the  initial  one, 
then  the  integral  must  be  equal  to  zero,  because  the  integration 
limits  are  alike. 

Returning  once  more  to  the  consideration  of  Fig.  76,  and  imagin- 
ing the  cycles  to  be  conducted  in  the  direction  of  the  arrow,  then 
the  body,  which  we  will  call  the  "intermediate  or  mediating  " 
body,  receives  the  heat  Qi  along  the  path  €6162. 

But  the  imparting  of  heat  cannot  be  conceived  without 
assuming  at  least  another  second  body,  Ki,  which  delivers 
said  quantity  of  heat  to  the  mediating  body;  we  can  also  imagine 
a  series  of  such  bodies  successively  giving  off  heat. 

Furthermore,  we  must  assume  a  third  body  K2  (or  a  commu- 
nity of  such  bodies)  which  withdraws  along  the  path  e2eze  from 
the  mediating  body  the  quantity  of  heat  Q2,  that  is,  absorbs  it. 

The  cycle  therefore  includes  the  interaction  of  at  least  three 
bodies:  one  of  them,  Ki,  furnishes  the  quantity  of  heat  Qi,  the 
other,  K2,  absorbs  the  quantity  of  heat  Q2,  and  the  third,  the  medi- 
ating body,  describes  the  cycle;  the  latter  body  returns  to  the 
initial  condition,  while  the  other  two  must  necessarily  experience 
changes  of  state  of  a  certain  kind.  It  is  only  when  the  cycle  is 
carried  out  first  in  one  direction,  and  then  along  the  same  paths 
in  the  reverse  direction,  that  all  three  bodies  return  to  the  initial 
condition.    But  then  work  is  neither  produced  nor  consumed. 

A  glance  at  my  graphical  representation  of  the  events  in  the 
reversible  cycle  of  Fig.  76  shows  that  no  such  process  is  conceivable 
in  which,  with  a  gain  or  loss  of  work,  there  is  not  simultaneously 
connected  a  transfer  of  heat  from  a  body  Ki  to  another,  K2,  or 
conversely.^ 


1  C 1  a  u  s  i  u  8  in  his  papers  speaks  of  ''transformations  "  of  two  kinds  in  the 
reversible  cycle.  By  "transformation  of  the  first  kind  "  he  understands  a  con- 
version of  heat  into  work,  or,  conversely,  effected  by  the  mediating  body. 
"Transformation  of  the  second  kind  ''  includes  that  transformation  of  heat  from 
a  body  Ki  to  another,  K,  which  accompanies  such  a  cycle. 

Sadi  Carnot  has  discussed  the  cycle,  although  only  for  a  special  case 
which  will  be  more  closely  examined  above  in  the  text;  he  was  led  to  his 
investigations  as  an  engineer,  by  a  close  consideration  of  the  occurrences  in  the 
steam  engine.    Later  (1834)  Clapeyron  took  up  the  question,  and  was  the 


9 
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§  10,  CARNOT'S  CYCLE- 

The  propositions  just  developed  in  general  fashion  for  the  reversi- 
ble cycle,  under  the  assumption  that  the  changes  of  state  of  the 
mediating  body  take  place  according  to  a  closed  curve  (Fig.  7a  and 
76),  also  hold  (as  is  directly  shown  by  our  "  graphical  representa- 
tion") for  cases  in  which  the  work  area  L  is  bounded  in  parts  by 
pressure  curves  of  different  species ;  of  the  infinite  number  of  cases  of 
this  sort,  we  will  now  pick  out  one  cycle  whose  closer  investigation 
leads  to  especially  important  results,  namely,  the  one  whose  work 
area  is  bounded  by  two  adiabatics  and  two  isothermals;  a  cycle 
of  this  kind  we  may  designate  in  advance  as  the  C  a  r  n  o  t  cycle. 

If  in  Fig.  8  we  draw  the  two  adiabatics  Pi  and  P2  and  then 
the  two  isothermals  Si  and  S2,  we  get  a  quadrilateral,  ai6i62«2,  of 
curves  in  place  of  the  closed  curve  in  Fig.  76. 

If  the  body  starts  from  the  initial  condition  corresponding 
to  point  ai(pi,  Vi),  for  which  5= Si  =/(pi,  Vi),  and  expands  from  ax 
to  61,  with  the  corresponding  supply  of  heat  Qi,  and  then,  shutting 
off  the  supply  of  heat,  expands  adiabatically  from  61  to  62,  then 

first  to  put  C  a  r  n  o  t '  8  proposition  in  analytical  form,  and  to  also  represent 
n  graphical  form  the  cycle  with  C  a  r  n  o  t '  s  assumptions,  that  is,  the  indicator 
diagram. 

But  both  writers,  if  I  may  use  the  phraseology  of  C 1  a  u  s  i  u  s ,  had  in  view 
only  the  "transformation  of  the  second  kind,''  and  ascribed  the  production  of 
work  in  heat  engines  solely  to  the  transfer  of  heat  from  the  body  Kx  (according 
to  the  designation  given  above  in  the  text)  to  the  body  K,,  and  assumed  that 
here  the  quantities  of  heat  were  equal,  that  is,  Q\  =>  Q2, 

We  must  thank  C 1  a  u  s  i  u  s '  "  Abhandlungen ''  (1850)  for  pointing  out  what 
was  so  important  for  the  further  development  of  thermodynamics,  namely,  that 
the  above-mentioned  equah'ty  could  not  exist;  indeed,  that,  according  to  the 
theorem  of  the  equivalence  of  work  and  heat,  necessarily  the  relation  Qx  >  Q, 
must  obtain,  and  that  the  difference  between  them  corresponds  exactly  to  the 
work  produced  in  the  cycle. 

It  is  what  rarely  occurs  in  science  that  just  the  most  important  parts  of 
Clapeyron's  analytical  investigations  were  not  touched  by  his  false  assump- 
tion; particularly  that  equation  remained  valid  which  was  designated  above  in 
the  text  as  the  second  fundamental  equation  of  the  mechanical  theory  of  heat. 

It  might  therefore  be  designated  as  Clapeyron's  equation  if,  corre-. 
sponding  to  the  historical  development,  the  first  fundamental  equation  were 
named  after  C 1  a  u  s  i  u  s . 
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the  body  can  be  led  back  to  its  initial  state  by  compression  along 
the  isothermal  curve  6303,  and  by  compresEdon  along  the  other 
adlabatic  from  Oa  to  Oi.  In  leading 
back  along  the  path  baOa,  which 
occurs  with  8  =  82  constant,  the 
quantity  of  heat  Q2  must  be  with- 
drawn. 

Now  if  we    agfun  draw  an  iso- 
dynamic    curve    Uo  =  Fip,  v)  =  con- 
stant, which  cuts  the  adiabatic  in  c 
,  and    d,  then,  as    was    proved,  the 

Fio.  8.  whole     hatched    area    of    Fig.    8 

represents  the  heat  Qi  measured 
in  units  of  work,  and  similarily  the  more  closely  hatched  area 
represents  the  heat  Qa  measured  in  the  same  units;  the  difference 
of  the  two  is  again  the  work  L  produced  in  the  cycle:  here  equa- 
tion (30)  and  equation  (31)  likewise  hold;  moreover,  according 
to  equation  (28),  page  46,  the  heat  weight,  the  entropy  P,  is  the 
same  for  each  of  the  two  isothermal  passages,  and,  indeed, 

"'jk-k «^' 

Accordingly,  Qi—APSi  and  Q3  =  AP5a,  and,  therefore,  from 
equation  (30),  which  we  here  rewrite,  the  work  produced  in  this 
cycle  becomes: 


,     Oi     Oa 


L-P(5,-Sa). 


(V) 


These  equations  are  identical,  and  P  is  determined  by  equation 
(IV). 

Now  the  following  is  deserving  of  notice.  Because  Q\  >  Qa  (for 
the  difference  is  the  heat  corresponding  to  work  L),  we  also  always 
have  Si  >S2,  according  to  equation  (IV).  Now,  although  at  this 
time  nothing  is  known  concerning  the  form  of  the  equation  S^ 
/(p,  v),  still  we  at  least  know  that  the  value  of  the  constant 
S  in   any  ^ngle  one  of  the   infiuite  host  of  isothermal  lines 
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traversing  the  diagram  is  larger,  the  higher  the  curve 
lies  in  the  diagram.  For  each  point  of  the  plane  below 
the  curve  SiSi  (Fig.  8)  we  have  the  corresponding  value  of  S 
smaller,  and  for  every  point  lying  above  it  S  is 
greater  than  the  constant  Si  of  the  assumed  isothermal. 

The  following  important  remark  is  closely  connected  with  the 
foregoing. 

If  a  body  describes  any  cycle  abed  whatever,  Fig.  9,  and  if  we 
draw  two  adiabatics  Pi  and  P2  and  two  isothermals  SiSi  and  52*82 
which  touch  the  curve,  then  for  every  point  of  the  cycle  the  cor- 
responding value  S  is  smaller  than  at  the  point  of  contact  b,  and 
greater  than  the  value  at  the  point  of  contact  d. 

Now  if  the  curve  SiSi  (Fig.  9)  were  given  as  a  certain  upper 
limit,  and  the  curve  52^2  as  a  lower  P^ 
limit,  that  is,  if  it  were  impossible  in  the 
course  of  the  cycle  abed  to  pass  beyond 
the  upper  and  lower  limits  (Si  and 
S2),  then  the  area  enclosed  by  the  curve 
abed  would  always  be  smaller  than  the 

area  aibi&2^2*  ^  „ 

From   this  follows  a  proposition  of 
especial   importance   for   the    theory   of  engines: 

"Of  all  the  cycles  which  can  be  described  between  two  par- 
ticular adiabatics  and  two  particular  isothermals,  the  Car  not 
Cycle  will  deliver  the  maximum  of  work  L." 

Let  us  now  return  to  the  special  consideration  of  the  Car  not 
cycle  with  the  help  of  Fig.  8. 

Along  the  first  isothermal,  along  the  path  aibi,  the  mediating 
body  receives  the  heat  Qi,  which  we  will  suppose  to  come  from 
a  body  Ki,  which,  during  the  course  aibi,  stands  in  a  certain 
mutual  relation  to  the  mediating  body, — for  example,  is  in  con- 
tact with  it;  but  to  this  body  Ki  must  evidently  be  ascribed  a 
particular  property,  namely,  that  it  will,  as  the  case  may  be, 
successively  impart  heat  to,  or  withdraw  heat  from,  the  mediating 
body  in  such  measure  that  the  function  S  will  be  maintained  at 
the  constant  value  Si.  The  body  Ki  may  therefore  be  designated  as 
"body of  the  state  Si*;   for  like  reasons  we  must  also  imagine 
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a  second  "body  of  state  S2,"  which  will  afifect  the  withdrawal  of 
heat  along  the  isothermal  S2S2  on  the  path  b2fi2,  or  similarly  affect 
the  imparting  of  heat  in  the  reversed  path  0262.  Now  we  will 
for  the  present  dismiss  the  consideration  whether  bodies  with  the 
given  properties  really  exist  or  not;  the  assumptions  made  do  not 
alter  the  general  character  of  the  considerations;  we  can  even 
say  that  it  is  undoubtedly  correct  that  an  exchange  of  heat  would 
take  place  between  the  bodies  Ki  and  K2  if  they  were  brought  into 
immediate  contact;  the  only  doubt  remaining  in  the  matter 
would  be  as  to  the  direction  in  which  the  heat  exchange  would  take 
place, — whether  from  Ki  to  K2  or  in  the  opposite  direction;  at 
any  rate,  there  would  be  no  production  of  work  in  such  a  direct 
exchange  of  heat. 

We  can  now  say  briefly  that  in  the  Carnot  cycle  the  heat 
weight  P  is  transferred  from  the  body  Ki  of  the  state  Si  to  the 
body  K2  of  the  state  ^2,  and  that  thus  the  work  L=P(Si  —82)  is 
produced,  and  that  this  work,  having  a  particular  heat  weight  P,  is 
a  maximum  as  compared  with  all  the  other  possible  cycles  which 
can  be  described  between  the  limits  Si  and  82-  During  the  reversal 
of  the  cycle  an  equal  amount  of  work  is  consumed  and  the  heat 
weight  is  inversely  transferred  from  body  K2  to  body  Ki . 


§  II.  PHYSICAL  SIGNIFICANCE  OF  THE  FUNCTION  S- 

Hitherto  all  propositions  established  in  the  foregoing  have 
proceeded  from  the  assumption  of  a  single  fundamental  principle, 
namely,  the  equivalence  of  heat  and  work.  But  further  progress 
now  demands  the  setting  up  of  another  or  second  fundamental 
principle,  in  order  to  briefly  determine  the  form  and  significance 
of  the  different  functions  thus  far  introduced.  If  we  succeed  in 
doing  this  for  at  least  one  of  them , — for  example,  for  the  func- 
tion /S=/(p,  v), — then  we  know,  from  what  has  already  been  said, 
that  we  have  the  means  given  in  the  fundamental  equations  de- 
duced above  of  immediately  expressing  all  the  remaining  functions. 

Before  going  into  the  further  developments  indicated,  it  will 
be  useful  to  compare  the  propositions  concerning  the  cycles,  par- 
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G. 


/? 


A. 


ticularly  those  concerning  the  C  a  r  n  o  t  cycle,  with  the  analogous 
principles  of  Mechanics. 

Let  us  imagine  three  horizontal  planes  A^  B,  and  C  l3ang  over 
one  another.  The  uppermost  plane,  A  (Fig.  10),  lies  at  the  height 
Hi,  and  the  second,  B,  at  the  height  H2  over 
the  lowest  plane,  C;  the  lowest  plane  therefore 
lies  at  the  zero  point,  f  om  which  the  heights 
are  measured  upward;  furthermore,  if  we 
imagine  there  is  at  our  disposal  in  the  upper- 
most plane  a  body  of  the  weight  G,  and  that 
we  can  let  it  sink  slowly  and  uniformly  to  the 
lowest  plane,  then  there  will  be  at  our  disposal 
in  this  body  a  work  which  may  be  designated  by  PTi,  which  is 
easily  determined  by  the  relation. 


Fio.  10. 


Wi^GHi. 


(34) 


The  value  Wi  is  what  is  designated  in  Mechanics  as  ''energy  of 
position,"  or  as  "potential  energy  due  to  the  action  of  gravity." 
If  the  same  weight  G  exists  on  the  middle  level  B,  then  there  will 
be  produced,  during  its  slow,  uniform  sinking  to  the  lowest  level, 
the  work 

W2-GH2; (35) 

finally,  the  work  L,  which  is  produced  when  the  body  sinks  in  like 
manner  from  A  to  B,  is 

L«G(ffi-fl2) (36) 


From  equations  (34)  and  (35)  follows 


aya) 


and  substitution  in  equation  (36),  which  we  will  write  again,  gives 


L=(?(ffi-H2)J 


•     •       •       •       •       •       •       ^V  CLj 


If  we  imagine  a  body  of  weight  G  to  be  slid  along  in  the  plane  A, 
then  this  corresponds  to  a  ''supply"  of  the  work  Wi, and 
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the  body  after  it  has  descended  to  the  level  B,  doing  work  in  the  man- 
ner indicated,  must  be  there  delivered,  and  this  will  correspond  to  a 
"withdrawal"  of  the  work  W2]  the  difference  between  the 
furnished  work  Wi  and  the  led-away  work  W2  (which  for  our 
purposes  can  be  considered  as  work  withdrawn)  is  equal,  accord- 
ing to  equation  (Va),  to  the  work  Lproduced.  But  the  cycle  is 
also  reversible,  and  if  the  body  is  led  to  the  lower  level  B  and 
then  lifted  slowly  and  uniformly  into  the  upper  level  A,  then  the 
furnished  work  W2  at  B  is  smaller  than  the  delivered  WisAA; 
the  work  L  has  been  expended  in  lifting  and  corresponds  ex- 
actly to  the  difference  Wi  -  W2. 

If  we  again  imagine  a  cycle  to  be  described  in  the  first  direction, 
then,  imder  the  assumptions  made,  the  work  L,  produced  in  passing 
from  A  to  £,  Is  a  maximum,  because  uniform  sinking  was  as- 
sumed; for  if  the  sinking  were  not  uniform,  that  is,  were  accelerated, 
occurring  with  increasing  velocity,  then  the  work  produced  would 
be  smaller,  indeed  this  work  might  even  be  zero  when  the  body  of 
weight  G  simply  falls  from  A  to  B;  in  this  case  there  dwells  in  the 
body  at  the  lower  level  the  whole  initial  work  TTi,  but  the  difference 
W1  —  W2  exists  in  the  form  of  living  force,  of  kinetic  energy. 
For  the  purpose  of  technical  study,  which,  to  be  sure,  is  the 
main  purpose  of  the  present  treatise,  it  is  convenient  to  regard  the 
body  G  as  a  liquid;  if  the  level  il  is  an  infinitely  broad  and  ex- 
tremely shallow  reservoir,  and  likewise  the  level  B,^  and  if  G  is  the 
weight  of  a  quantity  of  water  which  sinks  in  a  particular  interval, 
for  example  in  one  second,  then  the  process  described  in  the  fore- 
going will  appear  as  the  one  carried  out  by  the  hydraulic  motors, 
water  wheels,  turbines,  and  water-pressure  engines;  the  reversal 
of  the  process  would  then  correspond  to  hydraulic  hoists,  scoop 
wheels,  centrifugal  pumps,  and  cylindrical  pumps. 

The  choice  of  the  lower  level  C  is  still  perfectly  arbitrary;  in 

'  This  assumption  is  always  made  in  the  investigation  of  hydraulic  motors; 
if  we  proceeded  more  exactly  and  assumed  finite  values  for  the  breadth  and  depth 
of  the  supply  and  discharge  conduits,  then  we  ought  to  take  for  the  difference 
of  heights  Hi  —  H^  the  distance  apart  of  the  centers  of  gravity  of  the  two  conduit 
cross-sections;  we  should  also  assume  that  the  water  flows  at  all  points  with 
the  same  velocity  and  does  the  same  in  the  discharge  conduit. 
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considering  hydraulic  motors  we  may  imagine  it  to  be  at  the 
level  of  the  sea. 

If  we  compare  the  formulas  and  principles  in  the  foregoing 
with  those  which  were  given  for  the  Car  not  cycle  (§  10,  p.  53), 
with  the  help  of  fig.  8,  then  the  complete  analogy  will  appear; 
and  where  we  there  spoke  of  the  heat  quantities  Qi  and  Q2y  meas- 
ured in  unit«  of  work,  we  here  have  the  quantities  of  work  Wi 
and  W2;  and  where  we  there  expressed  the  values  of  fimction  S 
by  Si  and  ^2,  we  here  have  the  heights  Hi  and  H2.  Equations 
(IVa)  and  (IV)  are  in  structure  and  meaning  like  (Va)  and  (V). 

Function  S  can  therefore  be  regarded  as  a  linear  quantity,  the 
height  of  a  level  over  a  certain  zero  point,  and  the  analogy  between 
the  two  kinds  of  occurrences  is  just  what  incited  us  to  designate 
the  value  P  given  by  equation  (26),  page  44,  as ''heat  weight," 
which  designation  can  even  be  applied  to  the  dififerential 

'^-fs' (37) 

in  this  case  the  work  produced  in  the  C  a  r  n  o  t  cycle  between  the 
limits  Si  and  S2  is 

dL-(Si-S3)dP (38) 

On  the  other  hand,  if  we  imagine  the  uniform  sinking  of  a 
body  of  infinitesimal  weight,  dG,  possessing  at  the  height  H 
the  work  dW=HdG,  we  have 

d(?=^, (37a) 

and  the  work  produced  in  falling  from  ff  1  to  ff 2  is 

dL^{Hi-H2)dG (38a) 

The  last  two  equations  and  the  cycle  underlying  them  could  easily 
be  extended  in  such  a  way  as  to  bring  out  the  general  propositions 
given  for  any  cycle. 

But  for  the  important  questions  before  us  it  will  suffice  to  keep 
in  view  the  simple  Car  not  cycle. 
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Just  as  the  consideratioii  of  the  events  based  on  Fig.  10  repro- 
duced occurrences  in  hydraulic  motors  and  their  inversions,  the 
hydraulic  hoists,  so  here  the  question  arises  whether  a  closer 
examination  of  the  occurrences  in  h  e  a  t  engines  and  their  inversions 
could  not  be  utilized  for  the  events  in  the  Carno  t  cycle  and  lead 
to  further  information. 

If  we  think  especially  of  the  steam  engine,  then  in  fact  a  trans- 
fer of  heat  from  the  boiler  to  the  condenser  does  accompany 
the  productionof  work  in  a  steam  cylinder;  heat  is  imparted 
to  the  boiler,  and  cooUng  takes  place  in  the  cyUnder,  that  is,  heat 
is  withdrawn.  But  here  the  heat  supply  takes  place  at  high  tem- 
perature, and  the  heat  withdrawal  at  lower  temperature. 

We  can  therefore  say  that  in  the  steam  engine  we  have  before 
us  a  case  of  work  production  occurring  simultaneously  with  a 
passage  of  heat  of  higher  temperature  to  heat  of  lower  temperature. 
The  inverse  process  occurs  in  refrigerating  engines,  engines  which 
serve  for  the  production  of  cold;  to  run  these  engines  work  is  ex- 
pended and  the  imparting  of  heat  in  the  evaporator  takes  place 
at  the  lower  temperature,  the  withdrawal  of  heat  (in  the  con- 
denser) at  the  higher  temperature. 

Here,  therefore,  we  really  have  to  do  with  a  cycle  described 
by  engines  which  work  in  the  one  or  the  other  direction  according 
to  the  need  of  the  moment,  that  is,  we  have  to  do  with  a  cycle 
that  is  reversible.  In  the  boiler,  as  in  the  condenser,  the  tem- 
peratures are  maintained  at  constant  height  during 
the  running. 

But  now  the  foregoing  considerations  show  that  in  the  de- 
scribed cycle  a  new  element  comes  into  play  which  did  not  exist 
in  our  former  discussions,  or,  to  speak  more  exactly,  existed  there 
in  disguised  form,  namely,  temperature. 

Let  us  designate,  according  to  Celsius,  the  temperature  by  t, 
whose  zero  is  the  freezing-point  of  water,  and  whose  100  is  the 
boiling-point  of  water,  both  corresponding  to  the  mean  barometric 
height  of  760  mm.merc  ury;  then  it  is  a  question  whether  aU  the 
discussed  peculiarities  of  the  C  a  r  n  o  t  cycle  and  of  the  properties 
belonging  to  the  function  S  will  reaUy  correspond  with  experience 
if  we  assume  that  in  this  cycle  the  expansion  of  the  body  takes  place 
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along  the  path  Qibi  (Fig.  11)  at  constant  temperature  ti, 
and  that  the  compres^on  takes  place  along  the  path  bsas  at  the 
lower  temperature  1^.    In  this  case  the  body  Ki  of  Uie  stat«  <S|  ap- 
pears to  be  one  which  maintains  at 
constant  temperature  the  mediating 
body  during  its  expansion.     This 
will  occur  when  Ki  itself  is  so  large 
(strictly  speaking,  infinitely  large) 
that   its  grant  of   heat  does  not 
cause    any    noticeable    change   in 
its    own    temperature.      Likewise 
the  body  K3,  which  has  to  mun-        "•  - 

tain    along    the    path     b^a:     the 

mediating  body  at  the  constant  temperature  tz,  must  be  as- 
sumed to  be  very  great  and  to  possess  the  temperature  Ij.  Bodies 
of  this  sort  do  exist,  and  consequently  the  Car  not  cycle  seems 
to  be  drawn  within  the  realm  of  posability,  even  if  we  disregard 
the  experience  of  heat  engines. 

Accompanying  the  production  of  work  by  means  of  the  Car- 
no  t  cycle,  there  is  a  tannsfer  of  heat  from  the  body  Ki  of  the  higher 
temperature  ii  to  a  body  K2  of  the  lower  temperature  i2,  which 
is  what  actually  happens  in  heat  endues  and  was  described  when 
considering  steam  engines. 

Furthermore,  experience  shows  that  a  direct  transfer  of 
heat  from  Xi  to  K3  without  production  of  work  is  possible,  a 
case  which  we  just  compared  (in  Fig.  10)  with  the  falling  of  a 
weight  from  a  higher  to  a  lower  level.  We  only  need  to  bring  the 
two  bodies  of  different  temperatures  ^i  and  /j  into  contact  with 
each  other,  in  which  case  heat  of  its  own  accord  flows  from  the 
warmer  to  the  colder  body,  a  procedure  known  under  the  name  of 
heat  conduction. 

But  never  has  there  been  observed  during  the  direct  contact 
of  two  bodies  Kt  and  K2  a  transfer  of  heat  in  the  oppofdte  direction 
that  is,  a  flow  from  a  body  of  lower  temperature  to  one  of  higher 
temperature;  such  a  transfer,  according  to  the  reversal  of  the 
Carnot  cycle  (Jig.  11),  is  only  possible  with  the  simultaneous 
performance  of  external  work,  and  without  it  could  only  be  com- 
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pared  with  the  phenomenon  of  a  weight  rising  uniformly  without 
expenditure  of  work,  that  is,  alone  and  unaided,  from  a  lower 
level  to  a  higher  one. 

From  all  the  foregoing  consideration  of  the  function  S = /(p,  v) 
we  conclude  that  the  temperature  is  constant  when  the  change 
of  state  of  a  body  takes  place  with  constant  value  of  S.  There- 
fore we  must  also  regard  5  as  a  function  of  the  tem- 
perature t  alone.    Accordingly  we  have  the  relation 

and  an  expansion  or  compression  according  to  the  curve  5= con- 
stant appears  as  a  change  of  state  at  constant  tempera- 
ture; for  this  reason  this  curve  was  designated  from  the  beginning 
as  the  isothermal  curve. 


§  12,  TRANSFORMATION  OF  FUNDAMENTAL  EQUATIONS. 

As  S  has  been  recognized  as  a  function  of  the  temperature  t, 
we  have  the  relation 

dS  =  ^(ft (39) 

Now  it  has  long  been  recognized  in  Physics  that  the  tempera- 
ture ^  of  a  body  is  completely  determined  by  the  pressure  p  and 
the  volume  v.*  The  analytical  relation  existing  between  tj  p,  and  v 
for  a  particular  body,  and  assumed  to  be  derived  from  physical 
considerations,  is  called  (according  to  Bauschinger)  the  "equa- 
tion of  condition"  of  the  body  in  question.  This  equation  of 
condition  appears  to  be  diflferent  for  different  forms  of  the  body, 
and  is  not  known  for  all  kinds  of  bodies;  at  thie  present  time  it  is 
only  known  for  gases,  and,  as  will  be  discussed  later,  for  vapors 
in  certain  conditions,  but  not  for  solid  and  liquid  bodies.  But  the 
equation  of  condition  when  known  invariably  gives  the  relation 
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and  if  we  use  this  in  equation  (39)  we  get 

If  we  compare  this  formula  with  the  earlier  one  given  under  (19), 
page  35,  there  follows 

dp^  dt    dp  dv     dl    dv    '    '     *     * 

But  now  the  second  fundamental  equation  of  the  mechanical  theory 
of  heat  (II,  pag^  34)  was  found  to  be 

dS     ^dS 
op        ov' 

and  if  we  here  utilize  equation  (41)  we  get 


dS         dp        dv 
dt 

As  S  is  only  a  function  of  t,  the  expression  in  the  left  member  is 
also  only  a  function  of  t,  and  we  can  therefore  put 

dt 

and  this  new  temperature  function  T,  whose  special  form  is  still 
to  be  determined,  we  will,  till  this  form  is  established,  call  the 
Carnot  Function.  It  stands  in  a  simple  relation  to  the  func- 
tion desipiated  by  S,  for  from  equation  (42)  follows 

dS    dt 

f =y, (43) 

and  therefore 

loge5  =  y*~+C, (44) 
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where  C  represents  an  integration  constant.  As  soon,  therefore, 
as  the  form  of  Carnot's  temperature  function  is  recognized, — 
and  we  will  derive  it  below  from  physical  principles, — so  soon  will 
equation  (44)  determine  the  magnitude  jS  as  a  function  of  the  tem- 
perature L 

For  the  purpose  of  the  following  investigations,  and  in  order 
to  easily  refer  to  the  principal  results  of  all  the  foregoing  investi- 
gations, we  will  here  collect  the  principal  formulas.  The  first 
fundamental  equation  (I),  p.  32,  is  repeated  unchanged  in  (la); 
on  the  other  hand,  the  second  fundamental  equation  (II),  after 
utilizing  the  equation  preceding  equation  (42),  takes  the  form 
shown  in  (Ila) : 

=  1, (la) 


9p      dv 


op        ov 


{Hay 


On  the  other  hand,  of  equations  (III),  page  36,  only  the  second 
and  third  change  their  form  when  equations  (41)  and  (43)  are 
utilized,  a  transformation  which  is  easily  followed,  and  we  can 
therefore  write 

dQ  =  A[XdT>-\-Ydv] 

^-^[X  di^-T  dv] 

dp 

A  .^.  .      -,  ,  -       ■ (Ilia) 

^-^[Ydt^Tdp]      ^  ^ 

dv 
^A[dU-\-pdv] 
^ASdP 

and  from  this  grouping  of  five  identical  equations  we  will  always 
pick  out  that  one  which  most  readily  leads  to  the  solution  of  the 
particular  problem. 

*Ciapeyron  gave  the  second  fundamental  equation  exactly  in  the  form 
in  which  it  is  represented  by  (Ila),  only  he  used  the  letter  C  to  designate  the 
Carnot  Function  T. 
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§  13.  UNIVERSAL  SIGNIFICANCE  OF  THE  CARNOT 

FUNCTION. 


In  the  above  investigation  of  cycles,  particularly  of  the 
C  a  r  n  o  t  cycle,  only  one  body  was  mentioned,  and  its  change 
of  state  considered.  When  the  result  was  ascertained  that  the 
two  functions  S  and  T  could  be  regarded  as  temperature  functions 
of  a  particular  kind,  then  evidently  this  result  could  for  the  time 
being  hold  only  for  the  body  in  question  describing  the  C  a  r  n  o  t 
cycle. 

But  it  can  now  be  shown,  and  this  is  the  purpose  of  the  fol- 
lowing discussion,  that  the  form  of  this  function  must  be  the  same 
for  bodies  of  every  kind,  whether  they  exist  in  gaseous,  liquid,  or 
solid  condition.  If  the  proof  is  furnished  for  one  of  the  two  func- 
tions, then  it  will  also  hold  for  the  other  function  on  account  of 
relation  (44). 

If  we  assume  two  different  bodies  A  and  B.  and  describe  with 
each  a  C  a  r  n  o  t  cycle  between  two  isothermals  corresponding  to 
the  same  limiting  temperatures  ti  and  12,  and  indeed  in  such  a 
way  (as  is  always  possible  by  a  suitable  choice  of  the  corre- 
sponding adiabatics)  that  the  work  performed,  or  the  work  L 
expended  during  the  reversal  of  the  cycle,  is  the  same,  then  we  can 
utilize  in  both  cases  the  bodies  Ki  and  K2  for  the  supply  and  with- 
drawal of  heat. 


Fig.  12. 


If  in  Fig.  12a  we  describe  the  indicated  cycle  process  in  the 
direction  of  the  arrow  with  the  first  body  A,  then  the  body  Ki 
will  furnish  the  quantity  of  heat  Qi  and  the  body  K2  will  absorb 
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the  quantity  of  heat  O2,  and  the  work  L  produced  will  bear,  to 
the  given  quantities  of  heat,  the  relation 

On  the  other  hand;  if  we  describe  the  same  cycle  in  the  same 
direction  with  the  second  body  B  (Fig.  12&),  we  may  assume  that 
the  body  Ki  will  supply  to  B  the  quantity  of  heat  91  during  iso- 
thermal expansion,  and  the  body  K2  will  absorb  during  the  iso- 
thermal compression  the  quantity  of  heat  92.  As  the  work  here 
must  also  be  equal  to  L  we  have  the  formula 

ilL=5i-52. 

From  this  follows,  by  a  combination  of  the  two  formulas : 

Q\-Q2=qi-q2 (45) 

From  the  equating  of  the  differences;  however,  it  does  not 
necessarily  follow  that  the  equations  Qi^qi  and  Q2-92  must 
be  true;  rather  the  only  permissible  conclusion  is  that  we  have 
the  relations 

?i=Qi+Oo,l 

92  =  Q2+Oo,J 


(46) 


where  Qo  represents  a  positive  or  negative  quantity  of  heat. 

Let  us  assume  that  Qq  is  positive,  and  let  us  describe  the  cycle 
with  the  body  A  in  the  direction  of  the  given  arrow  (Fig.  12a), 
then  the  body  Ki  will  furnish  the  quantity  of  heat  Qi ;  now  utiUzing 
the  same  bodies  K\  and  K2  with  the  body  S,  let  us  conduct  the 
cycle  (Fig.  126)  in  tlie  direction  opposed  to  the  arrows.  Then  the 
body  Ki  at  the  upper  temperature  t\  will  absorb  the  quantity  of 
heat  gi=Qi+Qo,  while  it  only  gave  out  during  the  first  cycle 
the  quantity  of  heat  Qi.  Both  mediating  bodies  A  and  B  are 
thus  brought  back  to  their  initial  condition; 
during  the  first  cycle  the  work  L  was  produced,  while  during 
the  second  cycle  an  equal  quantity  of  work  was  consumed. 
The  sole  result  after  this  double  cycle  is  that  the  body  K2  of  the 
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lower  temperature  ^2  possesses  an  amount  of  heat  less  by  Qo  than 
formerly,  and  the  body  Ki  of  the  higher  temperature  an  amount 
greater  by  Qo;  it  would  therefore  appear  as  if  the  quantity  of 
heat  Qo  had  simply  of  itself  been  transferred  from  the  body 
K2  of  lower  temperature  fe  to  a  body  Ki  of  the  higher  tempera- 
tin^  ti. 

The  same  result  is  produced  when  we  take  Qo  in  equations  (46) 
as  negative;  in  this  case  we  would  use 

Qi=?i+Qo, 

Q2  =  32+Qo, 

and  would  get  the  same  result  as  before,  provided  the  second 
body  fi  f  i  r  s  t  described  the  cycle  (Fig.  126)  in  the  direction  given 
by  the  arrow,  and  that  then  the  cycle  course  were  completed 
with  the  first  body  A  in  the  direction  opposed  to  the  arrow. 

These  considerations  led  Clausius  to  a  simple  proposition 
which  has  been  imiversally  accepted  as  the  second  fundamental 
law,  namely: 

"Heat  cannot  of  itself  pass  from  a  colder  to  a  hotter  body  "; 
it  has  been  placed  alongside  of  the  first  law  (that  heat  and  work 
are  equivalent)  of  the  mechanical  theory  of  heat.  It  follows  that 
in  the  foregoing  developments  the  introduced  quantity  of  heat  Qo 
can  have  neither  a  positive  nor  a  negative  value,  but  must  be  equal 
to  zero. 

Equation  (46)  therefore  becomes 

t-^:} ........  (47) 

In  the  two  cycles  represented  by  Figs.  12a  and  126  the  body  Ki 
therefore  receives  back  the  same  quantity  of  heat  Qi  during  the 
reversal  of  the  cycle  which  it  formerly  supplied,  and  the  body  K2 
pves  out  again  the  same  quantity  of  heat  Q2  which  it  previously 
received,  no  matter  which  body  acted  mediately  in  the  first  forward 
direct  cycle  or  in  the  second  return  reversible  cycle. 

The  importance  of  this  proposition  justifies  us  in  returning 
for  a  moment  to  the  analogous  case  in  Mechanics  treated  in  §  11. 
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If  we  assume  that  a  turbine  consumes  G  kg  [lb.]  of  water  per 
second  with  a  fall  H\  —H2  (see  Fig.  10,  p.  65),  then,  neglecting  the 
losses  of  work,  its  corresponding  work  will  be  G(Hi  -H2).  Now 
if  this  turbine  drives  a  centrifugal  pump,  and  we  here  also  neglect 
the  losses  of  work,  then  the  same  quantity  of  water  G  can  be 
brought  back  to  the  original  level  Hi ;  and  if  the  original  quantity 
of  work  supplied  at  this  level  is  Wi=GHi,  then  this  also  will 
be  brought  back  again.  Now  if  we  try  to  conceive  of  a  machinal 
arrangement  which  would  bring  a  larger  quantity  of  work  Wi  4-  Wq 
into  the  upper  plane,  then  this  would  be  equivalent  to  the  assump- 
tion that  the  weight 

could  be  brought  from  a  lower  to  a  higher  level  without  the 
expenditure  of  work.  But  since  this  weight  Go  could  be  al- 
lowed to  sink  while  at  work  (for  example,  in  a  second  turbine), 
this  arrangement  of  the  two  turbines  with  a  centrifugal  pump 
would  constitute  a  case  of  perpetual  motion,  the  impossi- 
bility of  which  was  long  ago  demonstrated. 

But  what  is  true  of  the  hydraulic  motors  is  also  true  of  the  heat 
engines;  if  we  had  two  such  en^es  describing  the  Car  not  cycle, 
giA^en  in  Figs.  12a  and  12b,  both  working  between  the  same  tem- 
perature limits,  and  the  one  engine  running  through  the  forward 
cycle  and  the  other  through  the  reverse  cycle,  and  if,  moreover, 
in  the  former  the  amount  of  work  produced  was  numerically 
equal  to  the  amount  of  work  consumed  in  the  latter,  then  it 
would  be  impossible  for  the  quantity  of  heat  supplied  to  the  body 
K 1  to  be  greater  than  the  quantity  of  heat  which  it  gave  out  during 
the  first  cycle;  for  if  it  were  greater,  and  the  excess  were  repre- 
sented by  Qo,  then  this  quantity  of  heat  existing  at  the  upper-tem- 
perature level  could  be  utilized  and  describe  a  third  Car  not 
cycle  by  means  of  a  third  engine. 

In  reality  Clausius's  principle  amounts  to  sa}dng  that  in  a 
mechanical  sense  no  combination  of  heat  engines  is  conceivable 
which  will  bring  about  perpetual  motion. 

Now  let  us  return  to  the  discussion  of  the  main  question.    Con- 
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sideration  of  the  two  cycles  given  in  Figs.  12a  and  126  has  led  to 
the  result  that,  assuming  the  same  temperature  limits  and  equal 
quantities  of  work,  the  relations 

02  =  92 

must  be  true,  and  it  consequently  follows  that 

Vi '«> 

But  still  it  does  not  follow  that  the  function  5=  Vif),  page  60, 
must  have  the  same  form  for  the  two  bodies  A  and  S;  to  be  sure, 
the  two  isothermal  cm-ves  for  the  body  A  (Fig.  12a)  certainly 
have  a  different  course  than  for  the  body  B  when  we  consider  the 
connection  of  S  with  p  and  v,  and  we  may  here  say  that  this  differ- 
ence really  exists :  because  of  the  connection  of  the  value  S  with 
the  temperature  a  further  discussion  of  the  question  is  nec- 
essary. 

If  for  the  body  A  we  designate  the  temperature  function  by  S, 
as  hitherto,  and  on  the  other  hand  for  the  body  B  by  s,  and  thus 
distinguish  another  form  of  the  function,  then,  according  to  equa- 
tion (28),  we  have  the  relation, 

Qx       Q2  Qi    Si 


ASi    AS2  Q2    Si 


For  the  other  cycle  there  is  likewise. 


?i       ?2      ^^    gi    81 

«_ ---_ QJ.  _. ^ 

Asi     A82  92     ^2 


According  to  equation  (48)  there  inunediately  follows 

82    S2' 
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If  we  subtract  unity  from  both  sides,  we  can  also  write 

S2  82 

As  a  consequence,  if  we  suppose  the  two  cycles  in  Fig.  12a  and 
Fig.  126  to  work  between  the  limiting  temperatures  t2^t  and 
^1  =<+<&,  we  have 

ds^_dS 
s  ^8' 

and  therefore,  by  integration, 

s^k8, (49) 

where  the  factor  ft  is  a  constant.  This  proves,  first  of  all,  that  the 
temperature  factor  <S  for  the  one  body  A  differs  in  value  from 
that  of  the  other  body  B  only  by  this  factor.  But  in  §  5,  p.  33, 
the  function  8  was  introduced  into  equation  (15)  as  an  integrating 
factor,  and,  in  the  accompanying  remark  there  made,  it  was  em- 
phasized and  proved  that  we  could  substitute  for  this  function 
the  value  k8  without  altering  at  all  any  one  of  the  following  con- 
clusions; consequently  the  factor  k  is  perfectly  arbitrary,  and 
therefore  may  also  be  placed  equal  to  unity.  But  independently 
of  this  we  find,  when  we  differentiate  equation  (49)  with  respect 
to  temperature, 

ds    ,d8 
dt'cU' 

If  we  divide  equation  (49)  by  this  one  and  at  the  same  time  make 
use  of  equation  (42),  p.  61,  we  get 

«,      •'?         8  ,^^. 

^=^=^' (^> 

dt        dt 

and  this  magnitude,  according  to  equation  (42),  was  designated 
as  the  Car  not  temperature  function  T.  ' 
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From  this  follows  the  important  result,  that  the  Carnot 
function  must  not  only  have  the  same  form  for  all 
bodies  of  nature,  but  must  also,  at  any  particular 
temperature,  have  one  and  the  same  nwnerictd  value  for  all 
bodies  without  exception. 


§    14.    TRANSFORMATION    OF    REVERSIBLE   PRESSURE 
CURVES  AND  OF  INDICATOR  DIAGRAMS. 

If  a  body  starting  from  the  initial  condition  {pi,  Vi),  Fig.  13a, 
passes  to  the  final  condition  (pj,  1^2),  traversing  the  prescribed 
pressure  curve  acb  while  receiving  the  quantity  of  heat  Q,  there 
will  correspond  to  the  curve  point  c,  having  the  coordinates  p  and 
D,  a  perfectly  definite  value  of  the  function  S  and  of  its  tem- 
perature (,  for  we  will  continue  to  ikssume  as  known  the  two  re- 
latjons, 

S=fip,v)    and    S=^(0. 

Likewise  the  function 

has  for  this  point  c  a  value  which  can  be  determined  from  this 
^ven  equation. 


If  we  now  lay  off  from  0,  in  Fig.  136,  the  value  P  as  abscissa 
OP  and  the  value  5  as  its  corresponding  ordinate,  we  get  [>oint 
Ci,  which  we  will  call  the  transfer  (copy)  of  the  point  c  of 
the  pressure  curve. 
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In  this  way  every  j)oint  of  the  pressure  curve  can  be  repro- 
duced as  soon  as  we  know  its  course,  and  consequently  we  get  in 
Fig.  136  a  curve  aiCibi  which  may  be  designated  as  the  trans- 
formation of  the  pressure  curve  acb. 

If  in  a  special  case  acb  is  the  isothermal  curve,  forwhich 
we  know,  from  what  has  preceded,  that  the  temperature  t  and  its 
corresponding  value  S  =  Si  are  constant,  it  will  follow  that  the 
transformation  of  the  isothermal  will  be  a  straight  line  ai&2 
lying  parallel  to  the  axis  of  abscissas  OX. 

On  the  other  hand,  if  the  pressure  curve  acb  is  an  adiabatic, 
then  we  know,  from  the  discussion  of  Fig.  5,  §  8,  and  from  equa- 
tion (23),  p.  39,  that  the  function  P  =  Pi  is  a  constant;  therefore 
the  transformation  aibz  of  the  adiabatic  curve  passing  through 
the  point  a  is  a  straight  line  lying  parallel  to  the 
axis  of  ordinates. 

Now  if  we  again  return  to  the  general  case  in  Fig.  136,  and 
allow  the  distance  P  to  increase  by  the  amount  dP,  then  the  area 
of  the  strip  standing  on  dP  will  be  S  dP;  consequently  from  the 
original  relation 

dQ 


there  follows  also 


^P-AS 


f-SdP, 


and  therefore  the  area  aibiP2P\  (hatched  in  the  figure)  l3dng  under 
the  transformed  curve  aiCybi  represents  nothing  but 


l-A"-. 


i.e.,  the  quantity  of  heat  Q,  measured  in  units  of 
work,  which  must  be  imparted  to  the  body  during  its  changes  of 
state  along  the  path  acb]  the  area  06^2^1  (Fig.  13a)  under  the  latter 
curve  measures  the  external  work  thus  produced  at  the 
same  time. 
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Besides  the  graphical  determination  of  the  heat  quantity  Q, 
given  in  connection  with  Fig,  4,  S  7,  p.  41,  there  follows  from 
the  above  a  aecond  graphical  method  for  the  same  purpose,  and 
one  free  from  the  defects  there  emphasized. 

We  must  not  overlook  the  fact  that  both  methods  are  only 
true  for  reversible  operations.  If  Fig.  13a  refers  to 
compresfflon,  the  reversal  of  the  operation  before  assumed,  then 
the  direction  of  thf  arrow  in  Fig.  13&  will  also  be  reversed,  and 
the  quantity  of  heat  will  be  negative,  that  is,  will  be  heat  with- 
drawn, and  the  hatched  area  in  Fig.  13a  will  represent  the  work 
consumed.  It  is  aelf-evident  that  heat  withdrawal  may  exist 
during  expansion,  a  case  which  would  at  once  manifest  itself  in 
the  transformation,  by  the  distance  OPs  being  leas  than  OPi. 

The  propomtions  here  developed,  of  course,  abo  hold  when 
the  ^ven  pressure  curve  is  a  closed  curve,  therefore  also  when 
we  are  dealing  with  a  reversible  cycle. 

If  Fig.  14a  represents  a  certMn  indicator  diagram,  we  know 
from  earlier  discussions  that  the  area  inclosed  by  the  curve  repre- 
eente  the  work  produced  in  this  cycle.  The  transformation 
(Fig.  146),  constructed  in  the  indicated  manner,  then  leads  directly 
to  a  closed  curve,  and  if  we  draw  the  two  end-ordinates,  PiOi 
and  P2&it  touching  the  closed  curve  at  the  points  ai  and  bi,  the 


whole  hatched  area  inclosed  by  the  upper  part  oidibi  of  the  curve 
and  by  the  end-ordinates  will  represent  the  quantity  of  heat  Qi 
(measured  in  units  of  work,  that  is,  Qi'.A)  which  must  be  sup- 
plied with  tide  cycle;  the  area  inclosed  by  these  end-ordinates 
and  the  lower  part  aiCi6  of  the  curve  (area  closely  hatched  in 
figure)  will  give  in  like  maimer  the  quantity  of  heat  Qa  to  be  with- 
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drawn;  also  measured  in  units  of  work.     From  equation  (31), 
namely, 


L= 


Q1-Q2 


it  follows  that  the  widely  hatched  area  of  Fig.  146  likewise  rep- 
resents the  work  L  produced  in  this  cycle;  in  other  words,  the 
transformation  of  an  indicator  diagram  gives  the  (indicated)  work 
L,  but  at  the  same  time  it  furnishes  the  means  of  determining  the 
supplied  and  withdrawn  quantities  of  heat  Qi  and  Q2;  and 
this  can  be  accomplished  in  a  simple  way  by  area  determina- 
tions, which  can  be  undertaken  with  the  planimeter,  as  is  very 
generally  done  at  the  present  time  in  measuring  indicator  cards  for 
the  work  L. 

Moreover,  from  the  position  of  the  two  contact  points  ai  and 
61  (Fig.  146),  we  can,  by  working  backwards,  determine  the  cor- 
responding points  a  and  6  (of  the  indicator  diagram,  Fig.  14a), 
between  which  the  heat  supply  and  the  heat  withdrawal  can 
occur. 

Furthermore,  if  we  draw  in  Fig.  146  two  horizontal  lines  which 
touch  the  closed  curve  at  the  points  di  and  61,  these  points  will 
correspond  to  the  greatest  and  least  values  Si  and  ^2  of  the 
function  5,  and,  working  backward  from  this,  we  can  likewise 
determine  the  highest  and  lowest  temperatures  t\  and  ^2  occurring 
in  this  cycle;  the  points  d  and  e  in  the  indicator  diagram,  cor- 
responding to  the  points  di  and  61,  can  also  be  easily  determined. 

If  in  the  transformation  several  horizontal  or  vertical  lines 
occur,  then  this  is  a  sign  that  in  the  cycle  given  by  the  indicator 
diagram  there  respectively  exist  isothermal  or  adiabatic  expan- 
sion or  compression  for  the  corresponding  distances. 

The  transformation  of  the  C  a  r  n  o  t  cycle  (Figs.  15a  and  156) 
is  very  simple  according  to  this  method.  Two  isothermals,  a6  and 
cd,  appear  in  the  transformation  as  the  horizontal  lines  ai6i  and 
Cidi,  and  two  adiabatics,  ac  and  6d,  appear  as  vertical  lines  aiCi 
and  h\di.  The  ordinate  P\a\=Pjbi  represents  Si,  and  likewise 
P\Ci=^P^\  represents  the  value  ^2,  corresponding  to  the  upper 
and  lower  limits  of  temperature  ii  and  ^2;  if  in  addition  we  desig- 
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nate  the  distance  P1P2  by  P,  there  follows,  from  the  ^ven  signifi- 
cance of  the  individual  areas,  the  supplied  quantity  of  heat  Qi 
and  also  the  withdrawn  heat  Q2  by  means  of  the  formulas 

^=PSi    and    ^  =  PS2, 
and  the  work  produced  is 

L  =  P(S,~S2). 
just  as  was  explained  some  time  ago. 


We  recognize  from  this  that  a  large  part,  in  fact  the  most  im- 
portant part  of  thermodynamic  problems,  so  far  as  they  are  tech- 
nical, are  solved  as  soon  as  we  know  the  form  of  the  two  functions 

5=/{p.t-)=^0(O     and    P-i>(p,v). 

Future  investigations  will  show  that  these  functions  can  be  de- 
termined and  fixed  for  the  very  bodies  (gases  and  vapors)  which 
are  technically  most  important;  and  therefore  the  method  devel- 
oped in  the  foregoing  furnishes  a  way  of  solving  graphically 
the  problems  of  thermodynamics,  and  moreover  provides  us  with 
an  important  and  considerable  extension  in  the  utilization  of 
indicator  diagrams. 

But  we  must  Dot  overlook  the  fact  that  the  propositions  here 
developed  are  only  true  under  the  explicit  assumption 
thatthewhole  cycle  is  reversible.  Our  actually  built  heat 
endues,  from  which  we  can  easily  take  indicator  diagrams,  by 
no  means  describe  such  reversible  cycles.  Later  investigations  will 
show  that  certfun  portions  of  the  indicator  curve  are  not  rever- 
sible, so  that  the  established  propositions  cannot  be  applied  to 
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them  without  modification.  For  the  present  the  given  graphical 
method  ^  must  be  regarded  as  merely  a  simple  help  in  presenting 
to  the  eye  a  clear  and  general  picture  of  propositions  concerning 
the  reversible  cycle;  in  attempting  to  employ  it  in  technical  inves- 
tigations, for  example  in  the  further  utilization  of  indicator 
diagrams  of  the  steam  engine,  air  engine,  etc.,  for  the  reasons 
given,  we  encounter  difficulties  which  can  only  be  overcome  by 
a  further  investigation  of  non-reversible   cycles. 

The  aforesaid  transformation  of  a  closed  curve,  and  therefore 
of  an  "indicator  diagram,"  has  recently  and  commonly  been 

designated  as  "entropy  diagram"  and  "heat  diagram." 

i 

§  15.  NON-REVERSIBLE  OPERATIONS. 

In  all  the  investigations  hitherto  made,  it  has  been  assumed 
that,  during  the  change  of  a  body  from  a  certain  initial  condition 
(pi,  vi)  to  the  final  condition  (p2,  V2),  accompanied  by  a  supply 
or  withdrawal  of  heat,  the  external  pressure  is  constantly  main- 
tained equal  to  the  body  tension,  and  in  such  a  case  the  opera- 

^  The  first  to  follow  out  the  thought  of  laying  off  the  heat  weight,  the  entropy 
P  as  abscissa  and  the  corresponding  value  of  iS  as  ordinate,  was  Be ip aire 
(Bull,  de  Tacad.  roy.  de  Belg.,  1872,  Vol.  34,  p.  609);  he  represented  especially 
the  Garnot  cycle,  using  for  P  and  &  the  formulas  which  are  still  to  be  estab- 
lished in  this  treatise.  Prof.  Linde  went  into  the  question  more  thoroughly 
in  his  treatise,  "Theorie  der  K&lteerzeugungmaschinen,  graphische  Darstellung 
der  Leistungsverhaltnisse  derselben"  (Verhandlungen  des  Vereins  zur  Befdr- 
derung  des  Gewerbefleisses,  1875,  p.  365).  Further  use  of  the  method  was  then 
made  by  Prof.  SchrOter  in  his  work  "Ueber  die  Anwendung  von  Regenera- 
torem  bei  Heissluftmasohinen''  (Zeitschrift  des  Vereins  deutscher  Ingenieure, 
1883,  Vol.  27,  page  449);  and  recently  Prof.  He rrm an n  investigated  the  steam- 
engine  cycle  under  the,  to  be  sure,  tacit  assumption  that  this  cycle  is  reversible 
in  all  its  parts,  which  is  by  no  means  the  case.  See  ''Zur  graphischen  Behand- 
lung  der  mechanischen  W&rmetheorie"  (Zeitschrift  des  Vereins  deutscher  In* 
genieure,  1884,  Vol.  28). 

Moreover,  J.  W.  Gibbs  called  attention  to  similar  graphical  representations 
("On  Graphical  Methods  in  the  Thermodynamics  of  Fluids,"  "On  Representa- 
tion by  Surfaces  of  the  Thermodynamic  Properties  of  Substances."  Trans. 
€k)nnecticut  Academy,  Vol.  II,  1873).  G  i  b  b  s '  s  consideration  of  a  curved  surface 
possessing  as  coordinates  the  magnitudes  P,  C7,  and  v  proved  very  fruitful  for 
general  investigation.  ("Thermodynamische  Studien."  Translated  by  Ost- 
vald,  LeipsiC;  1892.) 
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tion  can  be  reversed,  i.e.,  it  is  called  a  reversible  one.  If  we  now 
drop  the  assumption  of  the  equality  of  the  two  pressures  the 
investigations  take  a  wider  range,  but  in  so  doing  a  series  of  propo- 
sitions, developed  above,  fail. 

There  is  now  no  difficulty  in  setting  up  corresponding  equa- 
tions for  the  non-reversible  operation. 

If  the  unit  of  weight  of  a  body  is  given  by  the  volume  Vi,  and 
the  pressure  pi,  say,  represented  by  the  point  ai  in  Fig.  16,  then 
for  the  condition  of  equilibrium  and  rest  at 
first  assumed  we  know  the  corresponding 
value  Ui^Fipi,  vi),  the  inner  work  or 
energy. 

Now,  if  the  external  pressing  is  suddenly 
brought  to  the  smaller  value  pi   the  body 
will  expand,  and,  if  the  variability  of  the  0 
external  pressure  is  given  by  the  curve  acbj 
then  the  area  enclosed  by  this  curve  (hatched  in  figure)  represents 
the  external  work  L  performed  during  the  expansion  from  vi  to  V2. 

At  the  instant  at  which  the  attainment  of  the  final  volume  V2 
stops  all  further  expansion,  and  also  during  the  whole  course  of 
the  transition,  there  is  evidently  within  the  body  a  disturbance 
of  equilibrium  which  manifests  itself,  for  example,  in  gases  and 
vapors  by  visible  stormy  motion.  But  after  stoppage  of  the 
expansion  the  condition  of  equilibrium  and  of  rest  will  gradually 
be  reestablished,  and  this  will  evidently  be  accompanied  by  a  rise 
of  pressure  from  P2'  to  p2.  The  final  condition  of  equilibrium  at 
which  the  external  pressure  is  identical  with  the  internal  pressure 
P2  will,  therefore,  be  determined  by  the  point  61  (Fig.  16),  and  the 
corresj)onding  inner  work  by  the  formula  t/2=-F(p2,  ^2). 

We  must  at  once  understand  that  we  cannot  return  to  the 
initial  condition  by  the  path  bca  simply  and  solely  by 
reducing  the  pressure  from  p2  to  p2^  and  that  therefore  such 
a  simple  reversal  of  the  operation  is  not  possible  here. 

If  during  the  whole  procedure  the  body  receives  from  the 
outside  a  quantity  of  heat  Q,  then  here  also  we  have  the  equation 

Q-^AiU^-Ui+L), (51) 
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but  then  the  values  Ui  and  U2  correspond  to  the  condition  of 
equiUbrium  ai  and  &i.  If  the  expansion  had  been  stopped  earlier 
at  the  volume  v  (Fig.  16),  then  during  the  transition  to  the  con- 
dition of  equilibrium  the  pressure  would  have  risen  from  j/  to  p, 
and  the  inner  work  U = F(p,  v)  would  correspond  to  the  point 
^riPf  v)-  We  see  from  this  that  there  arises  a  second  curve  aiCibi 
beside  the  curve  acb  of  the  external  pressure.  I  Will  call  the  former 
curve  the  "curve  of  equilibrium"  and  the  other  the  "curve  of 
working  pressure";  in  the  non-reversible  operation  the  two  curves 
are  distinct,  but  are  identical  for  the  reversible  procedure. 

If  the  operation  is  stopped  at  volume  v,  let  Q'  designate  the 
quantity  of  heat  supplied  along  the  path  ac,  and  L'  the  work  rep- 
resented by  the  area  viocv;  then 

Q'  =  A(U-Ui+U). (52) 

If  the  operation  is  stopped  at  the  volume  v+dv, 

Q'+dQ'^AiU-^dU-Ui+U+dU, 

and  we  therefore  get  by  subtraction 

dQ'  =  A(dU+dU), 

or,  because  dU^p'dv, 

dQ'=A(dU-[-p'dv), (52a) 

or  dQ'^A[dF{p,v)+p'dv] (526) 

Now  in  the  last  two  equations  we  have  already  given  the 
fundamental  formulas  for  the  non-reversible  operation. 

The  law  of  heat  supply  is  determined  as  soon  as  the  course  of 
both  pressure  curves  is  given,  and  conversely  one  of  the  pressure 
curves  can  be  determined  when  the  law  of  the  heat  supply  and 
the  other  pressure  curve  are  given.  Glenerally  the  question  is 
to  determine  the  t  o  t  a  1  quantity  of  heat  C  necessary  for  a  finite 
change;  it  is  not  then  necessary  to  first  determine  the  course  of 
the  pressure  curve  for  equiUbrium,  provided  we  know  pi,  Vi,  and 
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P2f  V2,  the  pressure  and  volume  for  the  condition  of  equilibrium  at 
the  beginning  and  at  the  end.  In  this  case  we  have,  as  in  equa- 
tion (51);  the  heat  quantity 

where  naturally  the  course  of  the  curve  of  working  pressure  must 
be  ,known. 

Beside  this  procedure  for  the  determination  of  the  heat  quan- 
tity Q'  there  is  still  another  which  was  first  given  by  Clausius,^ 
and  of  which  I  myself  have  made  considerable  use  ^  in  handling 
technical  problems. 

If  the  body  is  brought  from  the  state  ai  to  the  state  61  (Fig.  16) 
by  any  reversible  path  aidibi  instead  of  by  the  non-reversible  path 
acb,  and  if  in  so  doing  the  heat  Qi  is  necessary  and  there  is  pro- 
duced an  external  work  Li,  represented  by  the  area  underneath 
the  (dotted)  curve  aidibi,  then  there  subsists  the  equation 

Now  if  we  consider  a  cycle  composed  in  the  first  part  of  the 
non-reversible  path  dcb,  and  in  the  second  and  returning  part  of 
any  reversible  path  bidiUi,  then  Qi  is  negative  in  the  preceding 
equation;  and  its  combination  with  equation  (52)  gives 

Q'-Qi=A(L'-Li), 
or 

and  from  this  formula  can  also  be  computed  the  quantity  of  heat 
C  corresponding  to  the  non-reversible  part  of  the  cycle,  pro- 
vided we  know  the  work'  U  corresponding  to  this  part.  The  dif- 
ference Li— L'  =  L  corresponds  to  the  work  expended  with  this 

>  Clausius,  "Abhandlungen.'*  Anwendung  der  mechan.  W&nnetheorie  auf 
die  Dampfmaschine.    See  also  Poggendorff's  Annalen,  1856,  Vol.  97. 

' "  Ober  die  Wirkung  des  Drosselns,"  Civilingenieur,  Vol.  21, 1875.  "Calori- 
metrische  Untenuchung  der  Dampfmaschinen/'  Civilingenieur,  Vol.  27  and  28, 
1881  and  1882. 
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cycle,  and  the  difference  Qi— Q'  is  the  heat  thus  consumed;  a 
glance  at  the  last  equation  shows  that  in  a  cycle  with  non- 
reversible parts  the  heat  generated  corresponds  to  the  work  ex- 
pended, just  as  in  a  perfect  reversible  cycle.  Therefore,  if  in  any 
cycle  I(Q)  represents  the  algebraic  sum  of  the  heat  quantities 
supplied  and  rejected,  and  I(L)  the  algebraic  sum  of  the  various 
quantities  of  work  (produced  and  consumed)  then 


I{Q)  =  AI{L) 


,    .     (54) 


is  a  perfectly  general  equation,  and  is  true  even  when  the  cycle 
contains  some  non-reversible  parts. 


§  16.  TRANSFORMATION  OF  THE  NON-REVERSIBLE 

OPERATION. 

If  a  body  passes  from  the  condition  of  equilibrium  ai  (Fig. 
17a)  along  a  non-reversible  path  dcb  to  the  condition  of  equilibrium 
bi,  then,  according  to  earUer  propositions,  we  can  easily  transfer 


0     P[      ITPi 


FiQ.  17. 


both  points  to  Fig.  176.     For  point  ai  lay  off  the  abscissa  OPi 
equal  to 

and  as  ordinate  Piai  lay  off  the  value 

correspondingly  for  the  point  6i  take 

i^2  =  ^  (P2,  V2)     and    S2 = /(p2,  V2) . 
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For  the  non-reversible  procedure  let  Q'  again  represent  the 
heat  imparted  and  U  the  external  work. 

But  we  can  also  pass  from  ai  to  61  in  a  reversible  man- 
ner along  the  very  same  curves. 

First  conceive  the  body  to  be  brought  from  ai  to  a  (Fig.  17a) 
under  constant  volume  vi,  then  in  a  reversible  manner  along  the 
path  acb  to  6,  and,  finally,  under  the  constant  volume  V2  belonging 
to  b,  brought  to  the  state  61;  the  three  pieces  of  curve  appear 
transformed  in  Fig.  176,  each  point  being  computed  for  the  mag- 
nitudes P^4>(Pf  ^)  ftJ^d  S=f(p,  v),  which  are  laid  off  as  abscissa 
and  ordinate  respectively.  Now,  according  to  the  proposition 
developed  above,  the  quantity  of  heat  Qi  to  be  withdrawn  along 
the  path  aia  is  represented  in  units  of  work  by  the  area  P\aaiPi 
(Fig.  17b).  The  areas  PiobPJ  and  P2'hh\P2  Ukewise  give,  in  imits 
of  work,  the  quantities  O2  and  Q3  (imparted)  during  the  paths 
ach  and  b&i. 

The  whole  hatched  area  (Fig.  176)  therefore  represents  the  value 

02+^3 -Oi 


but  a  part  of  the  area  is  positive  and  the  other  part  is  negative; 
the'  planimetric  determination  of  the  area  gives  at  once  the  dif- 
ference, and  consequently  the  value  of  the  preceding  expression. 

Returning  to  the  starting-point  of  the  discussion,  and  assuming 
that  the  body  passes  along  the  non-reversible  path  from  ai 
to  61,  it  can  then  be  brought  back  to  the  initial  condition  along 
the  reversible  path  hihcaxii. 

During  the  forward  motion  the  quantity  of  heat  Q'  is  supplied, 
and  during  the  return  motion  the  quantity  of  heat  O2+O3— Qi  is 
withdrawn;  but  as  the  same  quantity  of  work  U  was  produced 
during  the  forward  motion  as  was  expended  during  the  return 
motion  we  have,  as  in  equation  (54),  2'(L)=0,  and  we  therefore 
get 

-?(0)=0, 
or 

Q'-(02+Q3-0i)=0, 
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that  iBy 

or  Q2+QZ-Q1 

A^         A '       (SS) 

hence  the  hatched  area  in  Fig.  176  represents  (in  units  of 
work)  the  quantity  of  heat  C  consumed  during 
this   non-reversible   change  from   ai    to   61. 

Returning  to  the  initial  condition  by  any  reversible  path 
biditti  (Fig.  17a),  the  transformation  bidiUi  (Fig.  176)  encloses 
an  area  Piai6iP2,  which  represents  (in  units  of  work)  the  quan- 
tity of  heat  withdrawn  during  this  return.  If  we  suppose  this 
area  (taken  as  negative)  to  be  combined  with  the  hatched  por- 
tion there  will  remain  the  area  enclosed  by  the  curved  quadri- 
lateral aibiba,  which  represents,  therefore,  the  heat  generated 
during  this  non-reversible  cycle;  but  as  the  amount  of  this  area 
corresponds  to  the  area  ai6i6a  of  Fig.  17a,  representing  the  work 
expended,  then  from  this  also  follows  the  proposition  of  C 1  a  u  - 
s  i  u  s  which  was  discussed  when  equation  (54)  was  established. 


§  17.    HEAT  WEIGHT    OR    ENTROPY    IN    NON-REVER- 

SIBLE   OPERATIONS. 

For  the  non-reversible  operation  (Fig.  16,  p.  75)  equation  (52) 
^ves  the  elementary  quantity  of  heat  to  be  supplied : 

dQ'^AidU+j/dv), 

where  U  =  F(p,  v)  belongs  to  the  point  Ci  of  the  corresponding 

equilibrium-pressure  curve.    On  the  other  hand,  if  the  transition 

of  the  body  takes  place  along  the  equilibrium-pressure  curve 

aiCi6i,  that  is,  in  reversible  fashion,  then  at  the  point  Ci  there  will 

be  n'^eded  the  quantity  of  heat  dQ  for  the  expansion  dv,  according 

to  the  formula 

dQ=^A(dU+pdv). 

If  we  subtract  these  equations  from  each  other  there  results 

dQ'==dQ-A(p-j/)dv, 
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and  if  we  divide  both  sides  of  this  expression  by  AS,  where  5  = 
/(p,  v)  corresponding  to  the  point  ci  of  the  equilibrium-pressure 
curve,  we  get 

dCy    dQ     (p-j/)dv 


AS    AS  S 


(56) 


The  first  term  of  the  right  member  is  always  a  complete  differen- 
tial whose  integral  is  designated  by  <f>{p,  v),  and  called  the  heat 
weight.  But  since  the  course  of  the  two  curves  acb  and  aiCibi 
and  also  the  work  of  the  equilibrimn-pressure  curve  are  to  be 
regarded  as  given,  then  the  second  term  of  the  right  member  of 
the  preceding  equation  is  also  integrable. 

If  we  designate  the  latter  integral  for  the  passage  from  ai  to  &i 
by  N,  that  is,  if  we  put 

(p  —  p')dv 


.-/ 


s 

there  follows 


(67) 


J  AS   J  AS   . 


or,  using  the  designation  on  page  44, 


/ 


f.p,-P,-N. 


Now  if  we  lead  the  body  back  to  the  initial  condition  along  any 
path  bidiai  (Fig.  16),  we  have  P2  =  Pi,  and  therefore 

./i=«' (58) 

consequently  there  follows  for  the  non-reversible    cycle: 


/ 


^=-A^, (59) 


in  whatever  manner  the  return  motion  may  take 
place,  because  it  is  always  reversible  with  com- 
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p  r  e  8  s  i  o  n .  On  the  other  hand,  equation  (58)  is  valid  fen*  a  eyde 
in  which  all  parts  are  reversible. 

These  latter  propositions  are  likewise  due  toClausius,  only 
here  a  different  path  was  pursued  in  the  development,  which,  at 
the  same  time,  through  equation  (57),  brought  out  for  N  a  par- 
ticular and  clear  meaning,  at  least  for  the  non-reversible  opera- 
tions. 

During  the  preceding  investigations  only  the  simplest  and 
most  obvious  case  was  treated  for  the  non-reversible  operation 
and  for  the  non-reversible  cycle,  but  the  propositions  thus  estab- 
lished also  furnish  the  basis  for  f utiu^  investigations  of  other 
non-reversible  operations  as  they  occur  in  the  discussion  of  heat 
engines. 

The  occurrences  in  a  reversible  cycle,  and  particularly  in 
the  C  a  r  n  o  t  cycle,  were  compared  on  page  55  with  the  slow  and 
uniform  lifting  and  lowering  of  a  body  under  the  action  of  gravity. 
The  place  of  the  body's  weight  G  was  taken  by  the  heat  weight 
or  entropy 


-/ 


AS' 


and  the  place  of  the  heights  Hi  and  H2  of  Fig.  10,  page  65,  was 
taken  by  Si  and  /S2. 

The  analogy  can  now  be  easily  transferred  to  the  non- 
reversible operation.  If  at  the  upper  level  ffi  the  weight  G 
is  slowly  slid  along  into  position  this  corresponds  to  a  s  u  p  p  1  y  of 
the  work  Wi  =  GHi.  If  the  weight  does  not  sink  uniformly  but 
in  an  accelerated  fashion  to  the  lower  level  H2,  then  the  work  there 
to  be  drawn  away  is  TF2 =(?(ff2 +a:),  where  z  is  the  velocity 
head  corresponding  to  the  velocity  attained  at  the  lower  level  ^2, 
and  Gx  is  the  kinetic  energy  existing  there.  The  produced  work 
L  amounts  to  L^Wi—W^z,  and  from  the  expressions  given  for 
Wi  and  W2  there  follows 

Wi_W2^_Gx 
Hi     H2        H2 
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01^  using  Wi  =  GHi, 

H2     Hi  \      H2/' 

When  the  sinking  takes  place  slowly  and  uniformly  we  have 
x^O;  we  have  then  the  reversible  operation  as  in  the  Car  not 
cycle.    (See  equation  IVa,  page  55.) 

In  the  non-reversible  operation  2:>0;  therefore,  according  to 
the  preceding  formula,  the  heat  weight  or  the  entropy  at  the  lower 
level  isgreater  than  at  the  upper  level,  and  becomes  a  maximum 
for  x=Hi—H2  and  consequently  for  1^2  =  TTi  and  L=0;  the  case 
corresponds  to  the  free  falling  of  a  weight,  to  the  direct  passing  of 
heat  from  a  body  of  higher  to  one  of  lower  temperature,  to  heat 
conduction,  and  Q2=0i,  if  we  express  the  quantity  of  work 
TF2  and  Wi  in  units  of  heat. 

Since  a  weight  tends  toward  the  lower  level  we  can  also  say, 
according  to  the  preceding,  '* entropy  tends  toward  a  maximum"; 
then,  because  this  analogy,  here  developed  for  a  particular  case, 
can  easily  be  extended  to  any  cycle,  we  arrive  at  the  proposition 
enunciated  by  Clausius  for  heat — "The  entropy  of  the  world 
tends  toward  a  maximum,"  a  proposition  which,  to  be  sure,  seems 
very  trivial,  but,  according  to  our  analogy,  can  be  compared  with 
the  statement  that  all  the  water  existing  on  the  earth  tends  toward 
the  level  of  the  sea.  In  the  one  case  as  in  the  other  the  proposi- 
tion thus  generally  stated  possesses  no  special  value  as  a  basis  for 
future  investigation. 

For  the  reversible  cycle  our  analogy  is  complete  in  every  re- ' 
spect;  for  the  non-reversible  operation,  on  the  other  hand,  as 
H  e  1  m  1  properly  emphasizes,  it  is  only  true  when  we  regard  the 
kinetic  energy  at  the  lower  level  as  lost,  but  that  is  always  the 
case  in  hydraulic  motors.^ 

>  G.  Helm,  <'Die  Energetik/'  Leipsic,  1808,  p.  259. 

'  The  oomparison  of  the  cycle  events  in  thennodynamics  with  a  raising  and 
lowering  of  weight  was  made  in  the  earlier  (1866)  edition  of  the  present  book. 
Later  Mach ,  at  least  for  reversible  operations,  went  more  fully  into  the  question 
(in  a  short  note  as  early  as  1871  and  fully  in  1892,  Wiener-Sitsungsberichte, 
p.  1689.— "Die  Principien  der  Wftrmelehre,"  Leipeic,  1896). 
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CONCLUSION- 

Let  us  once  more  briefly  return  to  the  general  consideration  of 
the  reversible  cycle  onpage47.  There  we  can  conceive  the 
closed  curve  between  the  two  limiting  adiabatics  Pi  and  P2  (Fig. 
7b)  to  be  traversed  by  an  infinite  number  of  adiabatics  lying  close 
together;  each  elementary  strip  corresponds  to  an  elementary 
C  a  r  n  o  t  cycle  like  the  one  represented  for  finite  changes  in  Fig.  8, 
p.  52.  But  considering  one  such  strip  we  have  for  every  passage 
from  one  adiabatic  to  the  next  the  constant  magnitude 

^^     AS' 

m 

and  from  this  follows,  when  we  measure  the  quantities  of  heat 

dQ  in  units  of  work,  and  designate  them  by  dW,  so  that  dW  = 

1/A  dQ, 

dW^S.dP (a) 

If  at  the  upper  limit  /S=iSi,  and  at  the  lower  5=^2,  then  the 
quantity  of  heat  or  work  or  energy  supplied  at  the  upper  limit  is 
dWi^SidPy  and  the  amount  withdrawn  at  the  lower  limit  is 
dW2^S2  .  dP;  also  the  work  produced  by  traversing  the  cycle  is 

dL^{Si-S2)dP (/?) 

In  the  heat  cycle  dP  is  the  heat  weight,  or  entropy,  and  S  a 
function  of  temperature  having  the  property  Si>S2  when  the 
temperature  ti>t2.  In  our  repeatedly  discussed  analogy,  dP  is 
the  weight  of  the  body  and  H  the  height  of  the  plane  above  a 
given  datum  plane;  in  both  cases  dTTis  the  disposable  energy  at 
the  level  S. 

But  the  two  formulas  (a)  and  (/?)  have  a  more  general  signifi- 
cance than  appears  from  the  foregoing.  Thus  for  some  time  past 
attention  has  been  called  to  the  fact  that  when  the  electrical  cur- 
rent moves  in  a  conductor  the  term  dL  in  equation  (fi)  represents 
the  work  necessary  to  overcome  the  resistance  in  the  conductor 
(which  work  is  converted  into  heat),  but,  on  the  other  hand,  that 
this  differential  of  L  represents  the  work  of  an  electromotor  when 
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dP  means  the  quantity  of  electricity  or  strength  of  the  current 
(in  amperes),  and  Si  —S2  the  difference  of  potential  or  electro- 
motive force  (in  volts) ;  the  quantity  S  represents  nothing  but  the 
potential  function,  and  dW  its  corresponding  (electrical)  energy, 
and  it  is  these  simple  formulas  which  we  employ  in  electrical 
engineering  for  the  computation  of  great  electrical  plants  and 
power  transmissions  and  utilize  in  the  most  extended  fashion  in 
judging  heat  engines,  particularly  steam  engines — and  this  occurs 
although  the  electrical  and  mechanical  engineer,  as  well  as  the 
physicist,  has  no  real  conception  of  the  nature  of  electricity  or 
of  heat ;  it  completely  suffices  to  assume  that  in  both  cases  we  are 
dealing  with  certain  forms  of  energj\ 

If  in  equation  (a)  we  consider  the  magnitude  S  as  a  height 
and  dP  as  a  weight,  and  if  we  multiply  the  force  by  the  specific 
weight  y,  then  5  appears  as  a  pressure  upon  the  unit  of  area, 
which  may  be  designated  by  p;  on  the  other  hand  dP  divided 
by  Y  represents  the  volume  which  may  be  designated  by  dv. 

Equation  (a)  then  takes  the  form 

dW^pdv, (aO 

a  relation  which  has  already  been  considered  by  others  from  this 
same  point  of  view,  and  in  so  doing  W  has  been  designated  as 
volume-energy. 

If  at  the  upper  limit  p=pi,  and  at  the  lower  limit  p=p2,  then 
the  supplied  energy  is  dWi  =  pidv,  the  drawn-away  energy  d W2  = 
p^v,  and  the  corresponding  work  produced  during  the  change 

dL  =  (pi-p2)dv, (^) 

which  is  entirely  in  accordance  with  formulas  (a)  and  (/?).  The 
question  here  indicated  was  first  treated  by  Helm  in  the  most 
general  manner  for  the  different  forms  of  energy.^  The  magni- 
tude S  of  the  above  equation  (a)  he  designates  by  J  and  calls  it 
intensity,  and  the  magnitude  P,  which  he  designates  by  ilf,  he 

'George  Helm,  "Die  Lehre  von  der  Energie/'  Leipsic,  1887,  as  well  as  in 
the  already  mentioned  treatise  "Energetik."  W  ith  respect  to  the  propositions 
emphasized  in  the  text  see  reference  to  the  comparisons  instituted  in  the  former 
book,  p.  62,  and  in  the  latter  book,  p.  291. 
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calls  the  quantity  function  and  later  on  "Extensity"  C'  Energetik," 
p.  266),  and  then  enunciates  the  proposition  "That  every  form  of 
energy  has  a  tendency  to  pass  from  the  position  in  which  it  exists 
at  the  higher  intensity  to  a  position  of  lower  intensity.  It  is 
said  tobe  released  when  it  can  obey  this  tendency." 


SECOND  SECTION. 


Theory  of  Gases. 


§  18.  PRELIMINARY  REMARKS. 

During  a  comparatively  recent  period  those  kinds  of  air  which 
were  only  known  to  exist  in  the  air-Iike  condition  were  discussed 
as  "gases/'  or  also  as  "permanent  gases."  This 
was  the  case  whenever  they  could  not  be  brought  into  the  liquid 
condition  by  any  means,  say  by  great  compression  and  simul- 
taneous cooling;  it  was  then  naturally  assumed  that  they  were 
not  originally  produced  by  "evaporation"  from  liquid  and  solid 
bodies.  But  long  ago  and  repeatedly  the  thought  was  expressed 
that  it  was  highly  probable  that  the  so-called  permanent  gases 
did  not  exist,  and  it  was  simply  the  insufficiency  of  the  means 
for  producing  unusually  great  reductions  of  temperatm^  which 
rendered  it  apparently  impossible  to  bring  back  such  gases  to  the 
liquid  condition.  This  view  has  quite  recently  received  full  con- 
firmation by  the  experiments  of  Raoul  Pictet,  Cailletet, 
von  Wroblewski,  and  Olszewski,  who  succeeded  in 
liquefying  even  those  gases  which  up  to  that  time  had  usually 
been  regarded  as  the  principal  representatives  of  the  "permanent 
gases." 

Finally,  great  and  wide-spread  interest  was  created  by  the 
brilliant  results  of  the  experiments  of  L  i  n  d  e  and  D  e  w  a  r, 
particularly  by  those  of  L  i  n  d  e,  on  account  of  the  cleverly 
conceived  and  constructed  machine  for  liquefying  atmospheric  air 
on  a  large  scale  in  a  purely  mechanical  way. 

In  doing  this  the  first  step  was  taken  to  utilize  laboratory 
experiments  in  a  large  way  for  industrial  purposes.  Later  in  this 
book  L  i  n  d  e  '  s  procedure  will  be  fully  explained. 

Under  these  circumstances  it  now  seems  to  be  time  to  desig- 
nate and  treat  all  kinds  of  gases  without  exception  as  "  vapors  " ; 

89 
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if  in  the  whole  arrangement  of  this  treatise,  however,  we  still 
maintain  the  difference  between  gases  and  vapors,  we  must  justify 
this  procedure  in  what  follows.  At  present  the  remark  may  suffice 
that  we  conceive  gases  to  be  only  a  special  condition  of  vapors 
and  regard  the  adjective  ''permanent"  as  inadmissible. 

If  we  supply  heat  under  invariable  pressure  to 
a  solid  body,  say  to  a  piece  of  ice,  then  at  a  particular  tempera- 
ture this  ice  will  gradually  pass  into  the  liquid  condition  (will 
melt),  till  it  has  all  become  water;  with  a  further  supply  of  heat, 
always  under  the  same  pressure  and  therefore  accompanied  by  a 
corriponding  change  o^  volume,  evaporation  wiU  begin,  until 
finally  the  water  has  evaporated  into  steam,  into  the  gaseous 
condition.  If,  while  maintaining  the  aforesaid  condition,  the 
heat  supply  is  still  continued,  then  this  steam  (which  we  will 
designate  as  ''superheated  steam  ")  will  show  properties  very  much 
Uke  those  which  have  hitherto  been  regarded  as  peculiar  to  the 
permanent  gases. 

The  conclusion  seems  obvious  that  gases  are  nothing  but 
"hi^y  superheated  vapors,"  and  that  we  may  here  conceive  of 
a  certain  limiting  condition  in  which  complete  agreement  is  real- 
ized and  the  well-known  law  ofMariotte  and  Gay-Lussac 
is  followed,  which  law,  moreover,  will  be  discussed  later. 

This  limiting  condition  is  designated  as  the  one  in  which  the 
ideally  perfect  gas  exists,  and  is  distinguished  from  that  other 
limiting  condition  in  which  the  steam  is  still  in  contact  with  the 
liquid  (in  this  case  the  water)  out  of  which  it  is  formed.  In  this 
latter  condition,  the  so-called  "state  of  saturation,"  the  steam 
exhibits  the  pecuUar  property  of  the  temperature  remaining  con- 
stant so  long  as  the  pressure  is  consta n  t.  In 
spite  of  the  heat  supply  and  the  corresponding  expansion  of  the 
total  mass  this  behavior  continues  as  long  as  any  liquid  is  on 
hand;  not  until  the  last  element  of  the  liquid  has  been  evaporated 
will  the  further  increase  of  temperature  begin,  and  this  will  con- 
tinue until  the  ideal  gaseous  condition  is  reached. 

A  similar  behavior  also  accompanies  the  passage  from  the 
sofid  to  the  liquid  condition;  now  returning  to  the  illustration 
assumed  above,  as  long  as  ice  is  present  with  the  water  during  the 
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melting  period  the  temperature  will  remain  constant  while  the 
pressure  remains  constant,  provided  the  corresponding  change  of 
volmne  is  possible.  Not  until  the  last  element  of  ice  has  been 
converted  into  water  will  the  continued  supply  of  heat  raise  the 
temperature  and  raise  it  to  that  point  at  which  evaporation  be^ns; 
and  from  this  time  on  the  circiunstances  shape  themselves  in  the 
manner  first  described. 

The  definition  of  a  gas  as  highly  superheated  vapor,  or  as 
vapor  which  is  far  removed  from  its  point  of  condensation,  is  by 
no  means  as  definite  as  it  seems  at  the  first  moment. 

If  a  vapor  shut  off  from  its  Uquid,  and  in  the  condition  we  call 
superheated,  receives  still  more  heat,  then  there  occurs,  at  a  par- 
ticular temperature,  a  new  and  significant  change  called  '' dis- 
sociation "  which  can  be  regarded  as  a  chemical  change  of  state, 
as  decomposition,  resolution,  or  breaking-up  of  the  steam  into 
its  constituent  parts;  and  these  constituents  can  in  turn  be  com- 
pound vapors  or  the  elementary  constituents  of  the  decomposed 
vapor.  Thus  water-vapor  decomposes  into  its  constituents  hydro- 
gen and  oxygen;  the  formation  of  the  so-called  "water-gas " 
is  effected  by  allowing  the  vapor  of  water  to  pass  through  glowing 
coal;  this  gas  is  already  widely  used  for  heating  purposes,  and 
its  general  use  for  purposes  of  illumination  is  probably  only  a 
question  of  time. 

Dissociation  therefore  seems  to  be  a  procedure  analogous  to 
fusion  and  evaporation.  Return  again  to  the  example  of  ice  and 
imagine  it  to  be  at  0°  C;  for  the  sake  of  simplicity  consider  it 
to  be  at  atmospheric  pressure  during  the  various  parts  of  its 
changes  of  state  while  heat  is  supplied,  then  melting  will  occur 
at  0°  C,  and  this  temperature  will  be  maintained  till  the  fusion 
is  completed;  now  the  temperature  will  begin  to  rise  up  to  100*^  C, 
until  the  commencement  of  the  evaporation.  This  temperature 
in  turn  is  maintained  constant  until  the  last  element  of  water  is 
evaporated,  and  now  will  begin  the  further  rise  of  temperature 
until  the  commencement  of  dissociation.  It  has  not  yet  been 
decided  whether  or  not  from  here  on  to  the  end  of  dissociation  the 
temperature  remains  constant,  so  long  as  the  assumed  atmospheric 
pressure  is  constant;   fusion  and  evaporation  are  purely  physical 
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procedures,  and  dissociation  is  at  the  same  time  a  chemical  pro- 
cess, and  therefore  it  is  quite  possible  that,  according  to  the  present 
prevailing  views,  the  whole  course  of  the  dissociation  takes  place 
under  increasing  temperatures;  doubtless  the  law  of  change 
of  the  temperature  will  be  different  from  what  it  was  before 
the  beginning  of  the  dissociation,  and  different  from  what  it  is 
after  the  end  of  the  dissociation,  even  though  we  assume  equal 
quantities  of  heat  to  be  supplied  in  the  cases  compared. 

In  like  manner  the  changes  of  volume  during^ 
before  and  after  dissociation  are  subject  to  laws  which 
differ  from  those  which  obtain  during,  before  and  after 
either  evaporation  or  fusion. 

There  is  still  a  complete  lack  of  suitable  experiments  with 
respect  to  the  process  of  dissociation;  but  this  much  may  be 
expected,  that  in  general  during  the  dissociation  (other  things 
being  equal)  the  increase  of  volume  under  constant  pressure  will 
take  place  more  rapidly  than  before  the  beginning  of  the  dissocia- 
tion.  . 

What  has  hitherto  been  said  for  this  case  of  water  in  its  various 
states  of  aggregation  also  holds  for  a  whole  series  of  other  bodies; 
but  bodies  do  occur  in  which  certain  intermediate  stages  of  the 
changes  of  state  considered,  disappear.  Thus  some  bodies  pass 
directly  from  the  solid  to  the  vapor  condition  without  any  pre- 
liminary fusion,  while  certain  other  bodies  do  not  even  possess  the 
intermediate  stages  of  evaporation,  but  experience  inmiediate 
dissociation. 

Concerning  the  temperature  of  dissociation,  or,  to  speak  more 
exactly,  concerning  the  temperature  at  the  beginning  of  dissocia- 
tion, there  are  at  present  very  few  observations;  but  we  may 
say  that  it  seems  probable  that  certain  gases  dissociate,  in  whole 
or  in  part,  at  a  comparatively  low  temperature,  say  at  the  atmos- 
pheric temperature;  in  the  latter  case  they  may  be  considered  as 
consisting  of  a  mixture  of  gases  rather  than  of  a  gas  of  uniform 
chemical  constitution  throughout;  but  there  are  reasons  for 
thinking  that  for  those  vapors  which  we  will  hereafter  specially 
treat  as  gases  a  partial  dissociation  does  not  take  place  during 
the,  to  be  sure,  narrow  range  of  temperatures  assumed. 
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On  the  basis  of  the  foregoing  remarks  we  will  now  briefly 
designate  as  g  a  s  a  superheated  steam  which  before  the  beginning 
of  dissociation  obeys  the  law  ofMariotte  and  G  a  y-L  u  s  s  a  c, 
which  law  will  be  more  fully  discussed  later  on.  At  the  same 
time  the  last  modifying  clause  indicates  that  there  may  be  vapors 
which  at  no  point  of  their  changes  of  state  can  be  treated  as  gases, 
in  the  sense  defined,  unless  it  is  after  completing  the  dissociation, 
in  which  case  vapor  of  the  original  chemical  combination  will  not 
be  before  us. 

The  proof  that  gases  do  exist  which  satisfy  the  given  defini- 
tion is  of  the  highest  importance  for  thermodynamics;  only 
under  the  assumption  of  the  existence  of  such  gases  can  we  deduce 
the  form  and  meaning  of  that  temperature  function  which  was 
designated  above  in  §  12,  p.  61,  as  the  C  a  r  n  o  t  function.  It 
was  proved  that  this  function  was  numerically  the  same  for  all 
bodies  without  any  exception  whatever.  Nevertheless,  no  one 
has  yet  succeeded  in  deriving  the  form  of  this  function  from  the 
physical  behavior  of  soUds,  Uquids,  or  vapors  in  general. 

Now  in  fact  we  do  know  some  gases  and  mixtures  of 
gases,  to  which  latter  atmospheric  air  belongs,  which  correspond 
to  the  given  definition,  and  therefore  it  is  justifiable  in  Thermo- 
dynamics to  distinguish  between  gases  and  vapors,  all  the  more 
as  the  equations  of  the  mechanical  theory  of  heat  applied  to  gases 
have  simpler  and  clearer  forms  than  with  vapors. 


§   19.  EQUATION  OF  CONDITION  FOR  OASES. 

The  equation  of  condition  for  a  gas  (§  12,  p.  62)  expresses 
the  relation  between  the  specific  volume,  the  pressure  p,  and  the 
temperature  f,  and  is  given  in  Physics  as  the  mathematical 
expression  of  the  combined  ^  laws  of  Mariotte  and  G  a  y- 
L  u  8  8  a  c. 

According  to  Mariotte  or  Boyle  the  pressure  of  a 
gas  is  inversely  proportional  to  the  volume  when  the  gas  expands 
or  contracts  under  constant  temperature,  the  product 
pv  remaining  constant  under  these  conditions. 
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But  if  the  initial  condition  is  given  by  pi  and  vi,  then,  accord- 
ing to  M  a  r  i  o  1 1 6;  we  get  the  relation 

pv-pivi, (1) 

which  represents  an  equilateral  hyperbola  when  v  is  laid  off  a^ 
abscissa  and  p  as  ordinate;  and  as  the  temperature  is  here 
assumed  to  be  constant,  the  foregoing  expression  at  the  same 
time  represents  the  "isothermal  curve  "  for  gases  (§  6,  p.  39) 
passing  through  the  point  {pi,  vi). 

The  other  law,  that  of  Gay-Lussac,  sa3rs  that  the  incre- 
ment of  volume  of  a  gas  is  proportional  to  the  increment  of  tem- 
perature when  the  expansion  of  a  gas  takes 
place  under  constant  pressure  while  the 
gas  is  being  heated. 

Let  a  represent  the  expansion  of  a  unit  of  volume  of 
a  gas  when  it  is  heated  1^  C.  [1^  F.]  under  the  assumption  made, 
thenar  [a(t—32P)]  is  the  increment  of  volume  for  heating  from 
(f  C.  [32°  F.]  to  ^;  let  us  designate  by  vq  the  volume  of  the  gas 
at  0®  C.  [32°  FJ  and  its  volume  at  f^  by  v,  thus  getting 

v=Vo{l+at) 

[v  =  i;o[l-fa(«-32°)]], 

and  likewise  for  the  volume  vi  at  temperature  ^i 

Vi=Vo{l+ati) 
[vi  =  vo(l+aai-32°))]. 

Dividing  one  of  these  by  the  other  we  get  the  expression  for 
Gay-Lussac's  Law: 

v^     1+od 
Vi     1+ati 

vi""l+a(ii-32°)J' 

and  this  will  be  true  for  any  pressure  whatever  provided  it  is 
constant. 
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The  value  a  is  called  the  coefficient  of  expansion 
of  the  gas;  if  we  divide  the  numerator  and  the  denominator 
of  the  right-hand  member  by  a  and  call  a  the  reciprocal  of  a,  then 
we  get 

1^      a+t 

(2) 


vi    a+ti 

vi    a+(ti-32°)J- 


F-- 


If  the  initial  condition  of  the  unit  of  weight  of  a  gas  is  given 
by  the  magnitudes  vipih  (Fig.  18),  and 
if  the  gas  expands  under  constant  pres- 
sure pi  and  heat  supply  from  vi  to  Vm, 
then  we  have,  according  to  equation  (2), 
the  relation 


Vm 
Vi 


a+h 

vi  "a+(^i-32°)J- 


Vl 


Now  if  we  allow  the  gas  to  continue  its  expansion  under  con- 
stant temperature  t  from  Vmto  v  (which  Ukewise  requires  suitable 
heat  supply),  then  the  pressure  will  fall  from  pi  to  p,  and  accord- 
ing to  equation  (1)  we  have  the  relation 


pv  =  piVm. 

.If  we  eliminate  from  the  last  two  expressions  the  intermediate 
volume  Vm,  we  get 

pv      pivi 


[ 


a-\-t    a+ti 

pv  PiVi 


(3) 


a  +  {t-32f)    a  +  (/i-32°)J" 


] 


If  a  were  experimentally  determined  and  if  for  a  particular 
gas   the   necessary   temperature   h,    the  pressure   pi,   and   the 
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volume  Vl  had  been  observed,  we  could  compute  the  right  mem- 
ber of  the  foregoing  equation;  if  we  designate  the  value  of  this 
member  by  B,  then  the  equation  can  be  written  as  follows : 

pi?  =  fi(a+0 (3a) 

[pi;  =  fi[a  +  (f-32^)]], 

and  this  is  the  equation  of  condition  for  gases, 
which  at  the  same  time  expresses  in  the  simplest  form  the  laws 
of  Mariotte  and  Gay-Lussac.  This  form  of  the  equa- 
tion of  condition  was  used  by  Clapeyron. 

Now  as  regards  the  constants  a  and  B  of  the  equation  of  con- 
dition for  gases  we  will  first'  discuss  the  constant  a. 

If  we  compute  a  from  equation  (3),  we  get 


^_pivit-pvti ^^^ 

pv-pivx 


L        pv-pivi  J 


pv-pivi 

The  experiments  on  this  point  have  been  conducted  in  two- 
fold fashion;  either  the  pressure  p  was  maintained  constant  and 
the  volume  observed  at  the  temperatures  t  and  <i,  or  the  volume 
was  kept  constant  and  the  pressures  p  and  pi  were  determined  for 
the  corresponding  temperatures. 

If  we  designate  by  Up  the  value  of  a  derived  from  the  experi- 
ments under  constant  pressure,  and  by  a^  the  value  of  a  for  constant 
volume  (the  subscript  p  or  r  indicating  that  in  the  experiments  in 
question  the  designated  magnitude  is  kept  constant),  then  there 
follows  from  equation  (4),  respectively  for  p  =  pi  and  v  =  i;i. 


(5) 


ap- 

Vit- 
V- 

-vti 

-Vl 

and 

«„  = 

Pl^ 
p- 

-Pi 

ap- 

Vit' 

-vti 

+32 

and 

a»  = 

Pit- 

nn 

-pti 

L  v-vi  p-pi  J 
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If  in  both  cases  we  imagine  an  infinitesimal  change  of  tem- 
perature dt  as  occurring,  then  we  get,  as  may  easily  be  seen, 

[«P='|^-«-32«')    and    a,=p|^-«-32»)]. 

Under  the  supposition  that  the  equation  of  condition  is  ex- 
actly correct  both  experimental  methods  should  lead  to  one  and 
the  same  value  a  for  ap  and  a^,  which  is  not  the  case;  we  must 
therefore  conclude  that  the  above  equation  of  condition  can  only 
be  regarded  as  an  approximate  form.  Now  there  are,  to  be  sure, 
gases  in  which  the  deviations  are  so  slight  that,  without  any  hesi- 
tation whatever,  one  can  regard  equation  (3)  as  rigidly  exact; 
and  it  is  just  these  gases  which  we  will  hereafter  especially  desig- 
nate as  gases,  in  accordance  with  the  remarks  already  made  in 
§  18,  p.  93.  To  these  gases  belong  atmospheric  air,  which  we 
will  always  put  first  on  account  of  its  great  technical  importance, 
althou^  it  is  no  simple  gas  but  a  mixture  of  two  gases, 
Oxygen  and  Nitrogen.  The  mechanical  mixture  of  such  simple 
gases  as  Hydrogen,  Oxygen,  and  Nitrogen,  and  also  the  chemically 
compound  gases,  nitric  oxide  and  carbonic  oxide,  will  be  regarded 
as  obeying  the  law  on  account  of  their  insignificant  deviations 
from  it.     ' 

According  to  the  experiments  of  R  e  g  n  a  u  1 1  ,i  for  pressures 
deviating  but  Uttle  from  atmospheric  pressure  and  with  tem- 
perature Umits  0  to  100°  C.  there  were  obtained,  after  a  corre- 

'V.  Regnault,"  Relation  des  experiences  pour  d^tenniner  les  principales 
lois  et  les  donn^  num^riques  qui  entrent  dans  le  calcul  des  machines  k  vapeur.'' 
Paris. 

This  classic  work  in  three  volumes,  of  which  the  first  volume  appeared  in 
1847,  the  second  in  1862,  and  the  third  in  1870,  contains  the  results  of  the  num- 
berless wonderful  experiments  of  Regnault.  For  the  development  of  ther- 
modynamics, and  particularly  in  its  technical  direction,  the  work  of  Regnault 
is  of  inestimable  value — Heniy  Victor  Regnau  It,  bom  July  21,  1810,  in 
Aix-la-Chapelle,  died  January  19,  1878,  in  Auteuil. 

This  work  of  Regnault  will,  in  the  further  course  of  this  book,  be  so  often 
referred  to  that  we  will  designate  it  simply  by  Rel.,  the  volume  by  Roman 
numerals,  and  the  page  by  Arabic  numerals. 
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sponding  recomputation  of  Regnault's^  data,  for  the  mag- 
nitudes ap  and  a,  the  following  valties : 


Atmospheric  Air. 

Hydrogen 

Nitrogen 

Carbonic  Oxide  . 
Carbonic  Acid. . . 
Nitrous  Oxide. . . 


French  Units. 


272.48 
273.16 

272.62 
269.64 
268.89 


«r 


272.85 
272.70 
272.63 
272.70 
271.16 
272.03 


EnclUh  Units. 


490.46 
491.67 

496!64 
486.17 
484.00 


491.13 
490.86 
490.73 
490.86 
488.07 
489.66 


(For  Oxygen  we  would  have  to  assume  aj-^ 272.18  according  to  J  o  1  ly ' s  data.) 

[a«»  489.92.] 

The  numerical  values  show  that  with  the  exception  of  hydrogen 
the  values  of  a,  are  greater  than  the  values  of  a^  for  all  gases,  but 
that  for  the  eariier  tabulated  gases  the  difference  is  insignificant. 
Only  for  carbonic  acid  and  nitrous  oxide  are  the  differences  consid- 
erable; but  these  are  gases  which  are  far  nearer  to  their  points  of 
condensation,  and  can  therefore  not  be  designated  as  gases.  In 
another  experimental  series  Regnault^  observed  the  diminu- 
tion of  volume  for  the  following  gases  at  different  but 
constant  pressures;  the  pressures  measured  in  milli- 
meters of  mercury  gave  the  following  values  for  ap! 


Atmospheric  Air 

Hydrogen 

Carbonic  Acid. . . 


Pressure. 


760 
2626 
2620 

760 
2646 

760 
2620 


Value  of 


«P- 


272.431 

270.68  ^ 

270.63  J 

273.13 

273.10 

269.661 

260.04/ 


[V&lue  of  ap.) 


490.37 
487.22 
486.96 
491.63 
491.68 
486.19 
468.07 


Here  we  again  see  the  anomalous  behavior  of  carbonic  acid, 
and  also  see  that  the  value  of  ap  seems  to  be  smaller  at  the  higher 
pressures. 

Other  investigations  of  Regnault  related  to  atmospheric 
air  and  carbonic  acid;  the  volume  was  kept  constant 


'  Rel.  I,  91. 


»Rel.  I,  115,116,117. 
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and  different  initial  pressures  at  OP  C.  were  employed,  and  then  a 
corresponding  final  pressure  was  observed  at  100®  C.  From  the 
second  of  the  equations  (5)  and  from  Regnauit's  data  the 
values  of  a„  in  the  following  tabulations  have  been  derived : 


ATMOSPHERIC  AIRJ 


Pressure. 

' 

Ato»a 

At  100  a 

French  Value  of 

English  Value  of 

(At  32«  F.] 

(At  212*  F.) 

«r 

V 

109.72 

149.31 

274.11 

493.40 

174.36 

237.17 

273.87 

492.97 

266.06 

395.07 

273.65 

492.57 

374.67 

510.35 

273.32 

491.98 

376.23 

510.97 

273.43 

492.17 

760.00 

— 

272.85 

491 . 13 

1678.40 

2286.09 

272.03 

489.65 

1602.53. 

2306.23 

271.96 

489.53 

2144.18 

2924.04 

271.05 

487.89 

3655.56 

4992.09 

269.61 

485.30 

CARBONIC  ACID.* 

E^rasrare 

Ato»a 

At  100*  a 

French  Value  oi 

English  Value  of 

[At  92?  P.] 

(At  212*  F.] 

«w. 

<h. 

785.47 

1034.54 

271.33 

488.39 

901.09 

1230.37 

270.68 

487.20 

1742.73 

2387.72 

266.50 

479.70 

3589.07 

4759.03 

259.08 

466.34 

We  see  from  this  experimental  series  that  with  the  same  limit- 
ing temperatures  the  value  a,  diminishes  as  the  initial  pressure 
increases,  and  a  similar  result  was  evident  in  the  foregoing  tabula- 
tion of  the  values  Up.  The  greater  the  pressure  for  the  same  tem- 
perature, the  denser  is  the  gas  and  the  closer  to  one  another  will 
be  the  gas  molecules.  Now  as  the  molecules  act  upon  each  other 
with  certain  forces,  which  doubtless  grow  very  rapidly  with 
diminishing  distances,  the  thought  lies  nigh  to  ascribe  to  this 
circumstance  the  deviations  exhibited  by  the  gases  from  the  be- 
havior assumed  when  establishing  the  above  equation  of  condi- 
tion (3a).  We  further  conclude  that  these  deviations  become  the 
smaller  the  more  rarefied  the  gas,  and  that  the  condition  is  finally 
attained  in  which  the  molecules  have  passed  beyond  the  mutual 


*Rel.i,  no. 


'Rel.  1,112. 


100  TECHNICAL  THERMODYNAMICS. 

attraction  of  their  spheres  of  action,  or,  to  speak  more  exactly, 
in  which  these  forces  may  be  regarded  as  infinitesimal  during  the 
future  changes  of  state  of  the  gas;  in  this  sense  we  speak  of  an 
ideal  gas,  and  for  such  a  gas  the  differences,  shown  by  experi- 
ments for  the  magnitudes  a^  and  a,,  disappear,  and  both  values 
should  approach  for  all  gases  that  particular  determinate  value 
of  a  which  has  been  introduced  into  the  equation  of  condition. 

Disregarding  for  the  present  the  values  given  for  carbonic 
acid  and  nitrous  oxide,  and  now  directing  our  attention  to  the 
first  two  of  the  above  given  four  tabulations  of  Regnault's 
experimental  results,  we  see  that  for  atmospheric  air,  hydrogen, 
and  carbonic  oxide  the  differences  between  a^  and  o^  are  very 
small;  if  furthermore  we  consider  that  hydrogen  has,  other  things 
being  equal,  the  sUghtest  density  among  all  the  gases,  and  that 
for  it  the  two  values  ap  and  a,  differ  least  from  one  another  and 
approximately  show  the  value  273,  then  it  seems  thoroughly  jus- 
tifiable that  we  should  assume  this  value,  generally,  as  the  Umiting 
value.  The  third  of  the  above  tabulations  shows  that  R  e  g  n  a  u  1 1 
found  for  atmospheric  au*,  under  the  least  pressure  occurring  in 
his  experiments,  that  the  value  of  a^  turned  out  to  be  somewhat 
greater  than  274,  which  has  caused  some  authors  to  assume  this 
value  as  the  hmiting  value.  But  the  circumstance  that  the  first 
limiting  value  is  generally  accepted,  and  furthermore  that  the 
assumption  of  the  one  or  the  other  Umiting  value  causes  only  an 
insignificant  difference  in  the  computations  (such  slight  differences 
can  always  be  neglected  in  technical  investigations,  and  can  be 
disregarded  in  most  cases  in  the  more  refined  physical  discussions), 
is  the  reason  why,  in  all  future  investigations,  the  limiting  value 

a =273 
[a =491 .4] 

will  be  retained;  this  was  done  by  C 1  a  u  s  i  u  s  in  all  his  papers. 
If  we  substitute  this  hmiting  value  in  the  equation  of  condi- 
tion (3a),  we  get 

pv  =  5(273  +  0 
[pr  =  B(459.4  +  0L 
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and  from  this  it  is  evident  that  a  new  zero-point  of  the  thermo- 
metric  scale  has  been  obtained  which  in  a  certain  sense  is  pre- 
scribed by  nature  herself.  As  the  freezing-point  of  water  at 
atmospheric  pressure  serves  as  a  starting-point  for  measuring  the 
temperatin^  t,  according  to  Celsius,  so  that  point  of  the 
thermometric  scale  lying  273°  C.  [491.4°  F.]  under  the  freezing- 
point,  can  in  like  manner  serve  as  the  starting-point  for  the  meas- 
urement of  temperature;  we  call  this  point  the  absolute 
zero,  and  the  corresponding  temperature  a+t=273+t  [a+t 
=469.4+^],  the  absolute  temperature  of  the  body 
in  question. 

The  equation  of  condition  (3a)  assumes  that  the  volume  v 
refers  to  the  unit  of  weight  of  the  gas  in  question;  but  if  in  the 
space  V,  G  kilograms  (G  pounds)  are  enclosed,  then 

V=Gv, 

and  therefore  if  both  members  of  equation  (3a)  are  multiplied 
by  G  we  get 

Vp^GB{a+t) (7) 

This  equation  is  the  handiest  one  for  computing  the  weight  of  a 
gas  enclosed  in  a  given  space  of  V  cbm.  (V  cu.  ft.)  at  pressure  p 
and  temperatm^  t,  provided  we  know  the  constant  B  for  the  gas 
in  question. 

If  the  capacity  of  the  space  V  is  just  one  cbm.  (one  cu.  ft.), 
then  G  is  the  weight  of  a  cubic  unit  of  gas  at  the  existing  pressure 
p  and  its  corresponding  temperature  t,  and  this  weight  we  will,  in 
what  follows,  always  designate  by  /-,  and  call  it  the  specific 
weight  of  a  gas.    Equation  (7)  gives,  therefore, 

y  =  5(a+0, (8) 

and  from  this  follows,  by  combination  with  (3a),  the  following 
relation  between  the  specific  volume  v  and  the  specific 

weight  r, 

vr  =  l (9) 
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It  deserves  to  be  emphasized  that  a  special  meaning  can  be 
said  to  underlie  the  two  forms  of  the  equations  of  condition  (3a) 
and  (8).  The  product  pv  represents  the  equation  of  work  which 
is  necessary  to  fill  or  empty  the  space  v;  this  work  is  accordingly 
proportional  to  the  absolute  temperature  a+t. 

On  the  other  hand,  in  equation  (8)  p  :  y  represents  the  height 
of  a  column  of  gas  whose  specific  weight  is  everywhere  y  and 
which  by  means  of  its  weight  exerts  upon  every  unit  of  area  of 
its  base  the  pressure  p. 

If  we  assume  that  equation  (8)  holds  good  for  a  particular  gas, 
then  for  another  gas,  of  a  similar  pressure  p  and  the  same  tem- 
perature t,  the  specific  weight  y  and  the  constant  B  will  assume 
another  value;  if  we  designate  these  values  respectively  by  7-0 
and  Boj  then  we  also  have 

f  =  fio(a+0, 
To 

and  if  we  divide  this  equation  by  equation  (8)  there  follows 

r    Bo 


To 


B (10) 


This  ratio,  which  in  the  future  we  will  designate  by  e,  is  the 
weight  of  one  gas  relatively  to  the  other. 

Hereafter  the  relative  weight  of  gases  will  always  be  referred 
to  hydrogen.     It  follows,  therefore,  from  equation  (10)  that 

Bo-Be, (11) 

from  which  it  seems  that  the  value  Be  is  the  same  for  all  gases 
and  that  the  equation  of  condition  for  gases,  equation  (3a),  can 
also  be  written  in  the  form 

pve^Bo{a+t) (3c) 

For  dry  atmospheric  air  Regnault^  found  the 
specific  weight  j^,  i.e.,  the  weight  of  a  cubic  meter  (cu.  ft.)  of  air 

» ReL  I.  157. 
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measured  in  kilograms  (pounds)  at  the  temperature  of  0°  C,  and 
at  the  average  barometric  pressure  of  760  mm.  of  mercury,  to  be 

r  =  1.293187  kg. 
[r= 0.0807288  lb.] 

in  the  latitude  of  Paris.  Since,  according  to  R  e  g  n  a  u  1 1,^  the 
weight  of  1  cbm.  of  mercury  amounts  to  13596  kg.  [1  cu.  ft.  weighs 
848.747  lb.],  then  the  barometric  pressure  of  760  mm.  corre- 
sponds to  a  specific  pressure  of  p = 0.760  X 13596 = 10332.96  kg. 
[2116.31  lb.  per  sq.  ft.],  or,  accurately  enough,  p  =  10333  kg.  to 
the  square  meter,  which  value  will  be  hereafter  designated  as  the 
"mean  atmospheric  pressur e."    Therefore  with  air 

•^  =  7990.34 

r 

[-2=26215.03], 

and  from  equation  (8),  for  ^=0  [32°]  and  a =273  [491.4], 

we  get  5  =  29.269 

[B  =  53.349]. 

On  the  basis  of  other  experiments  by  R  e  g  n  a  u  1 1  *  the 
table  on  page  104  has  been  computed  for  those  gases  which  more 
completely  obey  the  given  equation  of  condition. 

Thia  table  gives  rise  to  some  remarks.  The  product  -Be,  there- 
fore, of  the  values  occurring  in  the  last  two  columns,  is  the  same 
for  all  the  gases  enumerated,  and  is  422.595  [770.259];  and  more- 
over for  the  same  pressure  and  volume  the  product  By  is  also 
the  same  for  all  gases  and  amounts  to  5^-  =  37.850  [JS;^= 4.3067], 
which  value  results  directly  from  equation  (8)  for  p= 10333 
[p=2116.31]  and  t^O  [^  =  32°]. 

It  is  remarkable  that  the  value  of  the  first-mentioned  product 
is  almost  equal  to  that  of  the  mechanical  equivalent  of  heat  (424) 
[772.83].  That  these  two  values  are  perfectly  equal  cannot  be 
proved  with  our  present  knowledge  of  the  internal  constitution  of 

>  Rel.  I,  142.  144,  145. 
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SpMifie  Weight. 

r 

Weight  reUUvely 
to  Hydrogen. 

c 

V&lueol 

Atmospherio  Air 

Hydroffen 

1.29318?^ 

0. 089566 -^rr,) 

1 . 429786 

1.256163 

1.34284 

1.25090 

14.4384 
1 
15.9635 
14.0250 
14.9928 
13.9662 

29.269 
422.591- (^ 
26.472 

"•y""^^^''"*  ••  ••••••••• 

Oxyiren 

Nitrogen 

30.131 

Nitric  Chdde 

28.186 

Carbonic  Oxide 

30.258 

Specific  Weight. 

r 

WeiMit  relatively 
to  uydrogen. 

< 

V&lue  of 
B. 

Atmospheric  Air 

Hydroffeii 

lb. 
0.0807288 

0.0055913- (ro) 
0.0892562 

0.0784175 

0.083828 

0.078089 

14.4384 

1. 
15.9635 
14.0250 
14.9928 
13.9662 

53.349 
770.259- (fii) 
48.251 

OivKen 

VA^  D^'**     ••      ••••••••••• 

Nitrogen 

54.920 

Nitric  Oxide 

51.375 

Carbonic  Oxide 

55.151 

bodies;  nevertheless  we  can  make  use  of  this  accidental  coincidence, 
if  we  may  so  describe  it,  in  certain  approximate  computations.  As 
the  thermal  equivalent  of  the  unit  of  work  (A)  is  reciprocal  of 
the  value  424  [772.83],  we  would  have  for  hydrogen  ABo=^l,  and 
according  to  equation  (11)  for  every  other  gas 

ABe^l] 

an  equation  of  condition  for  gases  could  then  be  written,  following 
equation  (3a),  p.  96,  in  the  iorm 

Apve  =  a+t, (12) 

so  that  for  all  gases  taken  at  the  same  temperature  and  at  the 
same  pressure  the  product  ve  would  be  the  same,  a  result  more- 
over which  follows  from  the  combination  of  equations  (10)  and 
(11);  the  product  corresponds  to  specific  volume  of  hydrogen, 
which  becomes  for  atmospheric  pressure  0®  [32°]  temperature 

t;o  =  — =  11.1649cbm. 
To 

Lo=J-  =  178.85]. 

Of  special  importance,  however,  is  the  following  remark.    If 
we  consider  the  numerical  values  of  the  second  column  in  the 
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preceding  table,  leaving  out  atmospheric  air,  which  is  a  mixture 
of  gases,  we  see  that  these  are  almost  exactly  equal  to  the  half 
values  of  the  so-called  molecular  weights  of  the  gases  in  question. 
If  we  designate  for  the  different  chemical  elements  Ei,  E2, 
etc.,  the  corresponding  atomic  weights  by  ei,  €2,  es,  etc.,  and  if 
we  assume  that  the  molecule  of  any  chemical  combination  con- 
sists of  Ui  atoms  of  the  first  element  Ei,  of  712  atoms  of  the  second 
element  E2,  etc.,  then  the  molecular  weight  of  this  body  is 

m =ni6i  +71262 +71363  4- . . . , 
or  simply 

rh  =  i;{ne) (13) 

For  the  elements  considered  in  the  following  investigations  the 
atomic  weights  are  as  follows : 

Hydrogen  (H). .  .  e=  1      Carbon  (C) e=12 

Oxygen  (0) 16      Chlorine  (CI) 35.5 

Nitrogen  (N) 14      Sulphur  (S) 32 

We  therefore  have  for 

Steam  (H2O) m=2x  1  +  1X16  =  18 

Anmionia  Vapor  (NH3) m  =  lXl4+3X  1  =  17 

Sulphuric  Acid  (SO2) m  =  l  X32+2xl6=64 

Carbonic  Acid  (CO2) m  =  lxl2+2xl6=44 

In  the  last  tabulation,  p.  104,  all  the  gases  enumerated  are 
diatomic;  if  we  designate  the  molecular  weight  of  hydrogen 
by  nio  (mo  =  2),  then  the  gases  there  designated  by  e  appear  to 
coincide  almost  exactly  with  the  values  m  :mo  of  the  following 
tabulation;  it  was  Gay-Lussac  who  first  called  attention 
to  this  coincidence.  The  agreement  also  exists  with  a  1 1  other 
gases.  Now  if  we  utilize  the  value  €=m:mo  in  equation  (11), 
the  constant  B  of  the  equation  of  condition  of  a  gas  becomes 

^    Botno    845.182  ,. .. 

5=——= — ~ — (14) 

m  rn 


r^_Bomo_  1540.521 
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provided    we    substitute    the    hydrogen    values    Bo— 422.591 
[770.259]  and  mo  =  2. 

In  place  of  the  last  tabulation  we  have  therefore : 


Hydrogen 

Oxygen 

Nitrogen 

Nitric  Oxide.  . . 
Carbonic  Oxide 


Oomposi" 
tion. 


o, 
Nb 

CO 


Molecular 
Weight. 


32 
28 
30 
28 


French 
Value 

m 


422.591 
26.412 
30 . 185 
28.173 
30.185 


English 
Vidue 


B 


m 


770.26 
48.14 
55.02 
51.35 
55.02 


These  values  of  B  are  in  satisfactory  agreement  with  the  values 
given  on  page  104  and  directly  determined  from  experiments. 
The  utilization  of  relation  (14)  in  the  equation  of  condition  gives 

Apmi?=ABomo(a+0, (15) 

in  which  ABomo  =  1.9933;  this  magnitude  would  be  2  if  we  were 
to  assume  Bo  as  identical  with  424  [772.83],  as  recently  suggested. 
But  at  any  rate  the  foregoing  equation  shows  that  with  the  same 
pressure  and  the  same  temperature  the  product  mv  is  the  same 
for  all  gases.  If  we  replace  the  specific  volume  v  by  the  specific 
weight  y,  then  from  what  has  preceded  we  have  for  two  different 
gases  the  relation 

^=^ (16) 

Now  if  we  imagine  that  there  exist  in  a  space  V  at  one  time  rii 

molecules  of  a  gas  of  the  molecular  weight  mi,  and  at  another 

time  in  the   same    space  n2  molecules  of  the  molecular  weight 

m2,  the  ratio  of  the  weights  Gi  and  G2  of  the  two  quantities  of 

gas  is 

Gi    tii?wi 


G2    nztrii' 

On  the  other  hand 

we 

also  have 

G2    Vr^ 
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The  oombination  of  the  two  equations  gives 

and;  comparing  this  with  equation  (16)  we  draw  the  conclusion 
that  n\  =712  must  be  true.  It  follows,  therefore,  that  equal 
volumes  of  different  gases  at  the  same  pres- 
sure and  the  same  temperature  possess  the 
same  number  o  f  molecules. 

This  is  Avogadro's  law,  which  is  one  of  the  most  im- 
portant foundation  stones  of  the  Chemistry  of  to-day. 


§  20.  QAS  MIXTURES. 

The  investigations  concerning  the  behavior  of  mixtures,  me- 
chanical mingUng  of  various  gases,  are  of  importance  for  certain 
technical  problems,  and  their  closer  examination  is  therefore 
justified.  If  in  a  space  V  there  exist  two  gases,  one  weighing 
Gi  kg.  pb.]  and  the  other  G2  kg.  [lb.],  and  if  the  temperature 
of  the  two  gases  and  that  of  their  mixture  is  equal  to  ^,  and  if 
moreover  the  constant  B  of  the  equation  of  condition  is  equal  to 
Bi  and  to  B2  of  the  constituent  gases,  and  if  finally  the  pressure 
of  the  one  gas  is  pi  and  of  the  other  p2,  then  we  have,  according 
to  equation  (7),  the  two  relations 

Vpi=GiBi(a+t)    and    Fp2=(?2S2(a+0,     .    .    (17) 

because,  according  to  a  well-known  law,  the  one  gas  expands  in 
the  space  just  as  if  the  second  were  not  present;  adding  these  two 
equations  we  get 

Vp=(GiBi-hG2B2Ka+t\ (18) 

where  p  equals  the  sum  of  the  pressures  pi  and  p2,  which  sum  can 
be  a  matter  of  direct  observation. 

If  V  is  the  specific  volume  of  the  mixture,  and  6=^1+^2  its 
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total  weight,  then  we  have  also  V=Gv,  and  from  the  foregoing 
formulas  there  follows  for  the  mixture 


If  we  designate  the  coefficient  of  (a+t)  in  the  right  member  by 
B«,  then,  just  as  for  a  simple  gas,  we  have  for  the  mixture 

for  which  the  constant  Bm  is  determined  by 

B1GX+G2B2 

We  at  once  recognize  that  this  law  is  true  for  more  than  two  gases, 
and  that  in  such  a  case  we  get  for  the  mixture  the  general  relation 

The  pressures  of  the  separate  gases  in  the  mixture  are  easily  ob- 
tained if  we  divide  equations  (17)  by  equation  (18) ;  we  then  get 
respectively 

Pi  ^i-Si  ,     V2  G2B2 

which  proposition  can  easily  be  transferred  to  the  case  in  which 
more  than  two  gases  are  present. 

If  the  constant  Bm  for  a  mixture  of  two  gases  has  been  deter- 
mined by  observation,  then  the  proportions  of  the  mixture  can 
easily  be  determined  from  equation  (19). 

If  the  weight  of  the  two  gases  is  G=Gi  +G2,  we  have 

G'^     (?' 
and  we  can  directly  determine  from  equation  (19) 

Gi       Bm^B2  ,       G2      Bj—Bm  .^ix 

G~'Bi-B2  G~Bi-B2'      •    •    •    ^^^^ 
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If  we  utilize  these  two  formulas  in  equation  (20),  we  get  the  pres- 
sure Pi  of  the  one  gas  and  p2  of  the  other  gas  from  the  equations 


pi_(Bm-B2)Bi_GiBi 

p       {Bi-B2)Bn.     UBm 

and 

P2  __  (Bj  —  Bm)^2      G2B2 


(22) 


The  most  important  case  of  gas  mixture  is  presented  by  atmos- 
pheric air,  which  is  composed  of  nitrogen  and  oxygen^; 
for  air,  therefore,  the  foregoing  values  can  easily  be  computed. 
According  to  the  tabulation  on  page  104  we  have  for  nitrogen 
Bi  =30.131  [54.920],  for  oxygen  52  =  26.472  [48.251],  and  for 
atmospheric  air  5«  =  29.269  [53.349].  From  equation  (21)  there- 
fore follows,  for  air, 

^=0.7644    and    ^^=0.2356. 

Accordingly  atmospheric  air  is  composed  by  weight  of 

76.44%  nitrogen    and    23.56%  oxygen. 
Equations  (22)  on  the  other  hand  give 

^=0.7869    and    ^=0.2131. 
p  p 

At  the  pressure  p  of  atmospheric  air,  corresponding,  for  ex- 
ample, to  an  observed  reading  of  the  barometer,  we  have  78.69% 

*  Rem  ark. — According  to  the  recent  investigations  by  Lord  Rayleigh 
and  WilliamRamsay  atmospheric  air  does  not  consist  solely  of  a  mixture  of 
oxygen  and  nitrogen,  but  also  of  other  hitherto  unknown  gases,  and  each  of  them 
monatomic,  which,  as  new  chemical  elements,  have  received  the  names  Helium, 
Neon,  Argon,  Krypton,  and  Xenon;  of  these  the  first  mentioned  has  been  already 
subjected  to  a  closer  chemical  and  physical  examination.  This  highly  interesting 
discovery  is  one  of  the  most  important  results  which  the  production  of  liquid  air 
has  rendered  possible.  In  the  technical  investigation  of  atmospheric  air,  only 
considered  in  the  present  treatise,  we  may  neglect  these  tiny  admixtures  of 
other  gases. 
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of  the  pressure  due  to  nitrogen  and  21.31%  due  to  oxygen,  pro- 
vided the  proportions  of  the  mixture  of  atmospheric  air  are  invari- 
able and  correspond  exactly  to  the  values  just  computed.  Ac- 
cording to  recent  investigations  the  proportion  of  our  atmospheric 
mixture  is  subject  to  variations,  to  be  sure  between  narrow  limits; 
consequently  the  just  computed  pressure  ratios  vary  somewhat; 
but  concerning  this  variation  no  conclusion  can  be  drawn  from 
the  observation  of  the  total  pressure  p,  that  is,  of  the  variable 
reading  of  the  barometer. 

Chemists  usually  compare  gases  by  their  volumes  at  the 
same  pressure  and  the  same  temperature,  and  not  by  weights. 

In  the  present  case,  (?i  kg.  [lbs.]  of  the  one  gas  at  the  pressure 
p  and  the  temperature  t  has  the  volume  Vi,  and  the  G2  kg.  [lbs.] 
of  the  other  gas  would  occupy  the  volume  V2  at  this  pressure  p 
and  temperature  t,  and  for  these  gases  the  relations  would  subsist: 

Vip^GiBi{a+t)    and     72P  =  02^2(0 -fO; 

■ 

and  from  the  addition  of  the  two  equations,  and  because  Fi  +  F2  =  F 
represents  the  total  volume,  we  would  get 

yp  =  ((?iBi+(?252)(a+0, 

and  according  to  equation  (19) 

Vp^GBUa+t). 

If  we  use  this  as  a  divisor  for  the  two  preceding  equations,  we  get 
the  proportions  of  the  mixture  by  volume: 

But  these  expressions  are  identical  with  the  pressure  propor- 
tions of  equation  (22). 

From  these  computations  it  follows,  for  example,  that  atmos- 
pheric air  consists  by  volume  of  78.69%  nitrogen  and  21.31% 
oxygen. 

If  we  can  conceive  the  mixture  to  consist  of  any  number  of 
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gases  and  designate  by  G  the  total  weight  S{G)y  we  get,  according 
to  equation  (19a), 

Moreover,  if  €«  designates  the  relative  weight  of  t  h  e  m  i  x  - 
t  u  r  e  with  respect  to  hydrogen,  and  if  likewise  ci,  €2,  €3 . . . 
are  the  relative  weights  of  the  individual  gases,  then,  according 
to  equation  (11), 


and  by  analogy 


where  Bo =422.591  [770.259];  the  foregoing  formula  gives,  there- 
fore, 

G    Gi    G2    Gs 


fim      «1        €2       €3 


from  which 


^-m w) 


2 


(?)■ 


From  equation  (3c),  p.  102,  namely, 

we  then  get  the  specific  volume  !?«  of  the  mixture  for  the  given 
pressure  p  and  the  known  temperature  U 

Of  especial  importance  in  technology  are  the  gas  mixtures 
which  explode  by  ignition,  either  by  means  of  gas  flames  or  by  the 
electric  spark,  and  thus  enter  into  chemical  combination. 
Here  we  must  distinguish  whether  the  gas  mixture,  say  of  two 
gases,  has  been  so  chosen  that  there  results  from  the  two 
gases  one  single  gas  of  definite  chemical  constitution,  or  whether 
there  is  an  excess  of  one  gas  on  hand  and  consequently  the 
ignition  results  in  a  new  gas  mixture  made  up  of  the  excess  of 
the  one  gas  and  the  chemical  combination  of  the  remainder  with 
the  other  gas. 
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« 

As  we  must  enter  more  fully  into  this  question  later  on  in  the 
treatise,  we  will  only  briefly  elucidate  the  first  case.  Let  us 
assume 

chemical  combination  of  the  elements  .  E1E2ES  . . . 
of  which  the  atomic  weights  are  .  .  .  61  62  ca  . . . 
and  furthermore  let ni  712  na  . . . 

represent  the  number  of  atoms  existing  respectively  in  the  ele- 
mentary gases  before  the  chemical  combination  is  effected, 
then  the  molecular  weights  of  the  individual  gases  will  be  mi  =niei, 
7712=712^2,  etc.,  and  these  values  will  enter  equation  (24)  in  place 
of  the  weights  Gi,  G2,  etc. 
We  therefore  have 

-TCG)  =7li6i -f  712^2 +  .  .  .  =  2'(7ie) 

and 


2(?)- 


Tli^i       712^2 

"i    ^"^~"~    i"  •  •  •  . 
€1  £2 


Now  for  the  elements  the  relative  weights  e  (with  respect 
to  hydrogen)  are  identical  with  the  atomic  weights,  consequently 
the  last  formula  gives  simply 


2(!)-c). 


and  hence  we  have  from  equation  (24)  the  relative  weight  €,»  of 

the  mixture 

I(ne) 


em  = 


I{n)' 


But  I{ne)  signifies  the  molecular  weight  m  of  the  chemical 
combination  in  question,  and  I{n)  is  the  number  n  of  the  atoms 
of  which  this  consists;  therefore  the  relative  weight  of  the  mixture 
is  simply 


Cm  =  ~ (25) 
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while  the  relative  weight  s  of  the  corresponding  chemical 
combination  is 

€=— , (26) 

mo  ' 

where  mo =2  is  the  molecular  weight  of  hydrogen.  If  Vm  is  the 
specific  volume  of  the  mixture  and  v  that  of  the  chemical  com- 
bination, then,  according  to  equation  (3c),  p.  102,  we  have  for  the 
same  pressure  and  temperature  the  relation 

and  from  this  follows  with  the  utilization  of  the  preceding  values, 
putting  mo  =  2, 

(27) 


v«      fi     n 


From  this  we  can  draw  the  conclusion  as  to  the  change  of  volume 
when  the  mixture  is  converted  by  ignition,  or  by  simply  heating, 
into  a  chemical  combination,  provided  that  at  the  end  the  initial 
pressure  and  the  initial  temperature  are  again  restored. 

Moreover,  constant  B  of  the  equation  of  condition  can  be  found 
from  equation  (11) : 

for  the  mixture  Bm  —  n — , 

m 

for  the  chemical  combination  B  =  2 — : 

m  ' 

of  course  it  is  here  assumed  that  the  chemical  combination  in  a 
state  of  vapor  obeys  the  equation  of  condition  of  gases.  In  dia- 
tomic gases,  for  which  n  =  2,  no  change  of  volume  occurs,  as  equa- 
tion (27)  shows.  .When  a  union  of  nitrogen  and  oxygen  takes 
place  in  the  proportions  corresponding  to  the  chemical  compound 
nitric  oxide  (NO)  we  have  the  value  of  B  the  same  for  the  mechani- 
cal mixtiu*e  as  for  the  chemical  combination. 

By  weight,  moreover,   the    mixture    is    composed  as 
follows: 

By  volume,  on  the  other  hand,  it  is  composed  as  per  equa- 
tions (23),  when  we  consider  that,  according  to  equation  (11), 
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Bo'^Bisi,  Bo =^2^2,  etc.,  also  Bo^Bm^,  and  we  have  besides 
61  =  ei,  62  =  €2>  etc. ;  then 

Zi-!iL        Yl^^        Zi-!L'  /9Q\ 

V'm^'     Vm^"^''     Vm'"^'  '    '    '    ^^^ 

These  last  expressions  at  the  same  time  indicate,  as  compari- 
son of  equation  (23)  with  equations  (22)  shows,  in  what  proportion 
the  individual  gases  contribute  in  the  way  of  pressure  to  the  total 
pressure  p  of  the  mixture;  we  therefore  also  have 

p^m'"^'     T>^m^^    p^m^'     •     •     •     ^^^ 

Thus  we  have,  say,  for  a  mixture  of  hydrogen  and 
oxygen  in  the  proportions  necessary  to  form  water, 
that  is,  for  the  so-called  detonating  gas,  the  relative  weight  of 
this  gas  em  =  6|  according  to  equation  (25),  and  that  of  the  vapor 
of  water  (considered  to  be  highly  superheated)  after  explosion  to 
be  £=9,  because,  according  to  the  chemical  formula  of  water, 
H2O,  the  number  of  atoms  n=3  and  the  molecular  weight  of  the 
water  is 

in=ni6i-fn2e2=2xl-flXl6  =  18. 

The  constant  B  of  the  equation  of  condition  for  detonating 
gas  is 

R.4-^-70.432    [H(^«.  128.377]; 

and  that  for  the  vapor  of  water,  of  course  considered  in  the  state 
in  which  it  can  be  regarded  as  a  gas,  is 

5=1^=46.954     [ZZ^=85.584]. 

The  ratio  of  the  volumes  of  this  steam  and  of  the  detonating 
gas  is,  according  to  equation  (27), 

V2 
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therefore  a  marked  reduction  of  volume  is  connected  with  the 
explosion,  provided  the  product  is  brought  back  to  the  same 
pressure  and  the  same  temperatiu^. 

The  mixture  (detonating  gas)  and  also  this  vapor  of  water  are, 
according  to  equation  (28),  composed  by  weight  as  follows: 

G  ~m*'"18^^"9'    G  ~^*~18^^''~9- 

On  the  other  hand  the  composition  of  the  mixture  (detonating 
gas)  by  volume,  according  to  equation  (29),  is 


V2_n2     _i_         1 


and  -77  =— €m=T7TX0  =  ;r. 


The  same  values  exist  for  the  pressure  proportions.  If  p  is  the 
pressure  of  the  mixture,  then  the  pressure  of  the  hydrogen  is 
Pi  =  §P>  ftJid  that  of  the  oxygen  is  p2  =  Jp. 

In  the  same  way  we  can  find  for  ammonia,  NH3,  the  number 
of  atoms  to  be  n=4,  and  the  molecular  weight  m=- 17.  This  com- 
pound is  of  technical  importance  because  of  its  application  in 
refrigerating  machines.  For  the  mixture  of  nitrogen 
and  hydrogen  in  the  corresponding  proportions  we  have 
em  =  17/4,  and  for  the  chemical  compound  in  the  form  of  ammonia 
we  have  €  =  17/2;  the  volumetric  ratio  between  this  steam  and 
the  mixture  is 

JL-L 
Vm"2- 

The  constant  of  the  equation  of  condition  for  the  mixture  is 
Bm =99.432  [181.24],  and  for  the  vapor  of  ammonia  (highly  super- 
heated) B= 49.716  [90.618].  By  weight  the  mixture  consists 
of  14/17  nitrogen  and  3/17  hydrogen;  on  the  other  hand,  by 
volume  it  consists  of  1/4  nitrogen  and  3/4  hydrogen;  the 
pressures  of  the  two  elementary  gases  in  the  mixture  likewise 
possess  the  same  ratio  to  each  other. 
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It  deserves  to  be  emphasized  that  the  just  calculated  values 
of  B  for  the  vapors  of  water  and  of  ammonia  have  n  o  techni- 
cal value.  These  vapors,  considered  as  subject  to  the  equation  of 
condition  for  gases,  show  too  great  deviations  within  the  limits 
for  which  they  are  employed.  In  the  investigations  concerning 
the  behavior  of  vapors  we  will  return  to  this  question. 

§21.  SPECIFIC  HEAT  OF  OASES. 

The  quantity  of  heat  which  is  necessary  to  raise  one  k  i  1  o- 
g  r  a  m  [1  lb.]  of  w  a  t  e  r  from  0°  C.  [32^  F.]  to  1°  C.  [33°  F.]  is 
the  unit  of  heat  and  constitutes  the  unit  for  heat  measure- 
ment (it  is  known  as  the  calorie  in  the  French  system  of  units,  and 
as  the  British  thermal  unit  in  the  English  system);  the  quantity 
of  heat  dQ  needed  to  heat  water  from  0°  C.  [32°  F.]  an  amount 
dt  is  therefore  dQ^dt. 

In  order  to  heat  a  unit  of  weight  of  any  other  body  from  any 
initial  temperature  t  an  amount  dt  (and  here  we  will  consider 
solid  or  fluid  bodies),  the  quantity  of  heat  needed  will  be  different 
and  is  simply  written  as 

dQ  =  cdt, (31) 

here  assuming  that  for  the  body  in  question  the  factor  c  is  deter- 
mined by  experiment.  The  value  c  is  called  the  specific 
h  e  a  t  of  this  body,  and  therefore  represents  the  ratio 

dQ 

^~dt' 

namely,  the  ratio  of  the  quantity  of  heat  which  the  body  absorbs 
for  a  change  of  temperature  dt  compared  with  that  needed  by  an 
equal  mass  of  water  for  the  same  rise  of  temperature;  in  so  doing, 
however,  it  is  expressly  understood  that  the  water  has  the  initial 
temperature  0°  C.  [32°  F.],  for  which  condition  c  =  l,  while  the 
body  in  question  has  for  the  initial  temperature  any  value  of  t 
(but  assumed  as  known),  because  experiments  have  shown  the 
specific  heat  c  to  vary  with  the  temperature,  that  is,  have  shown 
c  to  be  a  function  of  t.    This  variability  with  the  initial  tempera- 
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ture  is  also  manifested  by  water.  This  is  the  reason  that  in  the 
above  comparison  water  was  taken  at  the  initial  temperature  of 
OP  C.  [32®  F.],  for  thus  only  can  a  reliable  basis  for  comparison  be 
established. 

We  have  just  compared  the  unit  of  weight  of  a  body  with 
the  unit  of  weight  of  water,  and  therefore  c  is  also  called  the 
specific  heat  for  equal  weight  or  weight 
capacity. 

We  might  also  have  taken  a  cubic  unit,  cubic  meter 
[cu.  ft.],  of  the  body  and  compared  it  with  a  cubic  unit  of  water 
at  (f  C.  [32°  F.]  with  respect  to  its  heat  absorption  for  the  incre- 
ment of  temperature  dt,  and  then  we  would  be  dealing  with 
specific  heat  for  equal  volume,  or  volume 
capacity. 

But  the  one  kind  of  specific  heat  can  easily  be  determined 
from  the  other. 

Let  y  be  the  specific  weight  of  the  body,  i.e.,  the  weight  of  a 
cu.  meter  of  the  body  measured  in  kg.  [the  weight  of  a  cu.  ft.  of 
the  body  measured  in  lbs.],  and  if  fo  is  the  specific  weight  of  water 
(/-Q^IOOO)  [;-o  =  62.425],  then  the  body  will  need  the  quantity  of 
heat  y  cdt  for  the  rise  of  temperature  (ft,  and  the  water  will  need 
the  quantity  of  heat  r^^dt  starting  from  (f  C.  [32®  F.];  the  ratio  cj 
of  the  two  is  therefore 

^  =  fc, (32) 

and  that  is  the  specific  heat  for  equal  volumes; 
it  is  obtained  by  multiplying  the  specific  heat  c,  for  equal 
weight,  by  the  quotient  y  :  yo,  i.e.,  by  the  relative  weight  of  the 
body  with  respect  to  water. 

The  foregoing  presentation  of  the  older  works  on  Physics  must, 
however,  be  extended  according  to  the  theory  of  Thermodynamics, 
for  the  quantity  of  heat  needed  by  the  body  for  the  temperature 
rise  dt  is  by  no  means  solely  dependent  on  this  rise  and  on 
its  initial  temperature.  The  temperature  is  a  function  of  the  pres- 
sure and  volume  of  the  body,  and  as  the  body  experiences  a  change 
of  volume,  while  it  is  receiving  heat  under  the  external  pressure  p, 
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there  mu?t  be  considered  here  the  external  work  performed  by^ 
or  expended  on,  the  body.  In  Section  I,  §  3,  p.  27,  it  was  dis- 
tinctly explained  that  the  quantity  of  heat  which  can  be  imparted 
for  a  certain  change  of  state  depends  upon  the  path  along 
which  the  body  is  passed  from  the  initial  to  the  given  final  con- 
dition, and  that  there  must  be  an  infinite  number  of  such  passages, 
and  equation  (31)  has  therefore,  in  principle,  no  general  validity, 
but  presupposes  in  its  application  a  perfectly  definite  law  of  change 
of  the  external  pressure  p  with  the  volume  v  of  the  body.  For 
gases  this  law  will  appear  in  subsequent  developments;  but 
for  every  other  relation  between  p  and  v  during  heat  supply  equa- 
tion (31)  will  have  no  meaning.  It  is  so  with  solid  and  liquid 
bodies,  only  with  the  difference  that  for  such  bodies  the 
general  law  of  the  changes  of  state  for  which  equation  (31) 
is  true  is  not  even  known,  because  the  so-called  equation  of  con- 
dition of  solid  and  liquid  bodies  has  not  yet  been  found;  this 
much  can  be  regarded  as  certain,  that  equation  (31)  can  only  be 
used  with  such  solid  and  liquid  bodies  as  experience  during  heating 
an  imperceptible  change  of  volume,  which  can  be  neglected  in  the 
computations,  because  in  this  case  the  outer  work  is  of  no  account. 
Wiih  gases,  heating  is  in  general  accompanied  with  considerable 
changes  of  volume,  and  therefore  from  the  beginning  the  differ- 
ence could  not  be  disregarded;  consequently  even  before  the 
question  was  clarified  by  Thermodynamics  two  kinds  of  heating 
of  gases  were  distinguished  from  each  other;  the  heating  of  the 
gas  was  considered  as  taking  place  under  constant  pressure  or 
under  constant  volume;  in  the  first  case  let  the  quantity  of  heat 
for  the  rise  of  temperature  dt  of  the  gas  be 

dQp-^Cj4t, (33) 

and,  in  the  other  case,  let 

dQv  =  c^, (34) 

where  the  subscript  p  or  v  indicates  which  magnitude  is  supposed 
to  be  constant  during  the  heat  supply  considered. 

We  call  Cp  the  specific  heat  of  the  gas  under 
constant  pressure,  and  Cv  that  under  constant 
volume,  and  really  we  ought  to  add,  in  both  cases,  for  equal 
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weight,  as  a  kg.  [lb.]  of  the  gas  was  compared  with  a  kg.  [lb.] 
of  the  water;  but  this  supplementary  remark  is  unnecessary,  for 
in  all  Thermodynamic  investigations  the  unit  weight  of  the  bodies 
in  question  is  assumed,  and  it  is  only  in  exceptional  cases 
that  the  unit  of  volume  is  considered. 

Moreover  the  two  cases  of  heating  of  the  gas  just  mentioned 
will  in  the  future  investigations  appear  as  only  special  cases  of  a 
general  law;  but  for  the  questions  to  be  treated  here  these  two 
cases  are  of  marked  significance,  because  the  values  Cp  and  c,  for 
the  different  gases  have  been  determined  by  experiment. 

The  first  reliable  experiments  with  respect  to  the  value  Cp, 
the  specific  heat  of  gases  under  constant  prsesure,  we  again  owe 
to  Regnault.^  The  following  tabulation  ^ves  the  values  of 
Cp  and  of  the  product  yCpy  where  /-  is  the  specific  weight,  that  is, 
the  weight  of  a  cubic  unit  of  the  gas  (see  p.  103)  for  those  particu- 
lar gases  which  obey  sufficiently  closely  the  above  equation  of 
condition.  If  we  divide  the  latter  product  ]rCp  by  the  specific 
weight  7-Q  =  1000  [7-^  =  62.423],  we  get  for  the  corresponding  gas, 
as  was  already  explained,  the  specific  heat  under  constant  pres- 
sure for  equal  volumes. 


Atmospheric  Air, 

Hydrogen 

Oxygen 

Nitrogen 

Nitric  Oxide.  . . . 
Carbonic  Oxide. . 


Cp- 


0.2375 
3.4090 
0.2175 
0.2438 
0.2317 
0.2450 


French  yCp. 


0.3071 
0.3053 
0.3110 
0.3062 
0.3114 
0.3065 


English  rcp. 

0.01917 
0.01906 
0.01941 
0.01912 
0.01942 
0.01913 


We  see  that  the  specific  weight  Cp  is  different  for  the  different 
gases,  but  that  hydrogen  stands  out  in  a  remarkable  fashion;  its 
specific  heat  is,  as  other  experiments  also  show,  even  greater  than 
for  any  solid  or  liquid  body. 

It  is  different  with  the  values  yCp  of  the  last  column,  which  are 
nearly  equal  for  the  given  gases,  as  was  early  recognized  by 
Delaroche  and  B  6  r  a  r  d;  the  smallest  value  appears  with 
hydrogen,  and  as  this  gas,  according  to  experience,  stands  n  e  a  r  - 


»  Rel.  II,  303. 
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e  s  t  to  the  perfect  gas,  we  conclude,  in  accordance  with  the 
supposition  under  which  the  equation  of  condition  was  derived,  that 
any  individual  gas  deviates  more  from  these  suppositions  the 
greater  the  deviation  of  its  value  yCp  from  that  belonging  to  hydro- 
gen. But  for  the  gases  just  adduced  the  deviations  are  so  insig- 
nificant that  for  this  reason  also  we  can  utilize  the  equation  of 
condition  with  all  of  them.  If  we  assume  complete  equality  of 
the  values  jCp,  then  we  may  conclude  that  for  equal  volumes 
all  gases  require  the  same  quantity  of  heat  for  the  same  rise  of 
temperature  under  constant  pressure,  which  proposition,  according 
to  A  V  o  g  a  d  r  o's  law,  §  19,  p.  107,  can  also  be  extended  to  the 
molecules  themselves. 

But  the  investigations  of  Regnault  concerning  the  spe- 
cific heat  of  gases  under  constant  pressure  have  led  to  still 
other  results  which  are  important  for  the  discussions  which  are 
to  follow. 

First  of  all,  his  extended  experiments  show  that  for  atmos- 
pheric air,  hydrogen,  and  carbonic  acid  the  specific  heat  is  i  n  d  e- 
pendent  of  the  pressure,  and  that  therefore  the  unit  of  weight 
of  every  one  of  these  gases  needs  always  the  same  quan- 
tity of  heat  for  the  rise  of  temperature  dl  under  a  constant 
but  arbitrary  pressure,  whatever  the  volume  may  happen  to  be; 
this  is  true  even  of  carbonic  acid,  which  in  other  respects  by  no 
means  obeys  the  equation  of  condition  of  gases.  Furthermore 
it  has  been  shown  that  for  atmospheric  air  and  hydrogen  the 
specific  heat  Cp  is  a  constant  quantity  between  wide  tempera- 
ture limits  (-30°C.  to200°C.)  [-22°F.  to392°F.].  On 
the  other  hand  the  specific  heat  of  carbonic  acid  grows  not  incon- 
siderably with  rising  temperatures.  From  this  the  conclusion  has 
been  drawn  that  for  the  gases  mentioned  in  the  above  tabula- 
tions and  which  were  formerly  designated  as  the  permanent  gases, 
the  specific  heat  under  constant  pressure  within  the 
ordinary  pressure  and  temperature  limits 
(which  alone  are  to  be  considered  for  the  present),  may  be 
regarded  as  independent  of  the  pressure  and  temperature,  and 
therefore  considered  as  a  constant  value.  But  for  high  pressure 
and  for  high  temperature,  even  for  low  temperatures  at  which 
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the  gas  approaches  the  liquid  condition,  we  must  give  up  this 
assumption. 

So  far  as  the  specific  heat  of  gases  under  constant 
volume  (c„)  is  concerned,  no  direct  determination  has  yet 
been  successfully  made,  but  by  different  experimental  methods 
the  ratio 

*=? (35) 

of  the  specific  heats  Cp  and  c»  has  been  determined;  the  most 
important  of  these  methods  we  will  discuss  more  fully  later 
on. 

According  to  the  formula  given  by  Laplace  for  the  velocity  of 
sound  which  contains  this  value  k,  there  was  determined  for  k  on 
the  average  1.403;  for  the  velocity  of  sound  is  accurately  known 
in  air.  D  u  1  o  n  g  found  from  experiments  of  the  oscillations 
of  gases  in  pipes,  for  atmospheric  air  #c  =  1.421,  for  carbonic  oxide 
iK  =  1.428,  and  for  carbonic  acid  1.338,  but  then  these  experi- 
ments show  certain  imperfections. 

More  exact  experiments  of  a  similar  sort,  using  the  procedure 
^ven  by  K  u  n  d  t ,  are  due  to  W  u  1 1  n  e  r ,  who  deserves  the 
credit  of  taking  account  at  the  same  time  of  the  influence  of  the 
temperature.  Among  other  results  W  ii  1 1  n  e  r  found  corre- 
sponding temperatures  of  0''  C.  [32^  F.]  to  100°  C.  [212°  F.]  for 
atmospheric  air  «  =  1.4053  and  1.4029  respectively,  and  also  fof 
carbonic  acid  he  found  ic  =  1.4032  and  1.3946  respectively. 

According  to  other  experimental  methods,  differing  but  little 
from  each  other  in  principle  and  which  will  be  touched  upon  later 
in  this  treatise,  there  was  found  for  atmospheric  air  by 
Clement  1.356,  by  Masson  1.419,  by  Hirn  1.384,  by 
Weisbach  1.402,  by  Cazin  1.410,  and  by  Rontgen 
1.405. 

Other  careful  and  recent  experiments  by  L  u  m  m  e  r  and 
Pringsheim  have  given  for  atmospheric  air  #c  =  1.4015,  for 
hydrogen  1.4084,  for  oxygen  1.3962,  and  for  carbonic  acid 
1 .2961 .    As  a  mean  value  we  will  hereafter  take 

it  =  1.410, 
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and  will  assume  that  this  magnitude,  as  well  as  Cp,  is  independent 
of  temperature  and  pressure  under  ordinary  conditions.  Then, 
according  to  equation  (35),  the  specific  heat  Cp  under  constant 
volume  becomes  constant.  For  atmospheric  air,  the  technically 
most  important  gas,  there  is  given  Cp= 0.2376;  consequently 
when  A  =  1.410  there  follows  c„= 0.1684. 


§22.    FIRST    FUNDAMENTAL   EQUATION    OF    THERMO- 
DYNAMICS  WITH  RESPECT  TO   OASES. 

The  quantity  of  heat  dQ  which  is  to  be  imparted  to  a  unit  of 
weight  of  a  body  in  order  to  increase  its  pressure,  volume,  and 
temperature  by  dp,  dv,  and  dt  respectively,  was  pven  by  equa- 
tions (Ilia),  §  12,  p.  62  : 

dQ^A[Xdp-¥Ydv] 

— ^[Xdl-\-Tdv] 

ap  1^ (36) 

^^[Ydi^Tdp] 
'dv 

In  these  three  identical  equations  T  means  the  C  a  r  n  o  t 
function  of  temperature  whose  form  for  the  present  is  still  un- 
known; the  two  magnitudes  X  and  Y  are  functions  of  p  and  v 
for  the  body  in  question,  and  it  is  these  magnitudes  which  we 
must  now  ascertain  for  gases. 

If  for  one  case  we  assume  the  body  to  be  heated  under  con- 
stant pressure  and  in  another  case  under  constant  volume,  then 
the  third  of  these  fundamental  equations  gives  for  the  first  case 
(for  dp =0) 

dQp^^di, (37) 

dv 
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and  the  second  equation,  for  dvO,  gives 

dQ^^-^dt (38) 

dp 

A  comparison  of  these  two  formulas  with  equations  (33)  and 
(34)  now  furnishes 

Both  formulas  are  still  valid  for  every  body,  and  from  what  has 
preceded  we  can,  especially  for  gases,  consider  the  specific  heats 
Cp  and  Cp  to  be  constant,  and,  from  the  equation  of  condition 

pv  =  Bia+t) 

there  follows,  by  diflferentiation, 

dt     p  .     dt      V  ,    , 

and  by  substitution  in  equation  (39)  we  get 

Y-JB-P    '"^d    X^^.v (41) 

From  this  we  see  that  for  gases  the  function  F  is  only  depen- 
dent on  p  and  the  function  X  only  on  r,  and  furthermore  that 
these  functions  are  directly  proportional  to  the  corresponding 
values. 

Now   the   first   fundamental   equation   of  Thermodynamics, 
according  to  equation  (la),  §  12,  p.  62,  has  the  form 

dp      dv 

The  differentiation  of  equations  (41)  and  the  substitution  of  the 
two  different  coeflBcients  in  the  preceding  equation  then  give 

Cj,-c^  =  AB (42) 
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as  the  form  into  which  the  first  fundamental  equation  passes 
when  applied  to  gases.  If  we  here  use  the  symbols  given  in  equa- 
tion (35),  we  get  the  following  forms: 

Cp-c^  =  c^(«-l)=Cp =AB,    ....     (43) 

and  according  to  equations  (41)  the  formulas  for  the  two  func- 
tions X  and  Y  take  the  simpler  form 

y— ^    and    X -^-r (44) 

#C  — 1  K  —  1  ^       ' 

The  important  equation  (42)  was  first  given  in  this  form  by 
Clausius;  it  contains  four  magnitudes,  every  one  of  which 
was  determined  by  special  experiments;  the  substitution  in  this 
equation  of  the  experimentally  determined  quantities  must  give 
the  corresponding  connection.  Thus  if  we  substitute  for  atmos- 
pheric air  the  above-given  values  Cp  =  0.2375,  J5  =  29.269  [53.349], 
and -4  =  1:424  [1:772.83],  then  the  formula  becomes  c^= 0.1685 
and  consequently  #c  =  1.4095,  or  in  round  numbers  «  =  1.410,  in 
agreement  with  the  data  ^  given  in  the  preceding  paragraph. 

If  we  hold  fast  to  Regnault's  assumptions  for  B  and  Cp 
for  air,  and  take  «  =  1.4015  according  to  Lummer  and 
Pringsheim,  then  according  to  equation  (43)  the  mechanical 
equivalent  1:A  has  the  value  430.18  [784.09],  which  value  agrees 
with  that  given  by  D  i  e  t  r  i  c  i.  From  this  we  can  conclude 
that  a  later  determination  of  the  mechanical  equivalent  of  heat, 
completely  free  of  all  objections,  will  lead  to  a  somewhat 
greater  value  than  (424)  [772.83]  given  by  Joule,  the  value 
which  we  will  still  continue  to  assume  for  the  present. 

Computing  c  in  the  same  way  from  equation  (42),  the  follow- 
ing table  gives,  in  the  first  column,  for  the  gases  already  enu- 
merated,   the   specific    heat    at    constant    volume 

*  If  we  pursue  the  line  of  thought  of  Robert  Mayer  (1842),  who  first 
computed  the  mechanical  equivalent  of  heat,  it  will  be  found  to  correspond, 
when  brought  into  mathematical  form,  to  equation  (42)  of  the  text;  although 
Mayer  found  365  instead  of  424,  this  must  be  ascribed  to  the  fact  that,  follow- 
ing B  ^  r  a  r  d  ,  he  took  the  specific  heat  Cp  or  air  as  equal  to  0.267,  while  the  true 
value  Cp= 0.2375  was  not  found  until  later  by  Regnault. 
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for  equal  weights;  while  in  the  second  column  are  placed  the 
products  yCvf  which  are  found  with  the  help  of  the  values  y 
given  in  table  on  p.  104;  dividing  these  products  ycv  by  1x1000 
[1X62.425]  will  give,  for  equal  volumes  of  the  different  bodies, 
the  specific  heat  at  constant  volume. 


Atmospheric  Air. 

Hydrogen 

Oxygen 

Nitrogen 

Nitric  Oxide.  . . . 
Carbonic  Oxide. . 


0.1685 
2.4123 
0.1551 
0.1727 
0.1652 
0.1736 


French  rc^. 


0.2170 
0.2161 
0.2217 
0.2169 
0.2218 
0 . 2172 


English  r<*, 


V 


0.01360 
0.01349 
0.01384 
0.01354 
0.01385 
0.01356 


We  see  from  the  values  of  the  2d  [and  3d]  columns  that  the 
specific  heat  c^,  taken  at  equal  volumes,  is  nearly  the 
same  for  all  gases;  we  conclude  from  this  that  all  gases  require 
the  same  quantity  of  heat  for  the  same  rise  in  temperature,  pro- 
vided the  unit  of  volume  is  used  in  the  experiment ;  this 
is  also  the  case  with  the  specific  heat  under  constant  pressure, 
and  was  discussed  in  connection  with  the  table  on  p.  119. 

If  we  introduce  into  the  following  formulas  the  weight  e  of  the 
gas  relatively  to  hydrogen,  as  was  done  in  §  19  when  discussing  the 
equation  of  condition,  there  results  a  series  of  simple  propositions 
which  are  worth  emphasizing.  Multiplying  both  members  of 
equation  (42)  by  e,  we  get 

Because  of  the  relation  Bq  =  Be  of  equation  (11),  where  Bq  =  422.591 
[770.259]  is  the  constant  B  for  hydrogen  belonging  to  the  equation 
of  condition  (see  Table  p.  104),  there  follows 


€{Cp-Cv)^ABo, 


(45) 


according  to  which  the  left  member  of  the  equation  is  a  constant 
quantity  for  all  gases,  a  point  to  which  Clapeyron^  had 
already  called  attention.  Moreover  the  value  of  ABq^  as  was 
incidentally  noted  with  equation  (12)  in  §  19,  p.  104,  is  so  nearly 

>  PoggendoriT's  Annalen,  Vol.  59,  p.  451  (1843). 
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equal  to  unity  (or,  more  exactly,  -ABo =0.9967,  for  the  values  of 
the  constants  A  and  Bq  used  in  this  book)  that  in  most  computa- 
tions use  can  be  made  of  the  assumption  ABq^I,  but  as  there  is 
80  far  no  theoretical  justification  for  this  relation,  no  use  will  be 
made  of  it  in  the  course  of  this  book. 

Because  in  the  gases  quoted  the  relative  weight  e  is  identical 
with  half  the  molecular  weight  m  we  can  also  write  equation  (45) 

in  the  form 

m(cp-0=2i4fio  =  1.9934 (46) 

For  a  mechanical  mixture  of  gases  equation  (24)  gave 


€m  = 


0 


where  Gi,  62,  63, . . .  are  the  weights  of  the  individual  gases  and 
«i,  «2,  «3, . . .  their  relative  weights  with  respect  to  hydrogen; 
consequently  for  the  unit  of  weight  of  such  a  mixture  equation 
(45)  gives 

c^'^c:  =  ABol(^, (47) 

if  its  specific  heats  are  designated  by  Cp  and  c/,  or,  if  we  sub- 
stitute the  molecular  weights  of  the  gases, 


'Ai) 


Cp'-c,'^2ABoI[^j (48) 

For  those  mixtures  which  consist  of  simple  gases  having  ^  =  1.410 
this  value  of  k  belongs  also  to  the  mixture  itself,  and  consequently 

^..?d4»^(«).4.8618x^(^. 

*      K-1     \m)  \m/ 

For  example,  atmospheric  air  consists  of  Gi=  0.7644  kg.  [lb.] 
nitrogen,  G2  =  0.2356  kg.  Qb.]  oxygen,  and  ?ni=28,  m2=32;  there- 
fore for  air  we  have,  according  to  the  last  formula, 

c/ =0.1685, 
which  agrees  with  the  value  found  before. 
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In  cases  like  the  foregoing  it  is  best  to  first  compute  the  relative 
weight  €in  of  the  mixture,  then,  by  equation  (45), 

em(Cj/-c:)^ABo, (48a) 

and  from  this  find  Cp'  —  c/ ;  from  this  difference  and  for  the  case 
when  the  mixture  is  composed  of  simple  gases,  ic  =  1.410,  the  values 
c/  and  Cp  can  be  computed  separately,  as  was  done  in  the  preced- 
ing example. 

For  the  special  case  in  which  the  constituent  gases  are  mixed 
in  such  a  ratio  as  to  permit  of  a  chemical  combination,  we  get  for 
the  latter 

consequently  there  exists  between  chemical  combination  and 
mechanical  mixture  the  relation 

«(cp-0  =  em(cp'-O, (486) 

or,  if  we  utilize  equations  (25)  and  (26),  we  have  from  equation 

(48a) 

AB 
Cp'-c/  =  -^^Xn, (49a) 

and  from  equation  (486) 

2 

Cv-c^  =  -{cp'-cJ), (496) 

where  m  represents  the  molecular  weight  of  the  combination  and 
n  the  number  of  atoms. 

For  example,  the  mixture  of  hydrogen  and  oxygen 
known  as  detonating  gas,  which  becomes  steam  when  chemically 
combined,  has  m  =  18  and  n  =  3  (see  p.  105).  Consequently  for 
detonating  gas  Cp'-c/ =0.1667,  and  for  steam  Cp-c^ =0.1111. 
For  detonating  gas  /c  =  1.410,  and  therefore  this  gas  has 
c/= 0.4066  and  Cp'  =  0.5733;  on  the  other  hand  the  values  Cp 
and  c^  cannot  be  computed  for  steam  (supposed  to  be  in  the 
gaseous  condition)  because  their  ratio  is  unknown.  To  be  sure  • 
Regnault  did  find  for  steam  Cp  =  0.4805,  and  accordingly 
C  =  0.3694;   but  the  experimental  result  was  for  steam  near  the 
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point  of  condensation;   there  will  be  opportunity  later  to  follow 
up  more  fully  this  also  technically  important  problem. 

To  bring  up  another  example,  let  us  consider  ammonia; 
for  it  and  the  corresponding  mechanical  mixture  (see  p.  105)  m  =  17 
and  n=4;  therefore,  according  to  equations  (49a  and  6), 

Cp'  —  c»'  =  0.2345.  for  the  mixture, 
Cp-Cp  =0.1172  for  ammonia  vapor. 

As  the  mixture  consists  of  simple  gases,  we  have  for  them 
again  k= 1.410  and  therefore 

Cp' =  0.8064;     c/  =  0.5719. 


§  23.  SECOND  FUNDAMENTAL  EQUATION  OF  THERMO- 
DYNAMICS  WITH  RESPECT  TO  THE  BEHAVIOR  OF 
GASES.  — DETERMINATION  OF  THE  CARNOT  FUNC- 
TION. 

According  to  equation  (Ila),  p.  62,  the  second  fundamental 
equation  is  perfectly  general  for  every  body  and  has  the  following 
form 

dp        dv       ' 

in  this  T  is  a  function  of  the  temperature  t  about  which  it  is  only 
known  that  it  must  have  the  same  form  for  all  bodies  in  Nature; 
concerning  the  form  itself,  however,  the  former  general  investiga- 
tions give  no  clue. 

If  we  substitute  in  the  foregoing  equations  the  values  of 
Y  and  X  found  for  gases  by  equations  (44),  namely, 

Y  =  ^    and    Z=    ' 


K-i    —        K-r 

and  if  we  also  replace  both  the  dififerential  coefficients  by  equation 
(40),  as  it  was  found  for  gases,  namely, 

dt      V  dt     p 
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then  the  foregoing  fundamental  equation  can  be  written 

K-l  B    /c-1  B' 
or  simply 

^      B' 
.or,  drawing  on  the  equation  of  condition  for  gases  (3a),  p.  96, 

r=a  +  <  =  273+< (116) 

[T = 491 .4  +  (^  -  32)  =  459.4  + 1], 

a  result  that  is  highly  important  for  thermodynamics.  The 
Carnot  temperature  function  is  therefore 
nothing  but  the  absolute  temperature,  con- 
sequently it  is  the  temperature  of  the  body 
according  to  Celsius  [Fahrenheit],  measured 
from  a  point  273^  [4  9i-4°]  below  the  freezing- 
point  of  water.  Henceforth  in  this  treatise  the  term 
"Carnot  function"  will  no  longer  occur,  but  we  will  simply 
speak  of  the  absolute  temperature  of  a  body;  the  equation  of 
condition  will  be  merely  written  in  the  form 

Vv-BT, (50) 

and  the  rise  of  temperature  dt  will  as  a  rule  be  expressed  as 
dT. 

It  has  been  repeatedly  pointed  out  in  this  treatise,  and  first 
of  all  when  the  Carnot  function  was  introduced  into  the  gen- 
eral discussions  of  the  first  section,  that  not  only  the  form  but 
also  the  value  of  this  function  must  be  the  same  for  all  bodias 
possessing  the  same  temperature;  it  is  therefore  sufficient  to 
determine  the  relation  for  one  kind  of  body,  and  now  gases 
furnish  us  with  the  means  of  so  doing;  it  alters  nothing  in  the 
complete  reliability  of  the  declaration  of  equation  (116)  that, 
strictly  speaking,  only  hydrogen  follows  the  law  of  Mariotte 
and  Gay-Lussac,  and  this  gas  only  within  certain  limits; 
we  have  simply  to  consider  as  appl)dng   to    this  one   body  all 
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the  considerations    which    preceded    the    derivation    of    equa- 
tion (116).! 

The  establishing  of  the  C  a  r  n  o  t  function  now  leads  imme- 
diately to  the  function  S=/(p,  v),  which  was  introduced  in  the 
first  section  of  this  treatise  (p.  31),  and  which  was  also  shown, 
in  the  subsequent  discussions,  to  be  a  function  of  temperature 
(see  p.  60). 

According  to  equation  (43),  p.  61,  there  results  the  relation 

Now,  according  to  the  preceding,  we  here  substitute  T = o + ^,  then 
integration  gives 

where  k  means  an  arbitrary  constant  of  integration  for  which  we 
can  substitute  unity.     (Compare  the  remark  upon  p.  33.) 

The  further  important  result  follows  that  function  S  is  iden- 

^ Evaluation  of  the  Carnot  function  for  several  temperature  values 
was  first  attempted  by  Clapeyron  (ibid.,  1834)  by  a  clever  utilization  of 
different,  and  at  that  time  somewhat  uncertain,  results  of  experimental  investi- 
gations on  gases  and  vapors.  The  temperature  function  designated  by  him 
with  the  letter  C  is  connected  with  the  symbol  used  in  the  text  above  by  the 

dC 
relation  C-^AT;    from  this  follows  by  differentiation  -^  =  A  =  0.002358.     For 

this  differential  coefficient  Clapeyron  found  on  the  basis  of  certain  experi- 
ments the  value  0.00187,  and  from  another  experimental  series  0.002565,  and 
calls  attention  to  the  slight  difference  of  these  values  from  each  other,  and  con- 
cludes that  C  grows  but  slowly  with  the  temperature.  Clapeyron  then 
computed  for  five  different  temperatures  lying  between  0°  and  156.8°  the  recip- 
rocal value  of  C  by  two  different  methods,  of  which  one  gave  a  value  which 
would  have  agreed  almost  exactly  with  the  correct  value  if  Clapeyron 
had  not  used  for  the  reciprocal  value  of  the  constant  of  expansion  of  gases  the 
then  known  value  267  (instead  of  273). 

The  form  of  the  Carnot  function  was  really  first  recognized  by  H  e  1  m- 
h  o  1 1  z  ("  Dber  die  Erhaltung  der  Kraft,"  Berlin,  1847,  p.  36),  for  he  put  the 
equation  which  was  first  developed  by  Holtzmann  ("Uber  die  W&rme 
and  Elastizit&t  der  Case/'  Mannheim,  1845)  with  one  of  the  equations  of 
Clapeyron  (the  second  fundamental  equation).  At  that  time  H  e  1  m  - 
h  o  1 1  z   did  not  pursue  the  question  any  further. 

Clausius,  in  his  first  paper  (1850),  gave  the  Carnot  function  exactly  in 
the  form  C=- A  (o+O- 
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tical  with  the  C  a  r  n  o  t  function  T,  and  must  therefore  likewise 
be  measured  by  the  absolute  temperature. 

Consequently  in  all  formulas  of  the  first  section  the  function 
S  can  be  replaced  by  the  absolute  temperature,  and  particularly 
the  propositions  there  developed  concerning  the  "  transformation 
of  pressure-curve  and  indicator  diagrams,"  §  14,  p.  69,  now  receive 
a  simple  interpretation. 

If  we  write  the  function  S  as  a  function  of  p  and  v,  we  get 

/(P,  V)  =  T, 

which  equation  passes  into  the  form  of  the  equation  of  condition 
(60),  p.  129,  but  of  course  only  for  gases,  namely, 

pv  =  BT, 

for  all  other  bodies  /(p,  v)  possesses  another  form  and,  incidentally 
it  may  be  remarked,  a  still  unknown  form. 


§  24.  THE  ENERGY  OR   INNER  WORK  OF  GASES. 

At  the  very  beginning  of  the  general  investigations  of  the  first 
section,  the  function  U  =  F(p,  v)  (equations  3  and  4,  pp.  26  and 
27)  was  introduced  into  the  discussion  and  treated  as  the  inner 
work  of  the  body.    The  differential  was  written  in  the  forln 

dU=^Xdp+Zdv. 

The  function  Y,  whose  meaning  for  gases  has  already  been  recog- 
nized in  eq.  (41),  p.  123,  bears  to  the  partial  differential  Z  the  relation 
Z^Y  —  p,  according  to  equation  12,  p.  32;  therefore  if  we  utilize 
the  first  of  these  equations  (44)  and  at  the  same  time  reproduce 
the  other  of  these  equations,  we  have,  specially  for  gases, 

Z  =  JP^    and    X=    ' 


K-1       K-V 

Substitution  in  the  preceding  formula  for  dU  therefore  gives 

dU  ='—j^(vdp  +  pdv), 
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or  simply 

dU  =  '^; (51) 

by  integration  we  have 

U'=Uo+-^ '(^2) 

if  we  regard  Uo  as  the  constant  of  integration,  and  then  the  form 
of  the  function  U  =  F(p,  v)  is  determined  for  gases.  The  absolute 
value  of  the  constant  t^o  is  not  determinable,  and  possibly  may 
be  different  for  different  gases,  provided  in  considering  it  we  start 
with  the  same  initial  values,  say,  of  the  pressure,  the  volume,  or 
of  the  temperature.  For  the  greater  part  of  all  physical  and  tech- 
nical investigations  of  gases  the  knowledge  of  the  constant  Uo  is 
not  necessary,  because  in  the  ordinary  case  of  application  of  equa- 
tion (52)  the  magnitude  Uo  disappears  from  the  formulas. 

If  in  the  preceding  equations  we  replace  pv  by  BT  and  mul- 
tiply both  sides  by  A,  we  get 

AR 

AdU^^dT 
#c  — 1 

and  ABT 

AU^AUo+^j 

or  if  we  use  one  of  the  relations  of  equation  (43),  p.  124, 

AdU=c^T (51a) 

and 

AU  =  AUo+c^T (52a) 

In  the  latter  formula  -4(7' means  the  energy  measured  in  units 
of  heat  for  which  we  will  hereafter  use  the  simple  designation 
AU^J,  and  also  AUo^Jo',  as  a  result  we  shall  have 

dJ^cyiT (51&) 

and 

J^Jo^cJ (526) 

The  magnitude  J  can  be  designated  as  the  ''heat-contents"  of 
the  unit  of  weight  of  gas  at  the  (absolute)  temperature  T, 

It  is  noteworthy  that  J,  like  AU,  depends  only  on  the  tem- 
perature T  whatever  the  pressure  p  or  the  volume  v  of  the  unit 
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of  weight  of  the  gas  may  be.  If  we  imagine  gas  of  a  particular 
temperature  Ti  to  be  brought  in  any  way  to  the  temperature  T, 
there  will  follow,  according  to  equation  (526), 

and  this  magnitude  represents  that  part  of  the  quantity  of  heat, 
supplied  from  the  outside  during  this  change,  which  has 
remained  behind  in  the  gas  itself  and  has  therefore  been  consumed 
in  augmenting  the  heat-contents.  In  the  following  dis- 
cussions, moreover,  we  will  use  the  term  "gas  heat "  in  place  of 
the  expression  '*  heat-contents  "  of  a  gas. 

The  thought  lies  nigh  that  at  the  absolute  zero,  therefore  for 
T  =  0,  we  cannot  properly  speak  of  the  heat-contents,  and  that 
therefore  in  equations  (52a)  and  (526)  we  may  put  either  AUq 
or  Jq  equal  to  zero. 

In  most  cases  there  is  no  objection  to  such  an  assumption  and 
the  corresponding  simplification  of  the  two  equations;  neverthe- 
less it  is  advisable  to  avoid  the  simplification,  for  it  must  be  remem- 
bered that  both  equations  were  derived  from  observations  on 
gases  which,  after  all,  were  limited  to  a  comparatively  narrow 
range  of  temperature  values.  Of  course  in  gases,  and  also  in  all 
other  bodies,  the  assumption  is  permissible  that  at  the  absolute 
zero  there  exists  such  a  complete  decomposition  and  scattering 
of  the  body  that  its  smallest  parts  have  passed  completely  out 
of  the  sphere  of  mutual  force  interactions,  and  have  also  passed 
into  a  state  of  rest. 


§  25.  THE  HEAT  EQUATIONS  AND  THE  ENTROPY  OF 

GASES. 

If  we  utilize  the  foregoing  results  for  the  transformation  of  the 
general  equations  (Ilia),  p.  62,  presented  in  the  first  section,  we 
now  get,  especially  for  gases,  the  fourth  of  the  formulas  there 
adduced  with  the  help  of  equation  (51)  or  (51a), 

dQ  = -^d(pv)  +  Apdv (53a) 
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and 

dQ^ctdT+Apdv (636) 

On  the  other  hand  the  transformation  of  the  first  three  of 
equations  (Ilia)  gives,  as  can  easily  be  seen  when  we  utilize  for- 
mulas (40),  (43),  and  (44),  p.  123  and  124,  the  set 


dQ  =  -^{vdp  +  Kpdv) (53c) 

=c.(d7'+(*-l)7'Y) (53d) 

.c^{dT-'^'  t'^), (53e) 


and  it  is  in  this  form  that  the  equations  will  be  now  applied  to 
gases;  the  different  formulas  are  identical,  and  in  solving  par- 
ticular problems  that  one  is  picked  out  which  evidently  leads 
most  quickly  to  the  goal;  as  a  rule,  in  doing  this,  the  equation  of 
condition  will  be  employed  in  one  of  the  following  forms,  resulting 
from  the  combination  of  equation  (60)  with  equation  (43),  p.  124: 

ilpv=il5r=c.(/c-l)T  =  Cp— r.      .    .    .     (64) 

Now  we  may  also  develop  different  formulas  for  the  entropy 
P  of  gases.  If  in  the  last  of  equations  (Ilia),  p.  62,  we  replace 
the  function  S  by  the  absolute  temperature  T,  we  shaU  also  have 

djQ^ATdP (53/) 

If  according  to  equation  (54)  we  express  BT  by  pv,  we  get  by  sub- 
stitution in  equation  (53c) 


JD    ^     ^v/dp.    dv\ 


and  there  follows,  if  we  divide  equations  {53d)  and  (53c)  by  AT, 


dP=3(-y,-f(.-l)-^) 
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and 


""-jfy-^f)- 


If  we  integrate  these  equations  and  respectively  represent  the 
integration  constant  by  Pq,  Pq,  and  Po",  which  to  be  sure  in 
most  cases  of  application  disappears  from  the  formulas,  we  get 


c 


or 


or  finally 


P=Po+ J  logp  (pv-), (55a) 


Po'+Jlog,  {T^-^), (556) 


^o''+^Mog.  /^A (55c) 


All  the  equations  just  developed  are  true  for  the  unit  of  weight 
(1  kg.)  [1  lb.]  of  gas;  consequently  if  for  such  a  unit  there  are 
given  two  of  the  three  quantities  p,  r,  and  7,  we  can  determine 
the  third  from  equation  (54)  and  can  then  determine  easily  the 
entropy  P  from  one  of  the  equations  55;  on  the  other  hand,  the 
utilization  of  equation  (53),  for  the  determination  of  the  quantity 
of  heat  Q  for  any  finite  change  of  state  of  the  gas,  demands  a 
statement  of  the  way  in  which  the  change  has  taken  place.  It 
will  be  the  task  of  the  following  investigations  to  carry  through 
the  calculations  for  a  series  of  the  most  important  of  these 
changes. 

But  equation  (536)  calls  for  a  particular  remark ;  if  we  replace 
in  it,  in  accordance  with  the  ordinary  usage,  the  absolute  tem- 
perature T  by  the  temperature  i,  we  get 

dQ^c^-^Apdv. 

The  heat  to  be  imparted  to  the  gas  accordingly  divides  itself 
into  two  parts,  of  which  the  part  c^  consumed  in  the  gas  just 
corresponds  to  the  quantity  of  heat  which  must  be  supplied  to  the 
gas  if  it  is  to  experience  this  rise  of  temperature  at  constant 
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volume;  therefore  this  part  consumed  in  the  interior  of  the 
gas  must  always  be  the  same,  whatever  change  the  gas  may  experi- 
ence in  the  way  of  pressure  and  volume.  The  truth  of  this 
is  so  evident  that  we  might  have  written  the  preceding  equa- 
tion at  once;  the  combination  of  the  equation  with  the  equa- 
tion of  condition  of  gases  (the  law  of  Mariotte  and  G  a  y- 
L  u  s  s  a  c)  then  easily  and  directly  leads  to  the  equations  found 
above  for  gases. 


§26.  THE  ISOTHERMAL  AND  ISODYNAMIC  CURVE  FOR 

GASES. 

The  "isothermal  c  u  r  v  e  '*  (§  6,  p.  39)  gives  the  law 
according  to  which  a  body  experiences  reversible  changes  of  state, 
during  heat  supply  or  heat  withdrawal,  while  the  temperature  T 
is  kept  constant  and  the  pressure  p  varies  with  the  volume  t\ 

We  get  especially  and  immediately  for  gases  from  the  equation 
of  condition 

pv  =  BT, 

and  for  the  equation  of  the  curve  sought 

when  the  initial  condition  is  given  by  the  quantities  pi,  Vi,  and  Ti 
because  T^T\. 

The  isothermal  curve  for  gases  is  therefore  an  "equilateral 
hyperbola  "  whose  constant  pi^i  =  BT\  is  determined  by  the  initial 
condition,  and  indeed,  if  we  here  assume  a  unit  of  weight  of  a 
gas,  it  is  completely  determined  by  the  initial  temperature  Ti 
alone. 

The  "isodynamic  curve''  represents  (§  6,  p.  37)  the 
change  of  the  pressure  p  with  the  volume  v,  when  the  energy  or 
inner  work  U  is  kept  constant  during  the  change  of  state;  the 
heat  imparted  or  withdrawn  is  therefore  completely  transformed 
into  outer  work  or  generated  by  such  work,  respectively.  But 
from  equations  (52)  and  (526),  p.  132,  and  an  assumption  of  a 
constant  value  of  f/,  we  see  that  then  the  product  pv  and  the 
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temperature  T  are  each  constant.  In  gases,  therefore,  the  i  s  o- 
dynamic  curve  is  identical  with  the  isother- 
mal curve. 

If  we  expand  the  unit  of  weight  of  gas  isothermally  or  isody- 
namically  from  the  volume 

Vi   to   the  volume  v  (Fig.  ^*^  **^ 

19a),  we  can  easily  draw  the 
transformation  a'6'  of  the 
pressure  curve  ab,  provided 
in  Fig.  196  we  lay  off  corre- 
sponding heat  weights  as 
abscissas  and  the  tempera- 
tures Ti  as  ordinates.  We 
compute  according  to  equation  (55a)  the  value  Pi  for  the  initial 
condition  (pi,  ?;i)  and  the  value  P  for  the  final  condition  (p,  v); 
these  in  Fig.  19b  make 

c  c 

OPi  =-j  log^  pivi'    and    OP=-~log,  pv% 

and  draw  the  horizontal  a'b'  corresponding  to  the  ordinate  Ti . 

The  area  bounded  by  the  pressure  curve  ab  represents  the  work 
performed  during,  expansion,  while  the  area  Pia'b'P  given  in  the 
transformation  represents  the  quantity  of  heat  Q,  measured  in 
units  of  work,  which  was  supplied  to  the  gas  from  the  outside 
during  the  assumed  change  of  state. 

The  quantity  of  heat  can  be  computed  from  equations  (53d) 
and  (53e),  because  T^Ti  and  d7=0,  by  the  integration 

Q  =  c,(^-l)rilogef  =  Cp'^rilog,^\     .    .     (56a) 

Vl  K  p 

or,  considering  the  relations  given  in  equation  (54),  it  can  be  found 
from 

Q=A5Tilog,^  =  ABrilog,^\    ....    (566) 
and  considering  the  equation  of  condition: 

=i4piViloge- — ^i4pii;i  log«^ (56c) 

1  r 
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Because,  for  an  invariable  value  of  f/,  the  heat  Q  is  supplied 
completely  transformed  into  work,  we  have 

Q  =  AL, (57) 

and  therefore  we  find  the  work  performed  or  consumed  during 
isothermal  or  isodynamic  expansion  or  compression  from  the 
equations  (566)  or  (56c)  is 

L^BTiloge^^=^BTiloge^,     .    .    .    .(58a) 
or 

L=pii?i  loge-  =  pit?i  loge-^ (586) 

From  equation  (57)  it  is  evident  that  the  transformation  a'6' 
of  the  pressure  curve  here  considered  (Fig.  19)  covers  the  same 
area  L  as  the  pressure  curve  itself,  a  proposition  which  is  more- 
over true  for  the  isothermal  curve  of  every  body. 

E X  a m  p  1  e. — Let  us  suppose  one  kilogram  [one  pound]  of  atmos- 
pheric air  of  the  temperature  ^— 15°  C.  [59°  F.]  to  expand  isothermally 
from  the  initial  pressure  2.5  atmospheres  to  1  atmosphere,  then  pi  »2.5 
X 10333  and  p-lX  10333  [pi  =36.742  and  p  =  14.6967  lb.  per  sq.  in.]  and 
T.  =288°  C.  [T^  -518.4°  F.];  consequently  it  follows  from  the  equation  of 
condition  because  B -29.269  [5=53.349]  for  air,  that  the  specific  volume 
at  the  beginning  and  at  the  end  is  vi  —0.3263  cbm.  [5.227  cu.  ft.]  and 
v=2.5vi  —0.8158  cbm.  [13.068  cu.  ft.],  and  therefore  according  to  equation 
(58)  the  work  performed  is  L  =7723.85  mkg.  [25340.78  ft-lb.],  and  the  quan- 
tity of  heat  imparted  to  maintain  the  temperature  constant :  Q  =i4L  — 18.217 
cal.  [32.79  B.t.u.]. 

According  to  equation  (55a)  there  results  for  the  entropy  of  air  at  the 
beginning  and  at  the  end: 

F, -371.78    and    P-398.60 
[Pi -902.27    and    P =951.21], 

because  the  specific  heat  Ct>— 0.1685  and  «  — 1.410;  consequently  we  can 
find  the  work  from  the  expression  L  — (P  — Pi)Ti. 

The  formulas  (586)  given  above  for  the  external  work  L  have 
long  been  extensively  used  in  Physics  and  Mechanics  and  in  the 
Theory  of  Engines,  long  before  the  rise  of  the  Thermodynamics  of 
the  present  day.    The  assumption  that  the  expansion  and  com- 
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pression  took  place  according  to  the  equilateral  hyperbola  was  a 
natural  one;  but  that  such  a  change  of  state  of  the  gas  could  only 
result  from  a  suitable  supply  or  withdrawal  of  heat  was  first  made 
clear  by  investigations  based  on  the  laws  of  Thermodynamics; 
that  is  why  this  sort  of  change  of  state  was  assumed  in  cases  in 
which  it  is  not  at  all  permissible,  for  'example  in  the  efflux  prob- 
lem; it  is  remarkable  that  this  occurs  even  now,  and  is  an  assump- 
tion which  may  still  be  found  in  some  of  the  elementary  manuals 
of  Physics  and  of  Mechanics. 

§  27.    THE  ADIABATIC  CURVE  OF  GASES. 

If,  during  a  reversible  change  of  state  of  a  gas,  heat  is  neither 
imparted  nor  withdrawn  either  during  the  whole  course  or  in  any 
of  its  parts,  then  the  pressure  p  of  a  gas  will  change  with  its  volume 
according  to  a  curve  designated  as  the  "adiabatic  curve" 
(see  §  6,  p.  39). 

During  the  adiabatic  change  of  state  the  temperature  T  also 
simultaneously  changes  with  the  pressure  and  volume  according 
to  a  particular  law;  the  changes  in  question  follow  directly  from 
equations  (55a)  to  (55c),  p.  135,  given  for  the  entropy  P  of 
gases. 

Because  dQ  =  0,  for  all  elements  of  the  change  of  state  under 
the  assumption  made,  there  follows,  from  equation  (53/),  dP  =  0; 
consequently  the  entropy  P  is  equally  large  for  all  points  of  the 
adiabatic;  therefore  from  equation  (55a)  we  have  for  the  initial 
and  final  condition  (Fig.  20) 

i^=j-log«piVi'  =  j  logepv',      ....     (59) 

provided  we  make  the  arbitrary  constant  Po  equal  to  zero;  hence 
the  equation  of  the  adiabatic  curve  can  also  be  represented  simply 

by 

pi;*=piVi* (60) 

In  the  same  way  there  can  be  determined  from  equations  (556) 
and  (55c) 
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from  which  we  can  find  the  temperature  T  for  any  point  of  the 
adiabatic  corresponding  to  a  given  value  of  v  or  p. 

The  transformation  of  the 
adiabatic  curve  ab  (Fig.  20a) 
is  ^ven  by  the  straight  line 
a'V  (Fig.  206). 

The  foregoing  results  (60) 

and  (61)  would  also  have  been 

■"      given  by  equations  (53c)  to 

(53e),  if  we  had  there  made 

dQ=0  and  integrated. 

The  work  L,  which  is  performed  or  consumed  during  adiabatic 

expansion  or  compression   respectively,  can  be  computed  from 

equation   (536),  p.  134,  when  we  put  dO=0,  and   integrate  the 

equation  : 

Apdv=  -c^T, 
from  which  follows 


Cv 


L~{T,^n 


(62a) 


If  we  use  the  relation  (54)  here,  we  can  also  write 


L  = 


/c~l 


(piri-pv), 


or  by  using  formulas  (61) 


(626) 


In  these  two  equations  we  can  also  replace  the  factor  in  front 

of  the  parenthesis  by 

CyTi     pivi 

A     K-r 

Moreover  equation  (626)  shows  that  for  any  adiabatic  change 
of  state  the  work  is  proportional  to  the  difference  of  the  two  rect- 
angles piVi  and  pv  constructed  from  the  initial  and  final  coor- 
dinates. 
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E  X  a  m  p  1  e. — If  a  kilogram  [pound]  of  atmospheric  air  expands  adia- 
batically  from  the  temperature  ti  — 15°  C.  [59°  F.]  and  pressure  of  2.5  atmos- 
pheres down  to  one  atmosphere,  then  Ti  —288°  C.  [518.4°  F.]  and  pi  -2.5 
X 10333  and  p -IX 10333  [p. -36.742  and  p- 14.6967  lb.  per  sq.  in.],  and 
the  initial  volume  vi,  as  in  the  example  of  the  preceding  article,  becomes 
vi  -0.3263  cbm.  [5.227  cu.  ft.]. 

We  now  get,  according  to  equation  (61)  for  the  final  temperature  7  — 
220.63  [397.13],  or  according  to  C  e  1  s  i  u  s,  ( - -52.37°  C.  [t  -  -62.266°  F.], 
and  for  the  final  volume  v— 0.6249  cbm.  [10.0102  cu.  ft.],  and  also  the  ratio 

V 

of  expansion :  —  —  1 .915. 

The  work  performed  according  to  equation  (62a)  is  L— 4813.16  mkg. 
[15791.15  ft-lb.],  and  the  corresponding  quantity  of  heat  which  here  dis- 
appears is  ilL  — 11.352  cal.  [20.434  B.t.u.].  Therefore  there  here  occurs  a 
considerable  lowering  of  temperature.  The  example  corresponds  to  con- 
ditions occurring  in  cold-air  engines. 

After  we  have  determined  in  the  manner  just  shown  the  course 
of  the  adiabatic  and  of  the  isodynamic  curve,  we  can  easily  deter- 
mine for  any  change  of  state  of  the  gas  the  quantity  of  heat  Q 
by  the  method  fully  explained  in  connection  with  Fig.  4,  §  7,  p.  41, 
but  we  recognize  now,  what  was  already  emphasized  there,  that 
the  two  intersections  c  and  d  are  somewhat  indeterminate  when 
applied  to  gases,  because  in  this  case  the  curves  in  question  cut 
one  another  at  a  very  acute  angle. 

The  second  of  the  above-given  graphical  methods,  namely,  the 
one  found  by  the  transformation  of  the  pressure  curve, 
is  therefore  to  be  preferred. 


§  28.  THE  GENERAL  FORM  OF  THE  EQUATION  OF  CON- 
DITION AND  THE  VARIABILITY  OF  THE  SPECIFIC 
HEAT  OF  OASES. 

The  equation  of  condition  for  gases  and  vapors,  and  indeed  for 
all  bodies  whatever,  can  always  be  written  in  the  form 

pv=^BT-R, (64) 

where  B  is  the  constant  corresponding  to  the  body  in  question, 
and  R  is  the  function  of  two  of  the  variables  p,  v,  or  T. 

At  present  nothing  more  is  known  of  this  function  R  than  that 
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its  influence  is  the  more  subordinate,  the  more  the  vapor  approaches 
to  the  condition  of  a  gas;  if  the  latter  obeys  the  law  of  Mariotte 
and  Gay-Lussac,  as  was  assumed  in  the  above  investiga- 
tions, then  we  must  substitute  72  =  0. 

If  we  regard  i2  as  a  function  of  p  and  v,  and  if  we  differentiate 
equation  (64)  partially  with  respect  to  p  and  v,  and  use  for  the 
absolute  temperature  the  relation  7'  =  a-l-/=273+^459.4-f  fl,  we 
get 

^3^  =  P+9^' (65) 

dt           dR 
%-^+3^ (66) 

Let  us  first  compute  the  coefficients  of  expansion  a,  and  ap, 
which  were  already  discussed  on  p.  97.  We  found  for  their  recip- 
rocal values  a^  and  Cp,  from  equation  (6)  there  given, 

dt  ,  dt     ^ 

and  therefore  there  result  tor  T^^a+t,  and  the  preceding  formulas 
(64),  (65),  and  (66), 

dR 
B{a^a,)^R-V^, (67) 

B(a-ap)  =  i2-i;|^ (68) 

According  to  these  equations  the  two  values  a,  and  ap  and 
the  two  coefficients  of  expansion  a^  and  a^  could  be  computed 
for  the  body  in  question  if  the  function  R  in  the  equation  of  con- 
dition (64)  were  known. 

Now  if  heat  supply  under  constant  volume  or  constant  pres- 
sure takes  place,  we  have  dv  =  0  or  dp  =  0  respectively;  from  the 
second  and  third  of  equations  (36),  p.  122.  there  follows 

AX  AY 

dp  dv 
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Let  c«  and  Cp  be  the  specific  heats  of  the  body  at  constant 
volume  and  at  constant  pressure  respectively,  then 

dQ^ = c^    and    dQp = Cj/U, 
and  by  combining  with  the  preceding  expression  there  follows 


'dp 


AX^Cj,-^    and    AY—Cp 


If  we  utilize  these  values  in  equations  (la),  (Ila),  and  (Ilia), 
p.  62,  the  first  fundamental  equation  takes  the  form 


_9_ 
dp 


and  the  second  fundamental  equation 


and  there  further  follow 


dQ  = 


3<  J  3<  , 


AT 

dp 

^c^^^dp 

dv 


From  equation 


dQ=AdU  +  Apdv 


aft) 


aK) 


aiife) 


we  can  then  compute  the  change  of  energy  dt/;  for  example,  there 
follows  from  the  second  of  equations  (III6) 


AdU=^c^+A 


— p  \dv. 


av6) 
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We  will  repeatedly  emphasize  the  fact  that  these  equations  are 
perfectly  valid  and  general  for  the  equation  of  condition  (64), 
that  is,  ioT  pv-hR'^BT,  the  specific  heats  Cp  and  c»  being  here 
regarded  as  functions  of  p  and  v. 

The  formulas  permit  a  number  of  transformations  if  we  employ, 

dt  dt 

for  the  partial  differential  coefficients -^  and  ^,  equations  (65) 

and  (66),  and  as  occasion  may  demand  also  utilize  equations  (67) 
and  (68),  in  which  a,  and  Op  are  taken  as  functions  of  p  and  v; 
for  example,  we  see  that  in  place  of  equation  (IV6)  we  can  put 

AdU  =^  Cr/ii  +  —^ — ri — dv. 

The  formulas  become  immediately  available  if  we  only  know 
the  law  of  change  of  two  of  the  quantities  A,  Cp,  and  c,,  regarded 
as  functions  of  p  and  v.  In  subsequent  investigations  of  vapors 
the  different  assumptions  which  have  hitherto  been  made  con- 
cerning the  function  R  will  be  more  fully  discussed;  at  t h  i  s  place 
only  one  case  will  be  subjected  to  special  consideration;  it 
will  be  assumed  that  we  have  before  us  a  gas  obeying  the  law 
of  Mariotte  and  Gay-Lussac.  Assume,  therefore,  the 
equation  of  condition,  as  in  former  investigations,  to  be  pv  —  BT, 
consequently  jR=0. 

Here  equations  (67)  and  (68)  give  at  orice 

a^=ap=a  =  273  [491.4], 
and  from  equations  (65)  and  (66)  follow 

B-^r^V    and    fi^-^v. 

ov    ^  op 

Substitution  in  equation  (116)  then  gives 

Cp-c„  =  A5, (68a) 

and  after  a  few  simple  transformations  there  follows  from  equa- 
tion (16) 


^v^"^ ^^^> 
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The  next  to  the  last  equation  shows  that  the  difference  of  the 
specific  heats  is  constant  even  if  they  do  vary  with  p  and  v;  if 
we  differentiate  the  equation  with  respect  to  v  and  substitute 

-^ = -^  in  the  last  equation,  there  follows  the  relation 


9cp      9cp 
^9p  "    9v' 

which  differential  equation  is  only  satisfied  when  Cp  is  regarded  as 
a  function  of  the  product  pv;  but  as  this  product  is  proportional 
to  the  absolute  temperature  T,  there  follows  for  i2=0, 

(1)  That  the  specific  heat  Cp  for  constant  pressure,  if  it  is  vari- 
able at  all,  can  only  be  a  function  of  the  temperature  t,  and 

(2)  That  the  specific  heat  c,  for  constant  volume,  according  to 
equation  (68a),  can  differ  from  the  value  of  Cp  only  by  a  con- 
stant. 

There  exist  valuable  experiments  by  Eilhard  Wiede- 
mann *  on  the  variability  of  the  specific  heat  Cp  with  the  tem- 
perature. He  found  for  atmospheric  air  Cp= 0.2389,  for  hydrogen 
Cp  =  3.4100,  for  carbonic  oxide  Cp= 0.2425,  values  which  differ 
very  little  from  the  results  of  Regnault.  It  was  also 
found  by  E.  Wiedemann  that  these  values  (within  the 
ordinary  pressure  and  temperature  limits)  were  independent  of  the 
temperature.  On  the  other  hand  he  found  an  increase  of 
the  values  Cp  with  the  temperature,  for  the  following  gases: 

fore-                  0<»  100**  200**  C. 

[32*1  [212T  [392*»  FJ 

Carbonic  acid, Cp-            0.1952  0.2169  0.2387 

Ammonia 0.5009  0.5317  0.5629 

Ethylene 0.3364  0.4189  0.5015 

Nitric  oxide 0.1983  0.2212  0.2442 

For  that  matter  Regnault  has  already  shown  that  for 
carbonic  acid  in  particular  there  was  an  increase  of  specific  heat 
with  the  temperature;  he  "  found  for  0°,  100°,  and  200°  [32°,  212°, 

>E.   Wiedemann,  '^Uber  die  spezifische  W&rme  der  Case."    Poggen- 
dorif's  Annalen,  vol.  157,  p.  1. 
» Rel.  II,  130. 
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392°  F.],  respectively,  Cp= 0.1870,  0.2145,  and  0.2396,  values  which 
differ  little  from  those  found  byE.   Wiedemann.. 

Later  the  question  was  again  examined  by  Mallard  and 
Le  Ch  atelier,^  and  their  work  has  created  great  interest 
among  the  engineers  of  Germany,  because  they  touched  questions 
which  play  an  important  part  in  judging  gas- (explosive)  engines 
and  in  the  investigation  of  combustion  phenomena  in  general ;  the 
problem  here  is  mainly  the  behavior  of  the  products  of  combus- 
tion of  exploding  gases,  namely,  of  carbonic  acid  and  of 
vapor    of   water. 

Let  m,  as  above,  be  the  molecular  weight  of  the  gas  or  vapor, 
as  the  case  may  be,  then  we  can  write 

mc^ =«+/?/ +  7-^, (70) 

when  c,  represents  the  specific  heat  at  constant  volume 
and  a,  ^,  and  y  are  experimental  constants.  Consequently  the 
heat  Q  necessary  for  heating  from  0°  to  ^  is 


The  equation  can  also  be  written 

where  we  can  consider  the  quantity  enclosed  in  the  bracket  as 
the  mean  specific  heat  Cm  between  the  temperatures  0°  and  t^; 
consequently  we  can  write 

Cm=a  +  ilSt  +  irt^ 
^a+^t  +  ffi. 

Accordingly  we  should  get  for  equation  (70) 

p  =  2!r    and     r^^fj 

provided  ^  and  f  were  known  from  experiments. 

*  ^'Recherches  exp^rimentales  et  th^oriques  sur  la  combustion  des  melanges 
gazeux  explosifs/'  by  Mallard  and  Le  Chatelier,  Ing^nieurs  au  corps  de  Mines. 
Annales  des  Mines,  Vol.  IV,  1883. 
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Mallard  and  Le  Chatelier  have  recomputed  their 
original  observations,  making  use  of  the  experimental  results  of 
S  a  r  r  a  u  and  V  i  e  i  1 1  e,  and  got  for  the  mean  specific  heat 
Cfn  the  following  expressions :  ^ 


for  carbonic  acid Cm =6.60+ 0.00387  ^ 

"  steam =5.78+0.00286/, 

• '  the  simple  gases  (Hz,  O2,  N2,  CO)      =4.76  +0.00122  t.  1 


(«) 


From  this  follows,  for  molecular  weight,  the  specific  heat  at 
constant  volume: 


for  carbonic  acid mc„  =  6.50+ 0.00774  ^, 

steam =5.78+0.00572  ^ 

the  simple  gases =4.76+0.00244/. 


.    m 


If  we  introduce  the  absolute  temperature,  putting  /  =  7—273 
we  get: 


for  carbonic  acid mc^= 4.387 +0.007747,1 

steam =4.218+0.005727, 

the  simple  gases =4.094+0.00244  7. 


a 
it 


■    (r) 


It  follows  from  this,  as  is  also  pointed  out  by  Le  Chatelier, 
that  at  the  absolute  zero  the  real  specific  molecular  heats  would 
be  nearly  equal  for  the  gases  and  vapors  before  us. 

As  the  relation  7ncp-rwr^  =  1.9934,  equation  (46),  p.  126,  holds, 
we  can  compute  the  specific  heat  Cp  at  constant  pressure 
from  the  foregoing  formulas,  but  of  course  the  values  for  car- 
bonic acid  and  the  vapor  of  water  must  be  regarded  as  approxi- 
mations only. 

If  we  substitute  in  the  second  group  of  the  preceding  expres- 
sions m=  44,  we  get  for  carbonic  acid 

c,  =0.1477 +0.000176/, 
Cp = 0.1930 +0.000176/; 


^Wiedemann's    Beibl&tter  zu  den  Annalen  der  Physik  und  Chemie, 
1890,  XIV,  p.  365. 
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for  the  vapor  of  water  with  m  =  18: 

c„  =0.3211 +0.000318 «, 
Cp= 0.4318 +0.000318^; 

for  hydrogen,  because  m=2: 

c,  =2.380+0.00122  < 
Cp =3.377 +0.001 22  ^ 

For  other  gases,  oxygen,  nitrogen,  and  carbonic  oxide  we 
would  put  respectively  m  =  32,  28,  and  28.  These  formulas  give 
for  carbonic  acid  and  the  vapor  of  water,  values  for  Cp  between 
the  temperatures  0°  and  200°  [32°  and  392^  F.],  which  agree  suffi- 
ciently well  with  the  formerly  given  values  of  Regnault  and 
E.  Wiedemann;  for  hydrogen  and  the  other  simple  gases 
the  specific  heats  experience  such  a  marked  increase  with 
the  temperature  that  the  author  felt  justified,  when  issuing  the 
preceding  edition  of  this  book,  in  doubting  the  reliability  of  the 
experimental  results  of  Mallard  and  Le  Chatelier. 

In  the  meantime  these  investigations  have  been  confirmed  in 
a  general  way  by  the  new  experiments  of  A.  L  a  n  g  e  n  ^  and 
have  been  utiUzed  in  the  more  recent  technical  investigations  on 
internal-combustion  motors  by  S  t  o  d  o  1  a,  E.  Meyer,  and 
others,  so  that  we  may  consider  the  doubt  raised  as  removed 
although  the  problem  cannot  be  regarded  as  solved  in  all  its  parts. 
At  any  rate  there  must  be  dropped  from  the  theory  of  internal- 
combustion  motors  the  former  assumption  of  the  constancy  of  the 
specific  heats  of  the  products  of  combustion,  although  we  may  still 
be  far  from  a  satisfactory  theory  of  the  occurrences  in  said  engines. 
That  the  specific  heats  can  be  assumed  to  vary  only  with  the  tem- 
perature, in  gases  subject  to  the  equation  of  condition  pv^BT 
was  discussed  upon  p.  145,  but  it  is  just  the  products  of  combus- 
tion, carbonic  acid  and  steam,  upon  which  everything  here  de- 
pends, that  do  not  obey  this  law;  here  the  specific  heats  must  be 
regarded  as  also  depending  on  the  pressure.    Considering  this  de- 

^A.  Langen,  Untereuchungen  iiber  die  Drucke,  welche  bei  Explosionen 
von  Wasserstoff  und  Kohlenoxyd  in  geschlossenen  Gef&ssen  auftreten.  (Zeit- 
schrift  des  Vereins  deutscher  Ingenieurc,  1903,  p.  622.) 
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pendence  on  temperature  and  pressure  at  their  higher  values,  there 
is  at  present  complete  uncertainty. 

To  this  must  be  added  the  circumstance  that  at  high  tempera- 
tures carbonic  acid  and  steam  experience  "Dissociation,"  a  de- 
composition into  their  constituents,  a  procedure  concerning  whose 
laws  there  likewise  exists  complete  uncertainty. 

In  the  observations  of  Langen,  as  well  as  in  those  of  Mal- 
lard and  Le  Chatelier,  connected  with  the  cooling  curves 
of  those  experiments  relating  to  temperatures  above  1700°  C. 
[3100°  F.J  after  the  combustion  of  carbonic  acid,  there  occurred 
irregularities  which  can  only  be  explained  by  the  dissociation  of 
carbonic  acid. 

Therefore  for  combustion  temperatures  above  1700°  C.  [3100° 
F.]  the  above-given  formulas  for  molecular  heats  cannot  be 
employed. 

For  gases  (atmospheric  air)  there  is  on  hand  a  specild  investi- 
gation by  L  i  n  d  e  .^  In  a  clever  way  L  i  n  d  e  based  and  built 
his  machine  for  the  liquefaction  of  atmospheric  air  upon  certain 
occurrences  in  an  experimental  series  by  W.  Thomson  and 
Joule,  which  have  been  known  since  1862,  and  which  previously 
had  only  occasionally  given  rise  to  theoretical  considerations  con- 
cerning the  behavior  of  gases.  On  the  basis  of  these  experiments 
and  by  considering  certain  occurrences  in  his  machine  L  i  n  d  e 
(ibid,)  obtained  the  following  formula  for  the  computation  of  the 
specific  heats  Cp  of  the  air  at  constant  pressure.  Into  the  develop- 
ment of  this  formula  we  will  go  more  fully  later  on,  in  the  theory 
of  vapors  and  when  considering  L  i  n  d  e  '  s  machine.  But 
at  this  place  we  must  emphasize  what  is  of  importance  for  the 
following  investigations  of  air  and  gas  engines.  L  i  n  d  e  '  s 
formula  reads: 

c  =c  ri-'^i"'  • 

Here  Cp^  =  0.237,  which  value,  according  to  Witkowski's 
experimental  results,  represents  the  specific  heat  Cp  at  very 

*  L  i  n  d  e  ,  "  Uber  die  Verftnderlichkeit  der  spezifischen  Wftrme  der  Case." 
Sitsungsberichte  der  raathem.-physik.  Klasse  der  k.  bayer.  Akademie  der 
Wiaeenschaften,  Vol.  XXVII,  1897,  No.  3. 
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small  values  of  the  pressure  p  lying  near  to  zero,  and  is  inde- 
pendent of  the  temperature.  We  must  write  for  the  constant  a 
when  p  is  expressed  in  atmospheres  (10333  kg.  per  qm.)  [14.6967 
lb.  per  sq.  in.],  a  =  20570  [a  =  8163  for  p  in  lb.  per  sq.  in.  and 
T  in  Fahr.  degrees]. 

The  following  table  is  computed  by  the  preceding  equation 
and  gives  in  somewhat  more  extended  form  L  i  n  d  e  '  s  table 
(ibid.)  for  the  specific  heat  Cp  of  air. 


t--10oo 

-50*» 

0* 

+ 100°  c. 

«-[-148*'l 

[-58^1 

[32*1 

[  +  212°F.l 

p—   1  Atm. 

0  2389 

0 . 2379 

0.2375 

0.2372 

io    " 

0.2579 

0.2462 

0.2419 

0.2389 

40     " 

0.3650 

0.2801 

0.2583 

0.2448 

70     " 

0.7856 

0.3293 

0.2779 

0.2511 

At  the  same  temperature  the  values  of  Cp  show  an  increase 
with  the  pressure,  and  this  is  more  marked  the  lower  the  tempera- 
ture, that  is,  the  nearer  the  air  is  to  liquefaction.  And  for  the 
same  pressure  the  values  diminish  continuously  with  increasing 
temperature,  and  for  all  pressures  would  approach  to  the  constant 
value  0.2370;  the  latter  result  contradicts  the  above-mentioned 
observations  of  Mallard  and  Le  Chatelier  and  also 
those  of  L  a  n  g  e  n,  but  of  course  it  must  here  be  remembered 
that  L  i  n  d  e  '  s  formula  for  Cp  is  only  to  be  regarded  as  decisive 
within  narrow  limits. 

In  any  case  we  can  draw  the  conclusion  that  for  temperatures 
from  -50''  to  +100''  [-SS'^to  +212'']  and  over,  and  for  pressures 
deviating  but  little  from  one  atmosphere,  Regnault's  con- 
stant average  value  0.2375  is  thoroughly  reliable,  so  that  in  the 
theory  of  hot-  and  cold-air  engines  air  can  be  assumed  as  a  perfect 
gas. 


APPLICATIONS. 


PHYSICAL  PART. 


L  Reversible  Chaoges  of  State  of  a  Qa& 

§  29.    THE  POLYTROPIC  CURVE  OF  OASES. 

Of  the  numerous  pressure  curves,  which  a  gas  may  follow 
when  experiencing  reversible  changes  of  state,  there  is  one  case 
of  special  importance,  because  it  includes  numberless  special  cases 
and  just  the  ones  which  are  of  physical  and  of  technical  import- 
ance. The  problem  indicated  embraces  the  behavior  of  the  gas 
under  the  assumption  that  ''the  quantity  of  heat 
supplied  to,  or  withdrawn  from,  the  gas  is 
directly  proportional  to  the  change  of  tem- 
perature." 

Suppose  given  the  unit  of  weight  of  a  gas,  the  pressure  p, 
volume  V,  and  temperature  T;  the  pressure  curve  is  to  be  deter- 
mined when  the  quantity  of  heat  for  an  infinitesimal  change  of 

state  is  given  by 

dQ=^cdT, (1) 

in  which  c  represents  any  positive  or  negative,  whole  or  fractional, 
number.  According  to  equation  (54),  p.  134,  the  equation  of  con- 
dition is  written  in  the  form 

If  we  differentiate  it  and  substitute  the  value  of  dT  in  the 
foregoing  equation  (1),  there  follows,  for  the  case  assumed, 

A   c 
dQ  =  -—z-r(vdp+j)dv). 
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On  the  other  hand  we  have  generally,  for  every  kind 
of  change  of  state,  according  to  equation  (53c),  p.  134, 

dQ  =  -—7  (vdp  +  Kpdv) . 

^  ""  J. 

By  equating  these  two  expressions  and  remembering  that 

Cp  =  KCv,  we  get 

iC'-cJvdp  +  (c—Cp)pdv==0. 

If  we  divide  both  sides  by  (c  —  c^)pv  and  put 

^^^-n, (2) 

where  n  is  a  new  constant  quantity,  completely  determined  by 
the  value  of  c,  by  the  specific  heat  for  constant  pressure  (Cp),  and 
by  that  for  constant  volume  (cj,  we  get 

dp      dv    ^ 

— +n— =0, 

p         V        ' 

and  from  this,  by  integration, 

pi^»-C, (3) 

where  C  represents  a  constant. 

If  the  initial  condition  is  given  by  pi  and  Vi,  we  accordingly 

have 

pv»  =  piVi* (3a) 

as  the  equation  of  the  sought  pressure  curve,  which  we  will  here- 
after call  the  polytropic  curve.  If  at  the  start  there  is 
given,  instead  of  the  factor  c,  the  exponent  n  of  the  preceding 
formula,  then  we  can  compute  backward  from  equation  (2)  and 
get 

^=;rri^' <4) 

I  call  c  the  "s  p  e  ci  f  i  c  heat  of  the  gas  for  the 
pressure  curve  pv^  =  C"  ^ 

1 1  first  called  attention  to  this  general  case  of  the  change  of  condition  of 
a  gas  in  the  second  edition  of  this  book  (1866).  Since  that  time  the  correspond- 
ing formulas  and  propositions  have  been  much  used,  particularly  in  technical 
investigations. 
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Because  of  the  arbitrary  choice  of  the  exponent  n  there  are 
therefore  an  infinite  number  of  values  of  the  specific  heat;  but 
only  on  the  assumption  of  this  kind  of  pressure  curve  is  the 
quantity  of  heat  proportional  to  the  change  of 
temperature. 

If  we  write  the  equation  of  condition  in  the  form 

pv      T 


PlVl      Ty! 

its  combination  with  equation  (3)  also  gives 


(5) 


from  which  equations  can  be  directly  determined  the  temperature 
T  for  every  pressure-curve  point  which  is  fixed  by  a  correspond- 
ing value  of  the  voliune  v  or  of  the  pressure  p. 

I' 


0     « 


Fig.  21. 

The  quantity  of  heat  which  must  be  supplied  for  the  change 
corresponding  to  the  pressure  curve  ab  (Fig.  21)  can  be  found  at 
once,  from  equation  (1),  to  be 

Q^c{T-Ti), (6) 

and  the  work  performed  is  determined  by  the  integration  of  equa- 
tion (536),  p.  134: 

iJ^iT^Tr) 

Dividing  this  formula  by  equation  (6)  gives 

AL    c  —  c„ 


(7) 


Q 


(7a) 
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according  to  which  the  external  work  is  likewise  proportional  to 
the  change  of  temperature,  and  therefore  also  directly  propor- 
tional to  the  quantity  of  heat  Q. 

If  in  equation  (7)  we  replace  the  specific  heat  c  by  the  value 
given  in  equation  (4),  we  get,  by  considering  equation  (64),  p.  134, 

c^JK-l)         AB 
^    ^^-       n-1    ""     n-r 

and  from  this  also  the  external  work : 

i'=^^3i(Pi^i-H, (76) 

or 

^-s[>-(?)"""]=„^iD-fe)n  --^ 

in  which  latter  formulas  the  factor  piVi  can  be  replaced  by  BTi. 

Equation  (76)  seems  to  be  particularly  simple.  The  external 
work  L,  represented  in  Fig.  21a  by  the  vertically  hatched  area, 
appears  as  proportional  to  the  difference  of  the  two  rectangles 
formed  by  the  pressure  and  volume  at  the  beginning  and  at  the 
end  of  the  operation. 

If  we  determine  in  Fig.  21a  by  the  planimeter  the  area  L  and 
the  two  rectangles,  we  can  find  from  equation  (76)  the  exponent 
n  and  then  also  the  specific  heat  c,  provided  of  course  that  the 
pressure  curve  is  really  subject  to  the  law  pv**  =  constant. 

In  certain  investigations  into  which  we  will  enter  later,  the 
area  piobp,  bounded  by  the  pressure  curve  a6  and  distinguished 
in  Fig.  21a  by  partially  horizontal  and  partially  close  hatchings, 
plays  an  important  part.  If  we  designate  this  area  by  F  we  get, 
as  the  figure  shows, 

F^^PiVi+L  —  pVf 

and  therefore  with  the  help  of  equation  (76) 

P  =  ^l(Pi^i-P^)y (8) 
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and  by  the  combination  of  the  two  equations  we  get 

F 

2;=n,       (9) 

which  formula  will  still  more  easily  lead  to  the  exponent  n,  with    « 
the  help  of  the  planimeter. 

The  use  of  equation  (6)  in  equation  (76)  leads  to  the  formula 

0=^^L, (10) 

or  with  the  help  of  (9)  to 

Q^-A.^(kL-F), (10a) 

and  with  this  and  the  planimeter  we  can  directly  determine  the 
quantity  of  heat  Q  which  can  be  imparted  during  the  change  of 
condition  given  by  the  drawing. 

The  foregoing  can  even  then  be  applied  when  the  law  of  the 
change  of  state  is  not  known,  and  when  this  change  is  not  subject 
to  the  condition  pv"  =  constant. 

For  if  we  suppose  the  pressure  curve  ab  (Fig.  21a)  to  represent 
a  part  of  the  curve  of  an  indicator  diagram  from  a  hot-  or  cold- 
air  engine,  and  that  part  which  corresponds  to  the  expansion  or 
compression  of  the  air  in  the  engine  cylinder,  then  the  curve  can 
be  conceived  as  decomposed  into  short  pieces  which  approximately 
follow  the  foregoing  law  of  change;  as  we  do  not  here  have  to  do 
with  the  unit  of  weight,  let  Vi  and  V2  represent  the  volume  at 
the  beginning  and  the  end,  and  pi  and  p2  the  corresponding  pres- 
sure for  any  short  piece  of  curve,  both  co-ordinates  being  deter- 
mined by  measurement  from  the  indicator  diagram.  Then  we 
can  put  p2V2^=PiVi^  and  from  this  derive 

_  logpi-logP2 
logF2-log>l' 

and  then  compute  from  equation  (4)  the  specific  heat  c.  If  we 
perform  this  computation  for  the  various  parts  of  the  curve,  we 
get  an  insight  as  to  whether,  during  the  whole  expansion  or  com- 
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presaon,  there  haa  been  a  supply  or  withdrawal  of  heat  and  to 
what  extent  it  has  taken  place;  in  general,  different  values  will 
be  obt^ned  for  n  and  c  for  the  separate  curve-intervals.  This 
method  of  investigating  the  pressure  curve  has  often  been  prac- 
tically carried  out,  but  the  solution  with  the  help  of  the  "trans- 
formation" of  the  pressure  curve  furnishes  a  still  better  insight 
into  the  problem. 

§  30.    OTHER  PROPERTIES  OF  THE  POLYTROPIC 
CURVE. 

If  we  suppose  different  values  given  to  the  constant  C  of  equa- 
tion (3),  p.  152,  we  will  get  an  infinite  multitude  of  pressure  curves 
having  the  same  law  (F.g.  22).      The 
differentiation  of  the  equation  gives 

npdv  +  vdp=0, 
or 

-p-J:     .     .     .     (11) 

do      f  '  js 

Now  it  MTX  is  the  angle  a  made  by  ^"-  ^■ 

tile  tangent,  and  MOX  =  <fi  the  angle  formed  by  the  radius 
vector  OM  with  the  axis  OX,  then  there  follows  from  equation 
(U) 

—  tana  =  n  tan  ^ (Ha) 

consequently  the  radius  vector  cuts  the  whole  series  of  curves  at 
the  same  angle,  that  is,  the  tangents  at  all  these  intersections  are 
parallel. 

But  we  also  get  from  the  figure 

MQ  .    ,      ^     MQ 

tan  a  -  qjt     and    tan  ^ = ^^. 

Utilizing  these  equations  in  equation  (11a)  we  get  simply 

"-«f 

which  shows  the  exponent  n  as  the  quotient  of  the  abscis.ua  OQ 
and  the  subtangent  QT. 


(12) 
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If  we  lay  off  from  0  on  the  axis  of  X  the  distance  OA  as  the 
unit  of  length,  and  if  we  draw  through  the  point  A  the  line  AC 
parallel  to  the  tangent  and  through  the  point  of  intersection  C  the 
line  CB  parallel  to  the  radius-vector,  then  the  intercept  OB  will 
give  directly  the  value  of  the  exponent  n,  and  this  gives  us  an 
additional  means  of  examining  whether  or  no  an  assumed  pressure 
curve  obeys  the  law  pv'»  =  constant,  and  if  it  does  not,  of  ascer- 
taining how  n  varies  from  element  to  element.     Figs.  23a  and  236 


Fig.  23. 

give  the  course  of  the  assumed  pressure  curve  under  the  assump- 
tion that  the  exponent  nis  negative. 

Fig.  23a  is  true  for  the  assumption  n<l,  and  Fig.  236  for 
n  >  1 ;  in  both  cases  the  curves  pass  through  the  origin  0  of  the 
coordinate  axes  (parabolas  of  higher  order). 

For  Qr  =  0  there  follows,  from  equation  (12),  n  =  oo,  then  the 
curve  is  transformed  into  a  straight  line  parallel  to 
the  axis  of  ordinates-  OY. 

In  this  case  equation  (4)  gives  the  specific  heat  c—c^;  accord- 
ing to  equation  (6)  there  follows  the  supplied  heat  Q^-c^iT  —  Ti), 
and  according  to  equation  (7)  the  external  work  L=0;  we  here 
therefore  strike  a  case,  long  ago  treated  in  Physics,  of  heating 
the  gas  under  constant  volume. 

On  the  other  hand,  if  the  subtangent  QT  =oo,  there  follows 
n=0  from  equation  (12),  and  consequently  from  equation  (4) 
^  =  /tt:^  =  Cp;  the  supplied  heat,  according  to  equation  (6),  is 


(?  =  rp(r-ri), 
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and  because  here  p^pi  according  to  equation  (3),  the  external 
work  according  to  equation  (76)  becomes 

L=pi(v-vi). 

Here  we  have  the  long-known  case  of  heating  the  gas 
under  constant  pressure. 

Furthermore  if  we  substitute  n^K  in  the  given  equations  of 
the  general  case,  then  c=0,  according  to  equation  (4),  and  this 
assumption  leads  to  the  adiabatic  curve;  all  the  equations  then 
pass  into  the  forms  which  we  find  in  §  27  for  the  adiabatic  curve. 

Finally,  if  we  assume  n  =  l,  equation  (5)  gives  7=7*1,  and 
hence  pr=piVi,  which  result  corresponds  to  the  isothermal  and 
isodynamic  changes  of  state;  equations  (7b)  and  (10)  then  give 
the,  to  be  sure,  indeterminate  expressions 

L=-^    and    Q=-q, 

whose  values,  however,  were  found  earlier  by  equations  (666)  and 
(58a),  pp.  137  and  138. 

Cionsequently  the  poly  tropic  curve  embraces  all  the  special 
cases  treated  above. 

§  31,    CONSTRUCTION  OF  THE  POLYTROPIC  CURVE 

AND  ITS  TRANSFORMATION. 

If  through  the  point  M  (Fig.  24),  whose  co-ordinates  OQ  and 
QM  are  designated  by  vi  and  pi ,  there  is  to  be  passed  a  poly  tropic 
curve,  for  the  law  pv^^piVi''^  constant,  we  can  derive  a  simple 
method  of  construction  from  the  following  considerations  ^ :  Draw 
the  line  OA,  making  any  angle  XOA  =a  with  the  axis  OX,  and 
likewise  draw  the  line  OB,  making  the  angle  BOY=p  with  the 
axis  OY;  we  now  pass  vertically  downward  from  the  point  M  to 
the  intersection  S  with  the  direction  OA  and  then  horizontally 
over  to  the  intersection  T  with  the  axis  OY;   furthermore,  pass 

^  According  to  B  r  a  u  e  r  :  "  Konstniktion  gesetsmAsiger  Expansionskurven 
von  der  allgemeinen  Form  p«"  =  C"  Zeitschrift  dee  Vereins  deutscher  Ingenieure, 
1885,  vol.  29,  p.  433. 
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through  the  points  S  and  T  the  lines  SR  and  TU,  making  an  angle 
of  45°  with  the  horizontal,  and  if  we  draw  through  R  a  vertical, 
and  through  U  a  horizontal,  they  will  intersect  in  the  point  N, 
whose  co-ordinates  OR  and  RN  =0V  will  be  designated  by  v  and  p. 
According  to  the  given  construction  QS  —  QB^v—Vi  and  VT 
"l/V  =  pi— p,  and  consequently 

taDa=^— ^    and    tang-^~°, 


tt— tii(l  +  tana:)    and    pi  =  p(l  +  tan^). 
If  the  point  i\r  is  to  be  a  point  of  the  polytropic  curve 
through  M,  there  must  hold  the  relatioD 

p»»  =  piri», 

or,  utilizing  the  two  preceding  expres^ona,  determining  from  them 
p  and  V  and  then  substituting,  we  get  the  equation 

{H-tan^)  =  (H-tana)". 

If  the  exponent  n  of  the  polytropic  cruve  is  given  and  the 
angle  a  chosen  arbitrarily,  we  can  compute  from  this 
equation  the  angle  fi,  and  in  Fig.  24 
make  :ifXOA=a  and  ^¥08=^. 
Now  the  rule  for  construction  ia 
simply  the  following,  as  may  easily 
be  seen.  We  start  down  vertically 
from  the  given  point  M  to  the 
point  S,  pass  horizontally  over  to 
the  point  T  and  draw  between  the 
lines  OX  and  OA,  as  well  as  be- 
tween OY  and  OB,  the  zigzag  lines 

shown  in  the  figure,  in  which  a  part  of  each  broken  line  is  inclined 
at  an  angle  of  45°  to  the  horizontal.  The  zigzag  may  also  start 
from  S  and  go  to  the  left,  and  may  start  from  T  and  be  continued 
upward.  If  we  now  draw  vertical  lines  through  all  intersections 
with  the  axis  OX  and  horizontal  lines  through  all  intersections 
with  the  axis  OY,  we  will  get  a  net  of  straight  lines  intersecting 
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each  other  at  right  angles,  and  the  corresponding  intersections  will 
lie  on  the  curve  sought.  We  see  that  in  this  way  we  not  only 
get  the  polytropic  curve  passing  through  the  point  M^  but  a 
whole  host  of  curves  of  the  same  species.  The  smaller  the  angle 
a  chosen  for  the  construction  the  nearer  to  each  other  will  be  the 
sought  points  of  the  curves. 

Fig.  24  at  once  gives  the  course  of  the  curve : 

In  the  net  of  rectangles  we  connect  in  each  rectangle  the  lower 
left  corner  with  the  upper  right  corner  by  a  straight  line, 
and  we  get  a  series  of  curves  corresponding  to  the  preceding  equa- 
tion. All  of  the  curves  pass  through  the  origin  0  (higher  parab- 
olas), but  are  transformed  into  straight  lines  for  n  =  l,  forming 
a  bundle  of  rays;  the  corresponding  curves,  for  n=-fl,  then 
form  a  group  of  equilateral  hyperbolas,  for  whose  construction  it 
is  simply  necessary  to  make  the  angles  a  and  /?  equal. 

We  now  attach  to  the  given  method  of  construction  the  proposi- 
tion concerning  the  "transformation  "  of  the  polytropic  curve. 

If  we  substitute,  in  the  formula  for  the  computation  of  entropy 


-/ 


dQ 
AT 


the  quantity  of  heat  dQ^cdT  according  to  equation  (1),  we  get, 

by  integration, 

AP=APo+c\og,T, (13) 

where  Po  represents  the  arbitrary  constant  of  integration.    If, 

for  the  initial  condition.  Pi  is  the  entropy  and  Ti  the  temperature, 

there  follows  also 

.4(P-Pi)=clog,|^, (13a) 

and  this  expression  is  at  the  same  time  the  equation  for  the  trans- 
formation a'V  of  the  polytropic  curve  in  question,  provided  P 
and  Pi  are  laid  off  as  abscissas  and  T  and  T^i  as  ordinates  (Fig. 
216,  p.  153) ;  this  is  an  equation  which  can  also  be  written  in  the 
exponential  form 

AjP-  Pi) 
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where  6  =  2.71828  ....    The  curve  is  the  known  logarithmic  line 
(Logistik). 

If  we  utilize  equation  (5)  in  equation  (13a)  and  replace  c  by 
expression  (4),  we  have 


and 


^(P-Pi)  =  (n-/cKlog,^     ....     (136) 
.4(P-P0-(^)cJog,^ (13c) 


These  formulas  naturally  embrace  also  all  the  special  cases  dis- 
cussed above. 

For  heating  under  constant  volume  c = c„  and  n  =  oo  must  be 
substituted,  and 

for  heating  under  constant  pressure  c  » Cp  and  n  «=  0. 

For  adiabatic  expansion  c »0  and  n  =  k;  consequently 
according  to  equation  (13o)  P=Pi  and  the  transformation  of 
the  adiabatic  is  therefore  a  straight  line  lying  parallel  to  the  axis 
of  ordinates,  as  was  mentioned  before. 

For  isothermal  and  isodynamic  expansion  c» oo 
and  n  =»  1 ;  the  transformation  is  therefore  a  horizontal  line. 

If  in  any  other  case  heat  withdrawal  is  connected 
with  an  expansion,  then  P< Pi  would  result;  in  the  trans- 
formation of  the  pressure  curve  ab  (Fig.  216)  the  positions  of  a' 
and  6'  would  then  be  interchanged. 


§  32.  PRESSURE  CURVE  OF  OASES  WHEN  THE  QUAN- 
TITY OF  HEAT  IS  PROPORTIONAL  TO  THE  CHANGE 

OF  PRESSURE  OR  TO  THE  CHANGE  OF  VOLUME. 

* 

Although  the  preceding  investigations  of  the  polytropic  curve 
discussed  the  most  important  cases  and  included  those  treated  in 
the  books  on  Physics,  it  seems  appropriate  to  examine  those  cases 
in  which  the  heat  supplied  to  the  gas  is  n  o  t  proportional  to  the 
change  of  temperature,  at  least  to  discuss  the  pressure  curves 
mentioned  in  the  heading  of  this  article. 
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Let  the  heat  to  be  imparted  be  given  by  the  expression 

dO=— -:[vodp  +  'cporfv], (14) 

and  here  let  vo  and  pobe  arbitrary  constants  which, 
in  accordance  with  the  notation  introduced,  represent  any  value 
whatever  of  a  volume  and  of  a  pressure  respectively. 

If  the  values  pi  and  Vi  correspond  to  the  initial  state  of  a  gas, 
then  integration  of  the  preceding  equation  gives  directly 

Q=— -T[vo(p-pi)+'cpo(v-Vi)] (14a) 

The  corresponding  change  of  inner  work  follows  from  equation 
(52),  p.  132, 

U-Ui ^[pv'-pivil (146) 

K  —  1 

and  accordingly,  with  the  help  of  the  formula 

Q^A{U-Ui+L), 
the  external  work  becomes 

L==-^[vo{p-pi)+Kpo(v-vi)+piVi-pv].      .    .    (14c) 

For  the  special  case  that  the  quantity  of  heat  Q  is  propor- 
tional to  the  change  of  volume  v  —  vi  we  must  place  vo=0;  on 
the  other  hand  we  would  have  to  substitute  po=0  if  the  heat  to 
be  imparted  is  assumed  to  be  proportional  to  the  change  of  pres- 
sure p  — Pi. 

If  we  combined  the  foregoing  equation  (14)  with  the  always 
valid  equation  (53c)*,  p.  134,  there  follows 

vdp  +  Kpdv  =  vodp  +  'cp(4v, 

and  from  this,  by  integration,  we  get  the  equation  of  the  corre- 
sponding pressure  curve : 

(p-po)(v-Vo)*  =  (pi-po)(vi-Vo)*.       .     .     .     (15) 
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The  curve  is  therefore  related  to  the  adiabatic;  the  coordinate 
axes  of  the  latter  are  only  shifted  parallel  an  amount  equal  to 

Vq  and  7>o- 

If  for  any  value  of  v  the  pressure  p  has  been  computed  from 
equation  (16),  the  temperature  T  can  be  found  from  the  equation 
of  condition  pv^BT  for  the  point  in  question  of  the  pressure 
curve,  and  then  from  one  of  the  equations  (55),  p.  135,  the  cor- 
responding value  of  the  entropy  P.  But  in  so  doing  the  way  is 
also  indicated  for  "transforming  "  the  pressure  curve  in  hand. 


II.  Non-reversible  Changes  of  State  of  Oases. 

§  33.    EXPANSION  OF  OASES  UNDER  DIFFERENT 

CIRCUMSTANCES. 

In  the  first  section,  §  15,  the   n  o  n-reversible  process  of  any 
body  was  fully  discussed;  following  those  discussions,  the  prpposi- 
tions  established  can  now  be  easily  applied  to  the  behavior  of 
gases.    Suppose  a  unit  of  weight  of  gas  to 
be  enclosed  by  a  cylinder  and  its  piston,  and 
let  volume  vi,  pressure  pi,  and  temperature 
Ti  correspond  to   the   initial   state   repre- 
sented by  the  point  ai  (Fig.  25),  and  let 
this  state  be  one  of  equilibrium  and  rest;  ^ 
then    expansion    of    the    gas    will    occur 
as   soon   as   the    pressure  pi   acting  from 
without  on  the   piston  K  suddenly  drops 
to  the  smaller  value  pi',  and  the  work  L', 
which  is  thus  given  off  to  the  outside  by  expansion  to  the  volume 
V,  is  determined  when  (by  the  course  of  the  pressure  curve  acb, 
the  "working-pressure  curve  ")  the  law  is  known  according  to 
which  the  counter-pressure  p',  exerted  from  the  outside  upon  the 
piston,  varies  during  expansion. 

Now  if,  after  attaining  the  volume  v,  the  piston  (supposed  to  be 
without  weight)  is  suddenly  held  fast,  then  the  gas,  which  has  got 
into  a  condition  of  stormy  motion,  will  gradually  pass  into  the 
state  of  rest,  and,  after  the  state  or  condition  of  equilibrium  is 


Fig.  25. 
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established,  the  pressure  of  the  gas  will  assume  the  value  p,  which 
corresponds  to  the  point  bi  of  Fig.  25;  corresponding  to  this  point 
there  is  also  a  particular  temperature  T/ which  we  will  designate 
as  the  temperature  of  equilibrium,  whose  relation  to  p  and  v  is 
given  by  the  equation  of  condition  of  a  gas.  But  similarly  every 
intermediate  point  c  of  the  working-pressure  curve  has  a  point  at 
Ci,  a  certain  pressure  of  equilibrium  and  a  certain  temperature  of 
equilibrium,  so  that  accompanying  the  working-pressure  curve  acb 
there  is  a  second  curve,  OiCi6i,  which  may  be  designated  as  the 
equilibrium-pressure  curve  (p.  76).  If  the  temperature  of  equilib- 
rium is  known  at  the  beginning  and  at  the  end,  then  according  to 
equation  (52a),  p.  132,  the  quantity  of  heat  consumed  by  the  inner 
work  is 

A(C7-t/i)  =  c.(r-ri), 

and  consequently  we  have  for  gases  the  quantity  of  heat  Q'  which 
must  be  supplied  from  without  for  this  n  o  n-reversible  process, 
according  to  equation  (52),  p.  132: 

Q^=^c,(T-Ti)+AL\ (1) 

or,  passing  to  the  diflferential,  we  have 

dQ'^c^T'^Aj/dv,      .    .    .    .    ..   .    (la) 

and,  taking  account  of  equation  (43),  p.  124,  and  of  the  equation 
of  condition,  there  follows  finally 

dQ'^~d{pv)+Ap'dv (16) 

K       X. 

These  equations  are  sufficient  to  solve  problems  of  the  pro- 
posed kind. 

If  the  course  of  both  pressure  curves  is  known,  the  quan- 
tity of  heat  Q^  can  be  determined;  on  the  other  hand,  if  the  law 
of  heat  supply  is  known  and  o  n  e  of  the  two  pressure  curves,  then 
the  course  of  the  other  can  easily  be  determined.  For  the  special 
case  j/=-p  both  curves  coincide  and  the  process  is  transformed 
into  a  reversible  one. 

We  will  apply  the  foregoing  formulas  to  only  one  case, 
which,  however,  embraces  an  infinite  number  of  cases,  and  just 
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those  which  have  some  technical  interest.  We  assume  that  the 
heat  imparted  during  the  assumed  n  o  n-reversible  process  i  s 
directly  proportional  to  the  change  of  the 
temperature  of  equilibrium;  consequently  dQ^  is 
determined  by  the  formula 

dJQ'^cdT, (2) 

in  which  factor  c  is  given  as  any  constant  quantity  whatever, 
which  may  be  designated  as  the  specific  heat  for  the  proposed 
case;  furthermore  let  the  course  of  the  working-pressure  curve 
adb  (Fig.  25)  be  given  by  equation 

pV  =  piV, (3) 

in  which  equation  the  exponent  r  likewise  represents  any  constant 
quantity  whatever,  and  possesses  no  relation  to  the  first-mentioned 
quantity  c. 

Now  the  integration  of  equation  (2)  gives  us  at  once  the  quan- 
tity 

Q'==c(r-ri),     (4) 

which  is  to  be  suppUed  during  the  assumed  change,  and  by 
substitution  in  equation  (1)  there  follows  the  external  work  L', 

AU^{c-c,)(T^T,) (5) 

If  we  here  substitute  the  temperature  values  in  accordance 
with  the  relations  given  in  equation  (54),  p.  134,  and  for  the  sake 
of  brevity  write 

"-7^: («) 

in  which  the  new  constant  n  is  completely  determined  by  c,  then 
equation  (5)  also  gives  the  work  in  the  form 

U^;^^—^{TPiVi-Tpv) (5a) 
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But^  on  the  other  hand,  on  account  of  the  changes  of  external 
pressure  assumed  in  equation  (3),  we  get  from  equation  (76),  p. 
154,  for  the  external  work,  also 

L'-~-t(Pi'^i-P'v)> (56) 

r  — 1 

and  therefore  by  equating  the  last  two  equations 

n-1 

pv  =  pivi+ Aj/v-pi'vi)      ....     (7) 

r  —  L 

for  the  sought  equilibrium-pressure  curve;  by  means  of  this  there 
can  be  found  the  equilibrium-pressure  curve  p  and  the  equilibrium- 
temperature  T  for  every  value  of  the  volume  v,  because  the  initial 
values  Ply  vi,  and  pi'  are  supposed  to  be  known,  and  p'  is  given 
by  equation  (3). 

According  to  the  choice  c  or  r,  or  of  n  and  r,  we  have  before 
us  an  infinite  number  of  special  cases;  the  process  is  transformed 
into  a  reversible  one  when  the  two  curves  of  working-pressure 
and  of  equilibrium-pressure  coincide;  in  this -case  pi'  =  pi  and 
p'==p,  and  from  equation  (7)  there  follows  r==n]  then,  if  c  is  given, 
the  constant  r  is  no  longer  arbitrary,  but  bears  a  relation  to  c  given 
by  equation  (6).  We  then  have  before  us  the  polytropic  curve 
which  was  treated  above. 

On  the  other  hand,  if,  in  the  case  under  consideration,  the  two 
curves  are  not  identical,  then  we  are  dealing  with  the  n  o  n- 
reversible  process,  several  special  cases  of  which  will  be  discussed. 

Case  1.  The  change  takes  place  without  heat  being  im- 
parted or  withdrawn.  Here  c  =  0,  therefore  according  to  equa- 
tion (6)  n  =  Kf  and  the  equation  of  the  equilibrium- pressure  curve, 
which  is  here  to  be  regarded  as  an  adiabatic  curve  of  the  general 
kind,  is  written 

pi;  =  pivi+^^(p'v-pi'vi),       ....     (7a) 
r  —  1 

in  which  formula  we  can  substitute  for  //  its  value  derived  from 
equation  (3) 
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Case  2.  If  we  assume  r  «0,  then  equation  (3)  gives  j/  ^^pi, 
the  expansion  of  the  gas  takes  place  while  overcoming  the  con- 
stant external  pressure,  and  the  equilibrium-pressure  curve  result- 
ing from  equation  (7)  is 

pi?  =  piri--(n-l)pi'(v~ri) (76) 

The  curve  is  therefore  an  hyperbola.  If  this  is  not  accom- 
panied by  a  supply  of  heat,  we  must  also  make  n  =  ir,  and  then 

pv  =  PiVi-(/c-l)p,'(i;-ri) (7c) 

Finally  if  we  assume  the  external  pressure  pi'=0,  that  is, 
assume  the  expansion  to  take  place  without  performance  of  outer 
work,  we  shall  have 

pv  =  PiVi; 

consequently  the  equilibrium-pressure  curve  passes  into  an  equi- 
lateral hyperbola;  because  of  the  equation  of  condition  pv=^BT 
and  p\V\==BTi  the  equilibrium-temperature  appears  as  a  constant 
quantity. 

The  latter  case,  whose  numerical  results  might  have  been 
found  in  a  shorter  way  directly  from  the  fundamental  equation 
(1),  arises  when  the  space  filled  with  gas  is  put  in  communication 
with  a  vacuum.  The  expansion  of  the  gas  here  takes  place  with- 
out the  performance  of  external  work,  and  experiments  by  Joule 
have  in  fact  shown  that  the  gas,  after  the  expansion  and  passage 
into  the  condition  of  equilibrium,  possesses  the  same  tempera- 
ture as  at  the  beginning  of  the  experiment. 

Let  us  once  more  return  to  the  case  given  by  equation  (7c) 
for  which  there  is  expansion,  under  the  constant  external  pressure 
pi,  without  supply  of  heat.  As  a  limiting  case  we  can  assume 
the  expansion  to  be  continued  so  far  that  the  final  equilibrium- 
pressure  p  is  equal  to  the  external  pressure  pi';  with  this  case 
equation  (7c)  gives 

V  _Pi  ^ic-l 

Vi       Kp  #C      ' 

from  which  the  expansion  ratio  can  be  computed. 
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The  ratio  of  the  temperature  values  T  and  T\  can  then  be 

found  from 

T      1   .  ic-lp 

Ti       K  K      Pi' 

and  because  n  =  /c  the  external  work  becomes,  according  to  equa- 
tion (6a), 

K  —  1  /i. 

Example.  If  a  kilogram  [pound]  of  atmospheric  air  of  the  tem- 
perature <i  — 15  C.  [59^  F.]  expands,  overcoming  an  external  constant  pres- 
sure of  one  atmosphere,  at  the  same  time  expanding  from  the  initial 
pressure  of  2.5  atmospheres  down  to  the  terminal  pressure  of  one  atmosphere, 
then  the  foregoing  formulas  give 

-  - 2.064     and     ~  -0.8255. 

Consequently  T -237.44  or  t^  -35.56°  C.  [5r -427.392*  F.  or  <-  -32.008** 
F.],  and  the  external  work 

L'  -3612.2  mkg. 

[L'-11851ft-lb.]. 

<Compare  examples  on  pp.  138  and  141.) 

Returning  to  the  general  case,  represented  by  Fig.  25,  the 
remark  may  not  now  be  superfluous  that  the  variable  external 
pressure  p'  does  not  measure  at  the  same  time  the  gas-pressure 
itself  during  the  non-reversible  change;  on  account  of  the  existing 
stormy  and  irregular  motion  of  the  gas  particles  during  the  process 
neither  the  instantaneous  pressure  nor  the  corresponding  tem- 
perature can  be  determined.  The  designations  p  and  T  used  in 
the  foregoing  presentation  refer  expressly,  we  repeat,  to  the  atate 
of  equilibrium  and  rest  which  ensues  when  the  expansion  is  sud- 
denly stopped  at  the  volume  v;  neither  can  the  gradual  passage, 
from  the  condition  of  stormy  motion  to  the  state  of  equilibrium  at 
constant  volume  v,  be  followed  more  closely. 

As  regards  the  "transformation  ''  of  the  non-reversible  process 
discussed  here,  we  can  only  refer  to  the  general  presentation  in 
§  16  of  the  first  section,  p.  78;   there  we  have  simply  to  replace 
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the  function  S  by  the  absolute  temperature  T  and  employ  for  the 
function 


P-f%-<i>iV.v) 


AS 

for  gases,  equations  (55),  p.  135;  but  the  propositions  enunciated 
in  §  17,  concerning  the  entropy  of  the  non-reversible  process  of 
the  kind  before  us  as  applied  to  gases,  well  deserve  closer  investi- 
gation. 

According  to  equation  (la),  p.  164,  the  quantity  of  heat  dQ' 
for  the  non-reversible  process  is  given  by  the  expression 

dQ'=c4T-\-Aj/dv\ 

on  the  other  hand,  if  the  passage  had  taken  place  in  reversible 
fashion  along  the  equilibrium-pressure  curve  (Fig.  25),  then  the 
quantity  of  heat  dQ,  which  is  determined  by 

dQ^c^T+ATfdv, 

would  have  been  needed. 

The  subtraction  of  the  two  equations  gives 

d<y=dQ-i4(p-p')dv, 

and,  if  we  divide  both  sides  by  ATj  we  get 

dQ'     dQ    (p-j/)dv 
Af^AT  T      ' 

The  first  term  of  the  right-hand  side  is  under  all  circumstances 
a  complete  differential,  even  when  the  change  from  the  condition 
ai  to  the  state  &i  has  taken  place,  not  along  the  equilibrium- 
pressure  curve  aiCibi,  but  along  another  reversible  path  (ajdifti, 
dotted  in  Fig.  25).  The  integration  of  the  first  term  on  the  right- 
hand  side  is  the  change  of  entropy  for  the  reversible  passage  and 
is  found  from  equation  (55a),  p.  134, 

P-Pi=^log,  ^ (8) 

A         piVi' 
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The  integral  of  the  expression  in  the  left  member  is,  on  the  other 

hand,  the  change  of  entropy  for  the  non-reversible  process;   we 

briefly  designate  this  by  P,  and  if  we  substitute,  as  in  equation 

(57),  p.  81, 

"(p  —  p')dv 


-/ 


(9) 

there  follows 

F^P-Pi-N (10) 

Now  since  the  non-reversible  process  of  the  assumed  kind  permits 
of  the  integration  indicated  in  equation  (9),  as  soon  as  the  course 
of  the  working-pressure  and  the  equilibrium-pressure  curve  is 
known,  we  get  through  equation  (10)  the  change  P  of  the  entropy 
for  this  non-reversible  process. 

In  illustration  we  use  the  case  recently  treated,  a  case  shown 
to  embrace  an  infinite  number  of  special  cases. 

Consequently,  heat  is  to  be  again  imparted  according  to  the 
law  dQ'=cd7',  and  the  course  of  the  working-pressure  curve  is 
given  by 

where  c  and  r  are  two  constant  quantities  independent  of  each 
other. 

Utilizing  the  equation  of  the  equilibrium-pressure  curve, 

pv  =  pivi+— ^(p'v-pi'vi). 
r  —  1 

as  given  by  equation  (7),  and  using  the  relation 

C         Cn 

n  = 2, 

furnished  by  equation  (6),  we  get,  after  some  easily  followed  trans- 
formations, from  equation  (9)  for  the  case  before  us: 

AN  =  c/-^\oge^^, (11) 

\-l      ^  piVi~'  ^ 

accordingly  we  can  compute  from  equation  (10),  with  the  help  of 
equation  (8),  the  change  P  of  entropy. 
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For  example,  if  heat  exchange  does  not  take  place  so  that 
c =0  and  n  =-ic,  we  get 

and 

On  the  other  hand  if  r=0,  then  p'  =  pi',  and  if  in  addition  j/^px 
=0,  that  is,  if  the  expansion  takes  place  without  the  performance 
of  outer  work,  then  7w  =  piVi  for  the  equilibrium-pressure  curve, 
and  consequently,  according  to  equation  (11), 

iliV=c.(ic-l)log.-. 

Further  pursuit  of  the  non-reversible  process  before  us  is  of  purely 
theoretical  interest  only. 

§  34.    MIXTURES  OF  DIFFERENT  OASES. 

The  heat  equations  (53),  p.  134,  were  developed  under  the 
hypothesis  that  we  were  dealing  with  the  unit  of  weight  of  gas, 
but  if  we  now  assume  that  there  is  included  in  a  space  of  V  cbm. 
[cu.  ft.]  G  kg.  [lb.]  of  gas  of  the  pressure  p,  temperature  T,  and 
the  specific  volume  v,  we  first  have  the  relation 

V^Gv, 

and  in  order  to  determine  the  quantity  of  heat  dQ,  which  the 
weight  G  of  the  gas  needs  for  an  infinitesimal  reversible  change 
of  state,  we  must  employ  the  following  identical  equations  which 
follow  from  equations  (53),  p.  134,  when  we  multiply  their  right 
members  by  G : 

dQ — ~d{VT>)+AvdV (12a) 

-cjSdT+ApdV (126) 

— ZP^^^V  +  KV^y] (12c) 

r  dv-\ 

-c,G|d7'  +  («-l)7'Yj.    ....    (12d) 
.c^dT-l^T^] (12e) 
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Let  us  now  suppose  that  a  space  V  is  filled  with  two  different 
gases,  say  with  Gi  kg.  Qb.]  of  the  one  (a)  and  62  kg.  [lb.]  of  the 
second  (b).  Let  the  specific  heats  at  constant  volume  be  respect- 
ively c/  and  c,",  at  constant  pressure  Cp  and  Cp",  and  the  cor- 
responding ratio  of  these  two  specific  heats  be  nf  and  ic";  further- 
more at  the  common  temperature  T  of  the  mixture,  p'  will  be  the 
pressure  of  gas  a,  and  ]/'  that  of  gas  b,  so  related  that  the  sum 
p'  +  j/'  represents  the  total  pressure  p. 

If  we  now  supply  the  quantity  of  heat  dQ  to  this  mixture^ 
there  follows  from  equation  (12b) 

dQ  =  (c/(?idr  4-ilp'dF)  +  (c/'Gadr  4-Ap"dF), 

or,  if  we  collect  the  corresponding  terms  and  represent  the  total 
weight  (?i  +62  of  both  quantities  of  gas  by  G,  and  remember  that 
p  =  j/+j/^,  we  will  get 

Comparison  of  this  expression  with  equation  (126)  shows  that 
so  far  as  heat  supply  is  concerned  the  mix- 
ture behaves  exactly  like  a  single  gas,  whose 
specific  heat  c,  at  constant  volume  is  determined  by 

'"^        G1+G2 ^^"^^ 

In  exactly  the  same  way  when  equation  (12d)  is  employed  we 
find  for  the  mixture  the  specific  heat  at  constant  pressure 

_Cp'Gi  -\-Cp"G2  ..  .V 

''''''      Gi-^G,     ' ^^^^ 

and  for  the  ratio  of  the  two  specific  heats  of  the  mixture 


_Cp_CpGi+Cp'V2 


i,p      Up\Jl-rcpKJ2  f,f^\ 

^°T"- Wi^     .  ^ffrTy (15) 
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and  for  the  differences  of  these  specific  heats 

c/p     i^  „      ^-  .     ...     yivi 

Suppose  the  mixture  to  be  composed  of  more  than  two  gases,^ 
then  we  can  write  for  the  mixture,  in  general  fashion : 

^=T(G)' ^^^^ 

£(CpG)  .      . 

-if »^' 

«'— %i^ <"^) 

Prom  the  relation  Cp  - c^^  =  Afi,  derived  from  equation  (42),  p.  124, 
and  when  Bm  is  the  constant  for  the  equation  of  condition  for  the 
mixture,  and  similarly  Bi,  B2,  etc.,  for  the  separate  gases,  there 
follows  according  to  equation  (16a) 

^  _I{GB) 

as  was  already  expressed  by  equation  (19a),  p.  110.  According 
to  the  equations  there  shown  the  pressures  of  the  separate  gases 
of  the  mixture  are 

l^GJSj^      P^^G^     etc  (17) 

p    I(GBy    p     2'(GBy   ^'^^    •    •    •    ^^') 

After  these  preparations  the  mixing  of  two  separate  kinds  of 
*gases  can  be  closely  followed;  the  operation  is  n  o  t  a  reversible 
one. 

Let  us  suppose  two  spaces  Vi  and  V2  (Fig.  26)  separated  by 

'  Some  writers  designate  the  product  Gcv  and  Gcp,  of  the  weight  of  the  gas 
by  the  conesponding  specific  heat,  as  '*  calorific  capacity  for  con- 
stant volume  and  for  constant  pressure  respectively."  The  equations  of  the 
text  then  enunciate  that  the  calorific  capacity  of  the  mixture  is  equal  to  the 
sum  of  the  calorific  capacities  of  the  separate  parts  before  the  mixture. 


^ 

1 

1 

\                   ■' 
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a  partition  ab]  suppose  that  in  one  space  there  exists  Gi  kg.  QbJ 
of  pressure  pi  and  temperature  Ti,  and  that  there  are  in  the  other 
space  G'i  kg.  [lb.]  of  another  gas  having  the  pressure  p2  and  the 
temperature  T2\  if  the  partition  ab  is  removed  there  is  a  mixture 

of  the  two  gases,  and  the  question  now  is  as 
to  the  character  of  the  mixture,  its  pressure  p 
and  temperature  T.  Let  us  here  assume  that 
during  the  process  of  mixing  heat  is  neither 
Fio  26  supplied    nor  withdrawn,  and  that    therefore 

before  and  after  the  mixture  the  total 
heat  contents  of  the  two  gases  is  the  same;  but  we  must  also 
assume,  what  is  decisive  for  the  following  developments,  that 
the  partition  ab  is  so  removed  that  the  two  kinds  of  gases  are 
perfectly  free  to  diffuse  and  expand.  Very  different  conditions 
would  exist  if  the  partition  had  an  aperture  through  which  the 
gas,  in  the  space  having  the  higher  pressure,  could  flow  into  the 
other  space,  a  case  which  will  receive  full  consideration  later  on. 
According  to  equation  (526),  p.  133,  the  heat  contents,  or  the 
gas  heat  in  the  unit  of  weight  of  a  gas  at  temperature  T,  is 

J=Jo+cX 

when  Jo  is  a  constant  corresponding  to  the  particular  gas  in  ques- 
tion. This  constant  quantity  is,  to  be  sure,  not  known  for  the 
different  gases,  either  as  regards  absolute  value  or  as  regards  its 
ratio  to  the  value  of  any  particular  gas,  say  to  hydrogen,  but  in  a 
mechanical  mixture,  as  is  assumed  in  the  case  before  us,  this  cir- 
cumstance causes  no  difficulty.  If  we  designate  the  constant  for 
the  mixture  by  Jo,  the  one  for  the  gas  in  the  space  Vi  by  Jq 
and  for  the  other  space  by  Jo",  and  if  c^,  c/,  and  c/'  mean  the 
specific  heats  at  constant  volume,  then  before  the  mixture 
the  heat  content  Jm  of  the  two  spaces  is 

Jn. -=  (Gi Jo'  +c/(?ari)  +  (G2J0" +c/'G2T2) ;  . 

on  the  other  hand  after  the  mixture  the  heat  in  the  two 
spaces  is 

Jm^GJo  +  cfiT, 

provided  the  total  weight  Gi  +  G2  is  designated  by  G. 
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By  equating  both  expressions  we  get  the  total  heat  contents 
J  of  a  unit  of  weight  of  the  mixture: 

From  this  follows  the  constant  Jq  for  the  mixture, 

-^^ G,+G,      ' ^^^^ 

and  if  we  utilize  equation  (13)  we  get  for  the  mixing  temperature 

ni_oJG\T\  -\-c^"G2T2  ^^Qv 

c:g,+c:'G2 ^^^ 

From  the  equation  of  condition  for  gases  pv^BT,  from  (?v= F 
and  the  relation  (54),  p.  135,  we  have 

and  from  this  and  equation  (19),  also 

Vp     V^p^^V^ ^^^ 


from  which  formula  the  pressure  p  of  the  mixture  can  be  directly 
computed.  It  is  worthy  of  note  that  in  equation  (19)  we  can 
write,  in  place  of  the  absolute  temperature,  the  temperature 
according  to  Celsius  [Fahrenheit],  that  is,  write 

We  moreover  recognize  that  the  preceding  formulas  can  easily 
be  written  for  the  case  in  which  we  have  to  do  with  the  mixture 
of  more  than  two  gases. 

If  we  assume  that  the  two  gases  to  be  mixed  are  of  the  same 
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constitution,  then  c^  =  cv'  ^c^,  and  i^^i^'^k,  and  then  the  mix- 
ture's temperature  is 

and  the  formula  for  computing  the  pressure  of  the  mixture  is 

Vv^Vipi-^V2V2, (20a) 

two  equations  of  which  much  use  has  been  made,  of  the  former 
in  Physics  and  of  the  other  in  technical  investigations. 

On  the  other  hand  if  different  gases  are  mixed,  and  if 
their  temperature  is  the  same  before  the  mixture,  ^1=^2,  then 
equation  (19a)  also  gives  t^ti\  consequently  after  the  mixture  has 
been  effected  (after  the  condition  of  equilibrium  is  established) 
the  temperature  of  the  mixture  is  equal  to  that  before  the  mixture. 

Finally,  if  the  two  gases  before  the  mixture  have  different  tem- 
peratures but  equal  pressures,  so  that  pi  =  p^j  then  equation  (20) 
shows  that  the  mixture's  pressure  p  is  only  identical  with  the 
initial  pressure  when  #/  =  #/',  a  case  which  exists  for  the  simple 
gases. 

As  a  special  example  we  will  consider  the  mixture  of  hydrogen 
and  oxygen  in  the  ratio  necessary  to  form  detonating  gas. 

Therefore  if  in  the  one  space  Vi  (Fig.  26)  there  exists  Gi  kg- 
[lb.]  of  hydrogen,  and  in  the  other  62  =  8  Gi  kg.  [lb.]  of  oxygen, 
and  if  we  assume  each  to  have  the  same  pressure  and  the  same 
temperature  T,  then,  according  to  the  preceding  propositions,  the 
temperature  and  the  pressure  of  the  mixture  known  as  detonating 
gas  will  remain  the  same  as  before  the  mixture. 

Since  c/  =  2.4123  for  hydrogen  and  c^  =  0.1551  for  oxygen 
(table,  p.  126),  there  results  for  the  mixture  (detonating  gas)  the 
specific  heat  c^  according  to  equation  (13) : 

Cp= 0.4059. 

If  Jo'  is  the  constant  in  equation  (526),  p.  133,  for  the  heat 
contents  of  hydrogen,  and  Jo"  that  for  oxygen,  which  values,  to 
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be  sure,  are  still  unknown,  then  the  corresponding  constant  for 
detonating  gas  is  given  by  equation  (18) : 

^0=^0' -f|jo", (21) 

and  the  heat  contents  of  detonating  gas  at  temperature  T  and 
pressure  p  is  accordingly 

in  which  equation  the  foregoing  values  of  Jq  and  c  must  be  sub- 
stituted. 

Now  if  we  suppose,  in  order  to  pursue  the  case  somewhat 
farther,  that  the  detonating  gas  explodes  (say  by  an  elec- 
tric spark)  at  constant  volume,  the  vapor  of  water  will 
be  formed  with  heat  development  and  a  great  rise  of  temperature. 
If  from  this  steam  at  constant  volume  we  withdraw  the  quantity 
of  heat  Q  in  order  to  reduce  it  to  the  initial  temperature  T  of  the 
detonating  gas,  then  the  heat  contents  of  the  steam  at  the  tem- 
perature T  will  be  given  by 

when  C|,'"  rtpresents  the  specific  heat  of  steam  at  constant  volume, 
and  Jo'"  the  heat  contents,  according  to  equation  (526),  p.  133. 

From  the  preceding  equation  there  can  be  determined  for  the 
unit  of  weight  of  detonating  gas  the  quantity  of  heat  dQ  developed 
by  the  explosion : 

Q  =  (Jo-Jo"0+c.-c/")r (15?) 

Q  therefore  appears  as  dependent  upon  the  temperature  T,  at 
which  the  chemical  combination  of  the  two  gases  was  permitted. 
a  proposition  which  was  also  discovered  by  K  i  r  c  h  h  o  f  f  ^  for 
the  case  before  us. 

'  Poggendorff's  Annalen,  Vol.  103|  p.  205;   compare  also  C.  Neumann, 
''Vorlesimgen  iiber  die  mechanische  Theorie  der  Wanne/'  1875,  p.  175. 
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The  equation  of  condition  for  detonating  gas  was  given  in  §  20, 
p.  115,  as  pv  =  iBoT;  the  steam  formed  from  the  detonating- 
gas  on  the  other  hand  had,  for  the  same  temperatm-e  T  and  the 
same  volume,  a  pressure  j/  determined  from  the  equation  of 
condition  j/v=\BoT  (§  20,  p.  116);  in  the  present  case,  therefore, 
the  final  pressure  of  the  steam  is  p'  =  §p. 

The  foregoing  results  of  course  only  hold  when  it  may  be 
assumed  that  the  equation  of  condition  for  steam  is  the  same  as 
for  gases. 

§  35.  FLOW  OF  A  QAS  FROM  ONE  VESSEL  INTO  ANOTHER 

FOR  CONSTANT  VESSEL- VOLUMES.^ 

Let  two  vessels  A  and  B  (Fig.  27)  be  connected  by  a  pipe  pro- 
vided with  a  cock  F,  and  let  both  vessels  be  filled  with  one  and 

the  same  kind  of  gas,  say  atmospheric  air.  In 
vessel  A,  whose  volume  is  Vi,  there  will  be  at  the 
beginning  (with  closed  valve)  (?i  kg.  [lb.]  of  air 
having  the  pressure  pi,  specific  volume  Vi,  and  tem- 
perature Ti ;  the  other  vessel,  B,  which  we  will  re- 
gard as  the  receiving  vessel,  has  the  volume  V2, 
and  contains  G2  kg.  [lb.]  of  air  of  pressure  p2, 
volume  V2,  and  temperature  T2.  We  will  suppose 
both  vessels  to  be  impenetrable  to  heat,  conse- 
quently the  occurrence  to  be  considered  must 
j5J^  take    place    without  heat  being  supplied   to,  or 

withdrawn  from,  the  outside. 
Suppose  the  cock  F  to  be  open  for  a  time,  then  after  it  is  closed, 
provided  pi  >  p2,  there  will  remain  behind  in  the  space  A  a  weight 
of  air  Gxf  and  therefore  the  quantity  of  air  Gi  —G^  will  have  passed 
into  the  receiver  B,  This  vessel  B  now  contains  the  weight  of 
air  Gy  =  Gi-\-G2—Gx]  after  the  efflux  let  pressure,  volume,  and 
temperature  of  the  gas  in  the  discharging  vessel  A  be  p^,  v^,  and 
Txi  in  the  receiving  vessel  B  on  the  other  hand  be  p^,  Vy,  and  Ty. 

^  The  problem  here  specified  was  first  solved  by  Bauschinger  in  an 
excellent  article  entitled  ^'Theorie  des  Ausstr5mens  vollkommener  Gase  aus 
einem  Geffts  und  ihres  EinstrOmens  in  ein  solches/'  published  in  S  c  h  1  5- 
m  i  1  c  h  '  8  Zeitschrift  fiir  Mathematik  und  Physik,  Vol.  VIII,  p.  81. 
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If  the  quantity  of  gas  Gx,  remaining  behind,  is  regarded  as 
given,  the  problem  will  be  to  determine  the  just-mentioned  six 
magnitudes;  but  because  three  of  them  are  related  to  each  other 

by 

PxVx  =  BTa.    and    PyVy  =  BTy, 

only  four  equations  must  be  set  up  for  the  solution  of  the  problem, 
and  let  us  assiune  that  the  unknown  quantities  to  be  determined 
are  the  pressures  px  and  py  and  the  temperatures  Tx  and  Ty, 

To  be  sure  the  determination  of  these  values  assumes  that, 
after  the  closing  of  the  cock,  the  condition  of  equilibrium  has 
been  restored  in  each  of  the  two  spaces,  for  during  the  flow  and 
at  the  instant  of  closing  there  exists  a  disturbance  of  equilibrium: 
the  gas  will  be  in  stormy,  eddying,  motion,  and  the  disturbance 
will  be  greater  the  smaller  the  contents  of  the  two  vessels  and  the 
greater  the  aperture  through  which  the  flow  takes  place.  The 
expansion  which  occurs  in  the  discharging  vessel  and  the  expan- 
sion which  occurs  in  the  receiving  vessel  are  neither  of  them 
reversible,  but  if  we  assume  a  still  smaller  aperture  of  flow  and 
large  contents  for  the  vessels  we  can  assume  that  the  expansion 
and  compression  take  place  in  reversible  fashion.  The  gas  flowing 
toward  the  orifice  will  move  in  a  funnel-shaped  space  and  will 
diffuse  itself  similarly  in  the  receiving  vessel;  the  contents  of  the 
two  funnels,  and  therefore  of  the  weight  of  the  gas  moving  in 
them,  can,  under  the  assumption  made,  be  regarded  as  very  small 
in  comparison  with  the  remaining  gas  mass  which  is  at  rest  in  the 
two  spaces,  and  can  therefore  be  neglected.  In  this  case  the 
values  Px  and  py  are  the  equilibrium  pressures,  and  Tx  and  Ty  the 
equilibrium  temperatures,  which  already  exist  at  the  instant  of 
closing  the  cock;  under  the  assumption  made  it  is  not  even  neces- 
sary to  think  of  the  closing  of  the  cock,  and  it  may  be  assumed 
that  the  pressures  px  and  py,  experimentally  found  by  observing 
a  manometer,  represent  the  equilibrium  pressure  in  the  two  vessels 
during  the  flow . 

If  the  valve  is  kept  open  till  the  pressure  in  both  vessels  has 
become  equal,  that  is,  till  the  flow  originating  from  the  difference 
of  pressure  is  ended,  then  the  temperatures  in  the  two  vessels  will 
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still  be  different;  and  not  until  the  aperture  of  flow  is  kept  open 
for  quite  a  period  will  equalization  of  temperatures  by  diffu- 
sion obtain ;  when  it  occurs  the  conditions  will  be  of  the  sort 
discussed  in  the  preceding  article. 

Under  these  limiting  assumptions,  part  of  which  will  be  dropped 
in  subsequent  investigations,  the  occurrences  can  easily  be  fol- 
lowed by  calculation  in  the  following  manner. 

(a)    Occurrences    in    the  Discharging    Vessel. 

Let  the  hatched  part  of  Fig.  27  (p.  177),  enclosed  by  the  dotted 
line,  represent  the  space  occupied,  before  the  opening  of  the 
valve,  by  the  quantity  of  gas  discharged  up  to  the  moment  of 
closing  the  cock,  then  the  remaining  gas  quantity  Gx  originally 
possessed  the  volume  Vx=GxVi,  which  is  shown  in  Fig.  27  by  that 
part  of  the  contents  of  the  vessel  that  is  not  hatched.  This  quan- 
tity of  the  gas  now  expands  in  reversible  adiabatic 
fashion  to  the  vessel  volume 

Vi^G:,Vx  =  GiVi. 

From  this  we  can  now  find  the  specific  volume  v,,  of  the  gas 
remaining  behind  when  the  orifice  is  closed: 

^•=^S (23) 

and  hence  according  to  equation  (60),  p.  140,  can  be  found  the 
pressure  px  from  the  equation 


(24) 


and  from  equation  (61),  p.  140,  the  temperature  Tx  is  given  by 

f:-(g)--(r' '-) 

If  we  provide  the  discharging  vessel  with  a  manometer  we 
can  easily  observe  the  pressure  px  at  the  instant  of  closing  the 
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orifice  or  in  the  case  of  continuous  flow,  at  any  time  intervals; 
according  to  equation  (26)  we  can  compute,  for  every  observed 
quantity  of  air  Gx  remaining  behind,  the  weight  of  air  which 
flows  out  in  the  several  intervals  of  time.  Equations  (23)  and 
(25)  then  give  the  specific  volume  Vx  and  the  temperature  Tx  of 
the  quantity  of  air  remaining  behind  in  the  discharging  vessel  at 
the  end  of  each  interval. 

(6)    Occurrences   in    the   Receiving   Vessel. 

The  total  heat  content  of  the  gases  in  the  two  vessels  taken 
together  is,  according  to  the  presentation  in  the  preceding  articles, 
at  the  beginning  of  the  experiment, 

(Gi  +G2)Jo+c^(GiTi  +(?2r2); 

on  the  other  hand  at  the  end  of  the  flow,  after  the  close  of  the 
orifice  or  at  any  instant  during  the  flow,  the  total  heat  is 

{Gx  +  Gy)J0  +  C^iGxTx  +  GyTy)  . 

Both  expressions  are  equal,  for  during  the  operation  heat  is 
neither  supplied  nor  rejected,  and  because  we  also  have 

(?y+G,=(?i+(?2, (26) 

we  will  get  the  equation 

GyTy-\-GxTx=GiTi+G2T2 (27) 

From  this  formula  we  can  now  compute  the  temperature  Ty, 
for  an  already  given  quantity  G,,  because  Gy  is  known  to  us  from 
equation  (28)  and  Tx  from  equation  (25).  By  substituting  the 
value  Tx  we  get,  directly, 

GyTy^G2T2+GiT^^l-(^y'^ (27a) 

If  we  multiply  both  sides  by  the  constant  B  of  the  equation  of 
condition  of  the  gas,  there  follows,  on  account  of  the  relations 

72=GyVy=(j2V2    and    Vi=-GxVx'^GiV\, 
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the  pressure  py  in  the  receiving  vessel 


p-'-p^+tM^ -(!)'] 


(28) 


and,  provided  the  pressure  p,  has  been  computed  or  observed,  we 
also  have,  from  equation  (24), 

Vip,  +  V2Py  =  ViPi  +  V2r)2 (28a) 

At  the  end  of  the  flow  Pt='Py  =  p,  therefore, 

V1P1  +  V2P2 (286) 

Then  with  the  help  of  this  value  we  can  easily  compute  the  quan- 
tity of  gas  transferred,  the  temperature  in  the  discharging  vessel 
and  in  the  receiving  vessel,  quantities  which,  to  be  sure,  are  only 
valid  for  one  instant .  because  diffusion  begins  immediately  after 
the  equalization  of  pressure. 

The  equations  of  the  preceding  problem  furnish  a  basis  for  the 
treatment  of  a  series  of  important  special  cases,  of  which  a  few, 
possessing  scientific  interest  and  which  have  occasioned  special 
experimenting,  will  be  discussed. 

§36.  FLOW  OF  FREE   ATMOSPHERIC   AIR   INTO  A 

VESSEL. 

Let  us  assume  that  the  cubic  capacity  Vi  of  the  discharging 
vessel  A  (Fig.  27,  p.  178)  is  infinitely  large,  therefore  Gi  =  oo. 
This  case  exists  when  free  atmospheric  air  flows  into  a  vessel 
which  contains  rarefied  air  at  the  beginning;  pi  is  then  the  atmos- 
pheric pressure,  and  Ti  the  temperature  of  the  external  air;  the 
initial  temperature  in  the  receiving  vessel,  say  in  the  receiver  of 
an  air-pump,  may  have  any  value  T2  whatever. 

To  solve  the  problem  it  is  well  to  subject  the  corresponding 
formulas  of  the  preceding  articles  to  a  transformation;  let  G  desig- 
nate the  weight  of  gas  which,  in  a  given  time,  has  passed  from  one 
vessel  into  the  other,  then  we  must  substitute  in  the  formerly 
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given  equations  G,=(ji— G  and  Gy=G2+G;  hence,  for  the  dis- 
charging vessel,  we  have,  according  to  equations  (24)  and  (25), 

Both  formulas  give  for  the  present  case,  Gi  =  oo, 

p,  =  pi    and    r,  =  ri, 

a  result  that  is  self-evident. 

On  the  other  hand  for  the  changes  in  the  receiving  vessel 
equation  (27a)  gives 

(G2+G)7'^=G2r2+Giri[l-(l-^y]. 

If  we  develop  the  exponential  term  according  to  the  binomial 
theorem,  that  is,  put 

/i_^V  1.  g    K(K^i)(Gy 

V     Gi/  '^    ''Gi       1.2    \gJ  ""+•••' 
there  follows 

(G2+G)Ty=G2T2'h  kGTi r— 2 — Q — ^"""*  •  •  f 

and  from  this  we  get  for  Gi  =  oo  the  temperature  Ty  in  the  vessel 
after  flow  of  G  kg.  [lb.]  of  the  external  atmospheric  air  into  the 
vessel: 

-  ^^7VMG7\ 
■'''        Gi+G ^"^^ 

Multiplying  both  sides  of  the  equation  by  the  constant  B  of 
the  equation  of  condition,  there  follows,  after  some  easily  made 
transformations,  the  pressure  py  at  the  end  of  the  influx 


c„{k-1)GTi 
AV2 


P»-P2+        Av. (30) 

and  also 

kGTi 


l+G^J (30a) 
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From  equation  (29),  which  can  also  be  written  in  the  form 

r,-T.+^^^^^^, (29a) 

we  see  that  a   rise    of    temperature   is  connected  with 
the  influx  into  the  chamber. 

A  very  remarkable  result  is  reached,  and  Bauschinger 
(ibid.)  has  already  called  attention  to  it,  if  we  assimie  that  the 
space  into  which  the  outer  atmospheric  air  flows  is  empty  (is  a 
vacuum)  at  the  beginning.  Equation  (30)  gives  in  this  case,  for 
P2='0and  ^2=0, 

Pif- j^ 1 (306) 

and  equation  (29)  furnishes 

Ty^KTi ^  (296) 

From  the  last  equation  follows,  that  at  the  entrance  of  the 
atmospheric  air  into  a  vacuum,  from  the  first  instant  of  opening 
the  orifice,  the  temperature  there  rises  suddenly  up  to  th^  value 
K  Tij  and  then  remains  constant  as  long  as 
the  influx  into  the  vessel  (assumed  to  be  impenetrable 
to  heat)  lasts.  If  we  replace  the  absolute  temperature  in 
equation  (296)  by  the  temperature  according  to  Celsius 
(Fahrenheit),  there  follows 

ty^ni.93  -\-Kti 
[^y=  188.354 +  /rfi]. 

Consequently  if  the  external  atmospheric  air  had  the  tem- 
perature ^1  =  15^  (59''),  there  would  result  <„  =  133.08''  (271.544°  F.). 

If  the  vessel  is  not  initially  a  vacuum,  but  is  brought  before 
the  flow  of  the  air  into  it,  by  suitable  heating  from  the  outside, 
up  to  the  temperature  T2  =  KTiy  then  equation  (29a)  gives  Ty  =  T2; 
but  the  temperature  of  the  air  in  the  vessel  maintains  itself  at 
the  constant  heat  T2  during  the  influx.  When  the  pressure  py 
has  become  equal  to  the  external  pressure  pi,  the  influx  is  ended; 
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at  this  instant  the  air  entered^  according  to  equation  (30a),  amounts 
to 

(Pi  -  p2)G2T2    V2(V\  -  V2) 
^  KP2T1  kBTi      ' 

and  substitution  in  equation  (29)  gives  the  temperature  in  the 
vessel 

^  KT,r2Pi 

A  corresponding  experiment  cannot,  to  be  sure,  be  realized, 
as  will  now  be  more  fully  shown.  But  equations  (29)  and 
(30)  are  of  historical  interest.  As  regards  the  latter  equation 
there  can  be  computed  from  it 

^    AV2{py-p2)  .^.. 

or,  if  we  put,  in  place  of  the  weight  G  of  the  air  which  has  entered, 
its  volume  V  measured  at  the  external  pressure  pi,  taking  account 
in  so  doing  of  the  relation  Vpi=GBTij  and  determining  the  con- 
stant B  from  equation  (54),  p.  134,  we  get 

y^V2(Py^P2) 

Kpi 

Therefore  if  we  provide  the  receiver  of  an  air-pump  with  a 
manometer  and  with  an  orifice  through  which  atmospheric  air 
can  enter,  and  observe  during  influx  the  manometer  reading  py 
at  stated  intervals  of  time,  then  according  to  the  preceding  for- 
mulas we  can  compute  the  weight  of  air  G  or  the  volume  of  air  V, 
measured  at  the  external  pressure  pi,  which  passes  through  the 
orifice  during  the  separate  intervals.  In  this  way  a  method  may 
be  established  of  determining  experimentally  the  quantity  of  air 
flowing  through  a  given  orifice  in  a  unit  of  time  for  a  given  dififer- 
ehce  of  pressure,  and  the  values  thus  found  can  be  compared 
with  the  theoretical  results  of  investigations  on  the  efflux  of  air 
through  orifices. 
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This  way  was  in  fact  pursued  by  de  Saint-Venant 
and  W  a  n  t  z  e  n  (1839) ;  they  allowed  atmospheric  air  to  flow 
through  different  kinds  of  circular  orifices,  whose  diameters  were 
2/3,  1,  and  1.5  mm.  [0.02824,  0.03937,  and  0.05906  in.],  into  the 
receiver  of  an  air-pump  whose  cubic  capacity  to  be  sure  was 
only  0.0174  cbm.  [0.615  cu.  ft.],  in  which  there  was  generally  at  the 
beginning  of  the  various  experimental  series  a  pressure  of  10  to 
20  umi.  (0.3937  to  0.7874  in.)  of  mercury.  The  investigators  in  one 
experimental  method  allowed  the  air  to  flow  uninterruptedly  till 
the  pressure  was  equalized,  and  observed  at  equal  intervals  of 
time  (every  5  seconds)  the  increment  of  pressure;  in  the  second 
method  they  allowed  the  air  to  flow  in  with  interruptions,  after 
each  period  of  5  seconds  the  orifice  was  closed  for  a  few  seconds 
with  the  finger  and  the  pressure  immediatel}'  noted. 

The  work  of  de  Saint-Venant  and  W  a  n  t  z  e  1 
remained  almost  unnoticed  for  thirty  years;  doubtless  this  was 
due  to  the  circumstance  that  it  was  P  o  n  c  e  1  e  t  who  declared 
in  his  report  to  the  Paris  Academy  that  the  experiments  were  not 
decisive  because  they  were  conducted  on  too  small  a  scale 
(with  too  small  orifices);  one  must  agree  with  this  judgment,  but 
must  add  that  neither  could  the  results  of  the  then  given  experi- 
ments be  regarded  as  reliable.  During  the  development  of 
the  above  formulas  it  was  assumed  that  the  receiving  as  well  as 
the  discharging  vessel  was  impermeable  to  heat,  a  condition  that 
cannot  be  satisfied  .because  during  the  influx  into  the  receiver  a 
marked  rise  of  temperature  occurs  there,  in  consequence  of  which 
the  air  in  the  interior  gives  off  heat  through  the  walls  of  the  vessel 
to  the  external  atmosphere  during  the  whole  duration  of  the 
experiment;  consequently  in  the  first  experimental  method  the 
increment  of  pressure  py  -  p2  takes  place  to  a  less  degree  than  is 
assumed  in  equations  (31)  and  (31a).  In  the  second  method,  to 
be  sure,  it  was  assumed  that  on  account  of  the  short  period  of 
influx  (5  seconds)  the  loss  of  heat  by  radiation  might  be  neglected ; 

^  "Mdmoire  et  experiences  sur  r^coulement  de  Pair,  determine  par  des  diff^ 
renoes  de  preasions  considerables/'  by  Barr6  de  Saint-Venant  and 
Laurent  Wantzel.  (Presented  to  the  Academy  of  Sciences.  Feb.  25, 
1839.)    Journal  de  TJ^cole  poly  technique,  XVI,  1839. 
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but  the  experimenters  should  have  closed  the  orifice  not  only  for 
a  few  seconds  but  till  there  had  been  complete  equalization  of 
temperature  with  the  external  atmosphere. 

The  beginning  of  influx  ought  to  be  permitted  only  when  the 
initial  temperature  T2  in  the  vessel  is  identical  with  the  external 
temperature  Ti,  which  can  be  recognized  when  the  manometer 
reading  for  the  closed  vessel  keeps  constant. 

Now  for  the  beginning  of  the  experiment  we  have  the  relation 
V2P2 =(7257*1,  and  for  the  end,  after  G  kg.  [lb.]  air  have  entered, 
we  have  F2p=(G2+G)Bri,  provided  equalization  of  temperature 
has  taken  place  and  the  manometer  reading  has  become  stationary 
at  the  pressure  p;  a  combination  of  the  two  equations  then  gives 
for  the  quantity  of  air  entered 

G-G,^, (32) 

or,  if  we  measure  the  quantity  of  air  G  in  cubic  meters  (cu.  ft.)  at 
external  pressure, 

7^72^21!^ (32a) 

Pi 

There  are  therefore  two  ways  of  determining  the  quantity  of 
air  admitted,  either  with  the  help  of  equations  (31)  and  (31a),  by 
reading  the  pressure  py  in  the  vessel  at  the  instant  of  closing,  or 
with  the  help  of  the  preceding  equations  (32)  and  (32a)  by  observ- 
ing the  pressure  p  at  the  end  after  equalization  of  temperature; 
the  latter  procedure  is  evidently  the  more  reliable  one. 

De  Saint-Venant  and  W  a  n  t  z  e  1  of  course  did  not 
know  equations  (31),  which  are  derived  from  the  laws  of  ther- 
modynamics, but  calculated  the  air  volume  V  according  to  equa- 
tion (32a),  and  in  so  doing  committed  the  error  of  not  waiting  for 
the  equalization  of  temperature  by  substituting  py  in  the  formula 
instead  of  p. 

In  spite  of  these  defects,  however,  their  article  is  of  high  value, 
for  the  authors  have  developed  laws  concerning  the  efflux  of 
gases  to  which  men  have  recently  returned  and  which  will  be  dis- 
cussed more  fully  below. 
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The  foregoing  computations  are  of  interest  also  for  other 
reasons;  the  behavior  of  the  two  equations  (31a)  and  (32a)  gives 

-?J^^ (33) 

Therefore  if  we  allow  air  to  flow  into  a  vessel  in  which  there 
is  rarefied  atmospheric  air  of  the  pressure  p2  and  of  the  tempera- 
ture of  the  external  atmosphere,  and  if  we  observe  the  pressure 
j>y  at  the  instant  of  closing  the  orifice,  and  also  observe  the  pressure 
p  after  equalization  of  temperature,  then  the  preceding  equation 
furnishes  us  with  the  means  of  determining  the  important  physical 
constant  k. 

If  the  vessel  is  a  vacuum  at  the  beginning,  that  is  if  p2=0,  we 
get  still  more  simply 

^=^ (33a) 

In  this  way,  corresponding  to  equation  (33),  Clement  and 
Desormes  determine  the  value  k.  Of  course  to  safely  assume 
that  there  is  no  heat  exchange  of  the  gas  with  the  walls  of  the 
vessel  during  the  influx  depends  on  the  influx  orifice  being  open 
only  a  very  short  time.  However,  this  condition  is  hard  to  satisfy; 
the  walls  of  the  vessel  have  the  external  temperature  Ti,  the 
entering  air  has,  according  to  equation  (29a),  a  higher  temperature 
after  expansion  (spreading),  and  because  it  comes  in  contact  with 
the  cooler  walls  during  its  stormy  motion,  the  consequent  lowering 
of  temperature  will  cause  the  observed  temperature  py  to  be  read 
too  small  and  hence  it  will  turn  out  smaller  than  was  ex- 
pected, and  this,  in  fact,  is  what  occurred  in  the  experiments  of 
element  and  Desormes.  By  the  method  given,  there- 
fore, a  reliable  determination  of  the  important  magnitude  is  not 
to  be  expected,  and  of  this  the  author  has  convinced  himself  by 
recent  experiments  conducted  on  a  large  scale. 
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§  37.   FLOW  OF  AIR  FROM  THE  VESSEL  INTO  THE  FREE 

ATMOSPHERE. 

If  air  flows  into  the  free  atmosphere  from  a  vessel  impermeable 
to  heat  and  possessing  the  volume  Vi,  in  which  there  exists  at  the 
beginning  the  pressure  pi,  the  temperature  Ti,  and  Gi  kg.  (lb.)  of 
air,  then  after  a  certain  time  the  pressure  will  fall  to  p,  and  the 
temperature  to  Tx-  If  at  this  instant  the  orifice  is  closed  and  if 
Gx  is  the  weight  of  air  remaining  behind  in  the  vessel,  then  there 
exist  between  these  quantities  the  relations  given  by  equations 
(24)  and  (25),  p.  180.  If  G  is  the  weight  of  air  discharged,  we  must 
put  Gx=(?i  -G,  and  equation  (24)  gives  for  the  assumptions  there 
made  (reversible  adiabatic  expansion  of  air  in  the  discharg- 
ing vessel  during  efflux) : 

If  we  designate  by  p2  and  T2  the  pressure  and  temperature  of 
the  external  atmosphere,  which  do  not  undergo  any  change  during 
the  experiment,  and  assume  beforehand  that  the  temperature  of 
the  air  in  the  vessel  is  originally  identical  with  that  of  the  external 
atmosphere,  so  that  7'i  =  !r2,  then,  according  to  equation  (25), 


^2       \Pl/ 


-1 

' (35) 


Consequently  if  we  observe  with  the  help  of  a  manometer  the 
initial  pressure  pi  and  the  terminal  pressure  px,  at  the  instant  of 
closing  of  the  orifice,  then  by  equation  (34)  the  quantity  of  air 
can  be  computed  which  attains  efflux,  and  by  equation  (35)  the 
temperature  T^  at  the  instant  of  closing. 

If  we  wish  to  measure  the  quantity  of  air  discharged  in  cubic 
meters  under  the  initial  inner  pressure  pi,  and  under  the 
initial  temperature  ^2,  and  designate  this  volume  by  F,  we  have 
the  relation 

Vpi=GBT2. 
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In  like  manner  the  weight  Gi  is  determined  from  the  relation 
V\pi=GiBT2;  the  use  of  these  two  formulas  in  equation  (34) 
also  gives 

^-"■[•-fe)'] <=^) 

If  we  drop  the  assumption  that  the  vessel  is  impenetrable  to  heat, 
then  from  the  moment  of  closing  the  orifice,  and  because  r,<jP2, 
the  external  atmospheric  air  will  give  off  heat  to  the  air  remaining 
behind  in  the  vessel  till  the  temperature  there  has  risen  to  the 
initial  value  T2;  in  doing  this  the  pressure  p,  rises  to  the  pressure 
p,  which  finally  is  stationary  and  can  easily  be  observed,  provided 
we  wait  long  enough  when  making  the  experiment.  This  heating 
takes  place  under  constant  volume,  and  therefore  with  the  assumed 
notation  we  have  the  relations 

Fipx  =  ((?i-G)Brx    and    Fip  =  (Gi-G)fir2, 
from  which  follows 

L'^Pf^P^.PL (36) 

T2         P         Pi      P  ^        ^ 

The  combination  of  this  equation  with  equation  (35)  gives 

H'=A       (37) 

\Pi/      Pi 

and  if  this  value  is  substituted  in  equation  (34)  or  (34a),  we  get 
the  weight  of  the  tur  discharged  from 

G=Gi(^), (34«) 

and  the  volume  (measured  at  the  pressure  pi)  from 


-■(VI 


^-'^'{'jf) (s^) 

These  latter  equations  give  rise  to  some  important  remarks. 
First  of  all  we  recognize  that  with  the  help  of  equation  (37)  the 
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value  of  K  can  be  found,  provided  we  determine  the  three  pressures 
J>ii  Pxt  ^^^  V  &^  the  beginning  and  the  end  of  the  efflux,  and  at 
the  equalization  of  temperature,  and  from  equation  (37)  we  then 
get  the  important  magnitude  k, 

^^loRT^gp, 3^^^ 

logpi-iogp 

In  this  way  experiments  were  made  by  Gay-Lussac  and 
Welter,  by  Masson,  Dupr6,  Cazin,  Him,  Weis- 
b  a  c  h,  and  R  6  n  t  g  e  n ;  but  although  the  experiments  seem 
so  simple,  they  differ  considerably  from  each  other  and  in  such  a 
way  that  the  quantity  #c  is  in  most  cases  considerably  smaller  than 
1.410.  The  experiments  of  Cazin,*  Weisbach,^  and 
Rontgen^  appear  to  be  the  most  reliable. 

Weisbach  made  his  observations  under  particularly  favor- 
able circumstances  for  his  discharging  vessel  (an  ordinary  cylin- 
drical steam-boiler)  had  the  very  considerable  cubic  contents  of 
Vi  =4.6720  cbm.  [165  cu.  ft.];  the  orifice  of  efflux  had  the  diameter 
of  40  mm.  [1.575  in.]  and  was  open  only  a  few  seconds. 

In  one  of  his  time  experiments,  measured  in  millimeters  of 
mercury  [in.  of  mercury],  the  three  observed  pressures  were: 

pi  =  1452.2,     p,  =  1323.2,     p  =  1358.2 
[pi  =  57.174,     p,  -  52.094,    p  =  53.473], 

and  in  the  other  experiment 

pi  =  625.0,      px = 494.0,      p  =  530.0 
[pi  =  24.606,     Px  =  19.449,     p  =  20.866]. 

The  first  values  gave,  according  to  equation  (37a),  ic= 1.405,  the 
other  /c==  1.400,  both  of  them  somewhat  smaller  than  1.410. 

The  experiments  of  R  6  n  t  g  e  n  were  conducted  with  special 
care;  from  ten  experiments  with  air  he  found  an  average  value 
of  /c  =  1 .4053 ;  from  eight  experiments  with  hydrogen  #c  =  1 .3852,  and 


*  C  a  z  i  n,  Annales  de  Chimie  et  de  Phys.     3d  Series,  Vol.  66,  p.  206. 

'Weisbach,  Civilingenieur.     Vol.  5,  1859,  p.  46. 

»  R  6  n  t  g  e  n,  Poggendorflf's  Annalen,  Vol.  148  (1873),  p.  580. 
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from  ten  experiments  with  carbonic  acid  ic  =  1.3052.  Instead  of 
employing,  like  Weisbach,  a  mercury  manometer,  he  used  a 
very  sensitive  metal  manometer;  this  vessel,  however,  had  only 
the  cubic  contents  7i  =0.070  cbm.  [2.472  cu.  ft.].  The  result,  that 
these  experiments  make  k  smaller  than  was  to  be  expected,  has 
always  been  ascribed  to  the  fact  that  the  assumptions  were  not 
fulfilled  under  which  formulas  (37),  (37a)  were  developed;  for 
even  during  the  shortest  period  of  efilux  the  walls  of  the  vessel 
give  off  heat  to  the  air  within,  whose  temperature  sinks  compara- 
tively quickly,  and  consequently  p^  must  become  too  large  and 
K  too  small.  Accordingly  it  is  to  be  expected  that  that  experi- 
ment will  give  the  most  reliable  results  in  which  the  orifice  is  open 
only  a  fraction  of  a  second,  and  in  which  there  is  a  very  large 
orifice  of  efflux  in  order  to  obtain  large  pressure  differences 
Pi—p*  and  p  —  px,  and  thus  secure  accurate  readings;  but  just 
these  conditions  are  fulfilled  in  the  experiments  of  H  i  r  n,^  and 
yet  he  found,  as  the  mean  of  a  large  number  of  experiments  with 
atmospheric  air,  ic= 1.3845;  unfortunately  he  did  not  give  the 
several  observation  values;  to  be  sure.  Him  did  not  observe 
in  his  experiments  the  pressure  p,  at  the  instant  of  closing  the 
orifice,  but  assumed  in  his  computation  as  self-evident  that  the 
pressure  px,  in  the  discharging  vessel,  in  each  of  his  experiments, 
fell  to  the  external  atmospheric  pressure ;  the  capacity  of  the  dis- 
charging vessel  with  which  H  i  r  n  experimented,  moreover,  only 
amounted  to  Vi  =0.010  cbm.  [0.353  cu.  ft.]. 

As  was  mentioned  above,  the  deviations  of  the  experimental 
results  from  the  expected  ones  is  ascribed  to  the  circumstance 
that  even  in  the  shortest  period  of  efflux  the  walls  of  the  vessel 
gave  off  heat  to  the  cooling  gas.  But  the  deviations  may  be  due, 
and  perhaps  in  a  larger  measure,  to  another  circumstance.  In 
deriving  equation  (37)  it  has  always  been  assumed  that,  from  the 
beginning  to  the  end  of  efflux,  a  quantity  of  air  remaining  behind 
in  the  vessel  expands  not  only  adiabatically,  but  also  in  rever- 
sible  fashion,    and  consequently  expands,  overcoming  the 


'  H  i  r  n,  "Exposition  de  la  tb^orie  m^canique  de  la  chaleur."     Paris,  1875. 
3d  edition,  Vol.  I,  p.  111. 
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full  pressure  of  equilibrium;  moreover  it  is  assumed  that  the 
weight  of  the  air  flowing  toward  the  orifice  in  a  funnel-shaped 
space  can  be  regarded  as  insignificant  in  comparison  with  the  rest 
of  the  air  existing  in  the  vessel,  an  assumption  which  is  evidently 
the  less  permissible  the  greater  the  orifice  and  the  smaller  the 
discharging  vessel. 

We  must  therefore  assume  that  the  expansion  of  the  air  takes 
place  in  non-reversible  fashion,  accompanied  by  a  stormy 
motion  of  all  the  air  in  the  discharging  vessel;  this  stormy  motion 
appears  to  promote  a  far  more  rapid  exchange  of  heat  between  the 
walls  of  the  vessel  and  the  air.  The  rapid  exchange  of  heat,  which 
can  be  inferred  from  the  experiments,  appears  to  be  difficult  to 
understand,  if  we  only  think  of  the  quiet  reversible  expansion, 
because,  as  is  well  known,  in  such  poor  heat  conductors  as  gases, 
heat  can  only  be  transmitted  very  slowly  in  a  state  of  rest. 

From  all  this  it  can  be  concluded  that  the  foregoing  experi- 
mental method,  for  the  determination  of  the  value  iv,  is  in  p  r  i  n- 
ciple  unreliable,  because  the  assumptions  are  not  ful- 
filled  which  were  employed  in  deriving  equation  (37).  The 
W  e  i  s  b  a  c  h  experiments  correspond  more  closely  to  these 
assumptions,  because  in  them  there  was  a  large  discharging  vessel. 
If  these  objections  are  sound  and  if  the  expansion  is  non-reversible, 
then,  after  closing  the  orifice,  a  rise  of  pressure  should  be  observed, 
even  when  there  is  no  heat  imparted  by  the  walls  of  the  vessel  to 
the  air.  The  passage  of  the  stormy  motion  into  a  condition  of 
equilibrium,  which  is  manifested  by  the  increase  of  pressure, 
undoubtedly  takes  place  with  extraordinary  rapidity,  and  conse- 
quently immediately  after  the  closing  of  the  orifice  there  is  an 
almost  jump-like  rise  of  pressure.  This  jump  I  have  in  fact 
observed  when  I  repeated  the  W  e  i  s  b  a  c  h  experiments  in  the 
modified  form,  which,  like  my  own,  were  instituted  for  other  pur- 
poses, namely,  for  the  investigation  of  the  efflux  of  air  from  the 
orifices  of  vessels.  The  discharginf  vessel  (an  iron  boiler  with 
which  I  made  the  experiments)  had  a  capacity  of  7i  =0.81088 
cbm.  [28.637  cu.  ft.]  (determined  bj  a  careful  calibration  with 
water);  the  pressure  of  the  air  in  the  interior  was  observed  by 
an  open  mercury  manometer.    The  ratio  of  the  cross-section  of 
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the  vessel  and  the  cross-section  of  the  manometer  tube  was  exactly 
200. 

Now  when  the  vessel  is  filled  with  compressed  air  and,  after 
equalization  of  temperature,  the  orifice  of  efflux  opened  and  then 
closed  again  after  a  short  period,  there  occur  the  pressure  varia- 
tions represented  schematically  in  Fig.   28.    The  abscissa  OA 

represents  the  time  which  has  elapsed  from 
the  opening  of  the  orifice,  and  the  ordinate 
AB  represents  the  pressure  of  the  air,  meas- 
ured by  the  mercury  column,  for  the  as- 
sumed instant  of  time;  at  the  beginning  of 
the  time,  and  therefore  at  the  moment  of 
^^  opening  the  orifice,  the  pressure  pi  is  meas- 
ured by  OBq;  at  the  instant  of  closing  the 
orifice  (at  the  time  OAi,  which  in  all  my  experiments  on  the 
average  amounted  to  10  seconds)  a  high  pressure  p,  is  ob- 
served, and,  as  represented  by  the  ordinate  AiBi,  this  pressure 
can  be  read  from  the  manometer  with  suflScient  certainty; 
now  here  the  observed  phenomenon  occurs,  namely,  that  the 
pressure  p,  jumps  suddenly  to  the  larger  value  py  (from  -Ai^i 
to  ^1^2),  remains  stationary  for  a  moment,  and  gradually 
increases,  somewhat  like  the  course  of  the  curve  B2B3,  at  first 
rapidly  and  then  more  slowly,  till  finally,  after  a  suflSciently  long 
time  (OA3),  it  remains  stationary  at  the  value  p  =  -4  3^3;  the  course 
of  the  pressures  in  the  latter  period  corresponds  to  the  gradual 
equalization  of  temperature.  The  observation  of  the  pressure 
Py  is  tainted  with  the  same  uncertainty,  but  the  jump  Py—px  in 
the  following  experiments  amounted  to  13  mm.  [5.2  in.]  of  mercury 
column;  the  jump  was  greater  the  higher  the  initial  pressure  in 
the  boiler;  for  initial  pressures  less  than  two  atmospheres  the 
jump  phenomenon  disappeared;  Weisbach's  experiments 
did  not  exceed  this  initial  pressure,  but  a  much  less  excess  of 
pressure  existed  in  the  experiments  of  some  of  the  other  experi- 
menters, which  perhaps  explains  why  none  of  them  mentioned  the 
phenomenon.  Only  de  Saint-Venant  and  W  a  n  t  z  e  1 
have  observed  a  similar  phenomenon  in  their  experiments,  dis- 
cussed above,  and  say  expressly  that  the  top  of  the  mercury  column 
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in  the  manometer  made  a  jumping  motion  of  about  1  to  3  mm. 
[0.4  to  .12  in.]  at  the  instant  of  closing  the  orifice. 

One  is  inclined  to  ascribe  the  phenomena  exclusively  to  the 
inertia  of  the  mercury  column  in  the  manometer  tube;  during  the 
efflux  the  surface  of  the  mercury  sinks  in  accelerated  fashion,  and 
the  constantly  diminishing  mercury  column  assumes  a  certain 
velocity  so  that  its  surface  outruns  its  true  position  when  the 
orifice  closes  and  its  immediate  return  to  an  instantaneous  posi- 
tion of  equilibrium  seems  explicable. 

But  closer  reflection  shows  that  this  procedure  is  not  sufficient 
to  explain  the  phenomenon;  we  should  rather  seek  in  it  the  proof 
that  in  reality  the  quantity  of  air  remaining  behind  does  not 
expand  in  reversible  fashion  during  the  efflux,  and  that  the  rapid 
rise  of  pressure  is,  in  the  main,  to  be  ascribed  to  the  passage  of 
the  stormy  motion  into  a  condition  of  equilibrium. 

From  the  great  number  ^  of  my  different  observations,  one 
will  be  picked  out  as  an  example. 

Example.  In  one  experiment  the  pressures,  measured  in  milli- 
meters [inches]  of  mercury,  were  as  follows:  The  initial  pressure  pi  =2809.5 
[110.61],  the  pressure  px  at  the  instant  of  closing  the  orifice  was  equal  to 
2584.9  [101.771  at  the  end  of  the  jump  p^ -2597.4  [102.24],  and  after  equal- 

*  A  short  account  of  these  experiments  with  the  description  of  the  experi- 
mental apparatus  and  method  can  be  found  in  I>er  Civilingenieur,  1874,  Vol. 
20,  p.  1:  ^'Resultate  experimenteller  Untersuchungen  iiber  das  Ausstr6men  der 
Luft  bei  starkem  Uberdruck." 

The  experiments  of  1871  were  conducted  by  me  in  Zurich  with  the  apparatus 
which  belonged  to  the  machinery  collection  of  the  Confederation's  Polytech- 
nikum,  and  which  was  constructed  according  to  my  directions.  As  I  left  Zurich 
a  few  months  after  the  completion  of  the  apparatus,  I  had  to  limit  the  experi- 
ments to  the  investigation  of  a  question  which  will  be  discussed  later  in  the 
text.  The  question  touched  upon  above  I  could  unfortunately  not  pursue 
more  thoroughly  in  an  experimental  way. 

It  would  be  of  great  value  if  the  experiments  with  high  pressure  could  be 
taken  up  again  by  others;  the  highest  pressure  inWeisbach's  experiments 
only  went  to  2  atmospheres,  in  my  experiments  it  went  to  4  atmospheres.  The 
greatest  difficulties  are  encountered  by  virtue  of  the  fact  that  at  high  pressures 
the  air  penetrates  the  metallic  pores;  in  my  apparatus  the  air  went  through 
the  inch  walls  of  the  metal  dome.  After  much  trying,  and  after  the  inner  walls 
of  the  boiler  were  painted  with  red  lead  and  all  brass  domes  (mountings)  were 
dipped  into  boiling  linseed  oil,  we  succeeded  in  making  the  apparatus  air-tisrht 
and  in  avoiding  losses  of  air. 
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izatioQ  of  temperature  p -2639.9  [103.93];  the  temperature  of  the  external 
air  was  (.-14.6''  C.  [58.28''  F.];  the  barometer  reading  was  722.1  mm. 
[28.43  in.],  the  air  flowed  for  9.9  seconds  through  a  circular,  well-rounded, 
orifice  having  a  diameter  of  5.73  mm.  [0.2256  in.].  Boiler  capacity  Vi 
-0.81088  cbm.  [28.637  cu.  ft.].  Here  we  first  compute  the  weight  of  air 
which  the  boiler  contained  at  the  beginning  and  at  the  end  of  the  experi- 
ment according  to  the  formulas 

Vipf^GiBTi    and    Vip-G.BT,, 

where  B -29.269  [53.349];  for  the  pressures  we  must  substitute  the  specific 
values  obtained  by  multiplying  the  pressure  in  millimeters  of  mercury  by 
10333: 760  [2116.31 :  29.922].    In  the  present  case  there  results: 

Gi -3.6796    and    Gx -3.4575  kg. 
[Gi -8.1124    and    Gx -7.6227  lb.]. 

The  difference  G\-G»  is  the  quantity  of  air  discharged  in  9.9  seconds; 
these  values  are  moreover  independent  of  all  occurrences  which  happen  at 
the  close  of  the  orifice.  According  to  equation  (24),  p.  180,  if  we  replace  the 
exponent  by  the  letter  r,  and  thus  assume  that  the  quantity  of  air  Gx  remain- 
ing behind  expands  during  the  period  of  efflux  according  to  the  law  pv^  -con- 
stant, we  can  compute,  with  the  help  of  the  preceding  experimental  data, 

r- 1.338, 

which  is  essentially  smaller  than  «  — 1.410. 

The  work  L,  which  the  air  remaining  behind  performed  on 
the  discharged  air,  is,  according  to  equation  (76),  p.  154, 

when  its  initial  volume  at  the  pressure  pi  is  designated  by  F^ 

Now  if  pv  really  corresponds  to  the  equilibrium  pressure,  the  change 
of  inner  work  of  the  air  remaining  behind,  according  to  equation  (52),  p.  132,  is 

t/-l/i-;3-^(y.pr-V'pi), 

and  then  the  quantity  of  heat  Q,  which  the  air  remaining  behind  absorbs  from 

the  walls  of  the  vessel  during  the  period  of  efflux,  can  be  computed  from 

the  formula 

Q^A{JJ-U  +L, 

where  tiie  volume  V  of  the  preceding  equations  can  be  determined  from 


\p,/ 
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The  calculation  caa  easily  be  pursued  further  even  for  this  present  example. 
However  we  will  simply  remark  that  the  quantity  of  heat  and  the  work 
just  computed  relate  only  to  the  air  remaining  behind.  But  the 
quantity  of  air  discharged  has  likewise  absorbed  heat  and  done  work  on 
the  air  preceding  it.  A  further  discussion  of  the  problem  would  lead  us  too 
far  for  the  purpose  of  the  present  book. 

§  38.  FLOW  OF  A  QAS  FROM  ONE  VESSEL  INTO  ANOTHER 
WITH  VARIABLE  VESSEL-VOLUME  AND  WHEN 
HEAT  IS  IMPARTED. 

In  the  general  case,  which  was  made  the  basis  of  the  investi- 
gations of  the  last  article,  the  Sow  of  the  gas  from  one  space  to 
another,  the  capacity  of  both  vessels  was  regarded  as  constant 
(§  35,  p.  178,  Fig.  27),  and  at  the  same  time  the  limiting  assump- 
tion was  made  that  no  heat  was  imparted  to  either  one  vessel  or 
the  other  during  the  efflux.  If  we  drop  the  limitations  mentioned, 
then  we  strike  the  problem  which  is  of  technical  importance, 
because  it  arises  in  the  fuller  investigation  of  air  engines.^ 

For  the  clarification  of  the  problem,  suppose  the  three  pistons 
Kiy  Ky  and  K2  (Fig.  29)  to  form  with  the  cylinder  the  spaces  A 
and  B  which  are  filled  with  air.  Let  the  middle  piston  K  (called 
the  transfer-piston  in  air  engines)  be 
regarded  as  impenetrable  to  heat,  and 
let  it  contain  perforations  which  are 
provided  with  valves.  In  a  part  of 
these  holes  the  valves  open  in  one  di- 
rection, and  in  the  other  part  in  the 
opposite  direction,  so  that  all  changes 
of  pressure  occurring  m  the  two  spaces  '  p     29 

are  inmiediately  equalized  by  the  flow 
of  a  corresponding  quantity  of  air,  through  the  answering  valve, 
out  of  one  space  into  the  other;  then  the  pressure  p,  i  n  itself 
variable,  nevertheless  always  possesses  the 
same  value  in  the  two  spaces. 

*  The  problem  was  first  treated  by  the  author  in  Der  Civilingenieur.  1883, 
Vol.  29,  p.  557:  "Ober  die  Wirkung  dee  Verdr&ngers  bei  Heiss-  und  Kaltluft- 
maschinen." 
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Let  the  space  A  have  the  variable  volume  Vx  and,  at  the 
moment  in  question,  let  it  enclose  Gx  kg.  [lb.]  of  air  of  the  tem- 
perature Tx',  in  the  other  space  B  let  there  be  at  the  same  time 
the  volume  Vy,  containing  Gy  kg.  [lb.]  of  air  of  the  temperature 

Tyy  but,  for  the  reasons  mentioned,  possessing  the  same  pressure 
p  as  the  space  A. 

Now  if  we  suppose  the  piston  £  to  be  stationary  and,  in  any 
way  whatever,  heat  to  be  supplied  to,  or  withdrawn  from,  the  two 
spaces  A  and  B,  the  two  pistons  Ki  and  K2  simultaneously  retreat- 
ing and  performing  work,  then  the  problem  arises  of  the  state  of 
the  air  in  the  one  space,  and  in  the  other  space  for  any  piston 
position  whatever;  the  question  also  is  as  to  the  quantities  of 
work  which  have  been  produced  or  consumed,  and  finally  as  to  the 
quantity  of  heat  which  has  been  absorbed  or  rejected  by  the  one 
space  and  the  other  space. 

It  is  worthy  of  note  that  the  same  law  of  change  of  the 
spaces  Vx  and  Vy  can  be  brought  about  if  we  regard  one  of  the  two 
external  pistons  Ki  and  K2  (Fig.  29)  as  stationary  and  the  other 
two  pistons  movable,  which  cases  in  fact  occur  in  constructed 
air  engines;  the  valves  mentioned  as  closing  the  holes  in  the 
transfer  piston  do  not  exist  in  the  actual  constructions,  but  have 
been  assumed  here  for  the  purpose  of  more  easily  following  the 
theoretical  developments. 

Let  us  first  assume  the  valves  in  the  holes  to  be  closed, 
then  the  equation  of  condition  of  gases  gives  for  the  air  in  space  A 
the  relation 

VxP=BGxTx, (38) 

and  for  the  space  B 

VyP^BGyTy '.         (39) 

Let  V  designate  the  variable  total  volume,  and  let  G  be  the 
total  constant  weight  of  the  air  in  the  two  spaces,  then  we  have 

V^Vx  +  Vy 

and 

G^Gx+Gy; 
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from  the  addition  of  equations  (38)  and  (39)  follows 

Vp  =  B{G^T,+GyTy) (40) 

If  under  like  circumstances  the  temperature  in  the  two  spaces 
is  equally  great  and  equal  to  T,  the  relation  Vp = BGT  holds,  and 
the  foregoing  equation  then  becomes 

GT^GJTx+GyTy, (41) 

from  which  formula  the  mean  temperature  T,  i.e.,  the 
equalized  temperature,  can  be  computed ;  the  intro- 
duction of  this  magnitude  renders  some  of  the  following  investiga- 
tions easier. 

The  combination  of  equation  (38)  and  equation  (39)  moreover 
gives 

?4:4:. :  •  <«> 

because  G=Cr,+(?y,  or,  using  the  relation  Vp=BGTf 

m'^'m      '"m"'        •••••••    \y£Xl) 

Now  supply  to  the  closed  space  A  the  quantity  of  heat  dQ, 
'and  to  the  space  B  the  heat  dQy,  and  in  so  doing  let  the  volume 
Y  X  increase  by  dY  x  and  Yy  by  dFy,  and  let  the  corresponding 
change  of  pressure  be  dp'  in  space  A  and  dp"  in  space  S,  and  let 
the  corresponding  changes  of  temperature  be  designated  by  dTx 
and  dTy\  then  we  can  here  use  equations  (12c)  and  (126),  p.  171, 
and  obtain 

dCt.^^^{Y ^'^ ^pdY ;)       ....    (43a) 


and 


•pGx(d7'/-^T,^')     •    •    •    (436) 


c«2i,=;^(F,^p"+/cpdF^)     ....    (44a) 


(446) 
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After  the  two  separate  spaces  have  been  supplied  with  the 
given  quantities  of  heat  imagine  the  valves  in  the  passages  (Fig. 
29)  to  be  opened  until  equalization  of  pressure  has  taken  place; 
then,  at  the  end,  the  pressure  in  both  spaces  will  be  p+dp. 
Furthermore,  after  equalization  of  pressure,  let  Tx+dT^  be  the 
temp)erature  in  the  space  A,  and  Ty+dTy  that  in  the  space  B. 

The  introduced  differentials  can  now  be  easily  determined; 
first  of  all,  as  regards  the  relation  between  dp^,  dp",  and  dp  we 
have  in  equation  (20a),  p.  176,  when  applied  to  the  present  case, 
simply  to  substitute  p-fdp  in  place  of  p,  p+dp^  in  place  of  pi, 
and  p-\-dp"  in  place  of  p2\  also  V^-^dV^  in  place  of  Vi,  and 
Vy-^dVy  in  place  of  F2;  we  then  get 

.  ,       iV.^dV,){p+dp')^{VyVdVy){p-¥dp'') 

p-^dp-  V^^dV^-^Vy+dVy 

Hence  there  follows,  when  the  multiplication  is  effected  and 
differentials  of  higher  order  are  neglected  in  comparison  with 
those  of  the  lower  order, 

and  because  the  denominator  of  this  fraction  simply  represents 
the  instantaneous  total  volume  V  we  get 

Fdp=F^p'-fTVp" (45) 

We  get  besides,  from  differentiation  of  V  =  Vx+Vy, 

dV=dVx-^dVy (45a) 

Now  if  we  add  the  two  equations  (43a)  and  (44a)  we  get  ih 
the  value  dQx-^dQy,  which  we  will  designate  by  dQ,  the  whole 
quantity  of  heat  absorbed  by  the  air  in  the  two  spacesil 
and  jB,  or 

*2  =  ;^l[^«^?''  -^  ^vdp"  +  KpidVx+dVy)]; 
or,  utilizing  equations  (45)  and  (45a), 

dQ^-^JVdp-^KpdV) (46) 
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This  equation  gives  for  the  present  investigations  an  interesting 
and  important  result.  The  equation  is  identical  with  equation 
(12c),  p.  171,  and  enunciates  that  the  quantity  of  heat  dQ,  which 
has  been  absorbed  by  the  whole  quantity  of  air  in  both 
spaces  and  partly  transformed  into  work,  is  determined  exactly 
as  if  the  air  existed  in  only  one  space,  F,  under  the  pressure  p. 
The  same  law  also  holds  with  respect  to  the  external  work  pro- 
duced; the  work  in  the  space  A  is  pdV^,  and  in  the  other  space 
pdVy',  the  whole  external  work  is  therefore 

dL  =  p(dV^+dVy)^pdV, 

and  as  if  the  air  filled  only  one  space  V. 

We  recognize,  moreover,  that  the  present  propositions  are 
valid  for  more  than  two  spaces;  no  matter  how  the  weight  G  of 
the  air  may  be  distributed  in  the  several  spaces,  no  matter  what 
temperature  may  exist  in  each  of  the  several  spaces,  the  quantity 
of  heat  developed  by  the  total  mass  of  the  air  and  the  quantity 
of  work  which  it  produced  or  consumed  can  be  always  computed 
by  equation  (46),  as  if  the  air  occupied  only  one  space,  pro- 
vided the  spaces  are  so  connected  with  each  other  that  in  all  of 
them  the  same  pressure  p  prevails. 

Equation  (46)  can  easily  be  brought  into  the  other  forms  given 
under  (12),  p.  171,  if  we  introduce  for  T  the  mean  or  equalization 
temperature. 

We  will  present  only  one  of  these  transformations.  From  the 
already  used  relation 

Vp^BOT 

there  follows,  by  differentiation, 

Vdp-{-pdV  =  BGdT, 

and  if  we  divide  this  expression  by  the  preceding  we  get 

dp    dV^dT 
p'^V  ~T' 


Equation  (46)  can  also  be  written  as  follows : 
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dV 

and  from  this  results,  if  we  eliminate  -y-  from  the  last  two  equa- 
tions and  use  the  relation  (54),  p.  134, 

dQ=c,G[dT~T^^'\ (46a) 

Consequently  what  was  said  of  equation  (46)  is  true  of  this  for- 
mula, only  we  have  to  remember  in  using  it  that  T  is  the  mean 
temperature  determined  according  to  equation  (41). 

Finally  as  regards  the  main  purpose  of  the  problem,  namely, 
the  determination  of  the  quantities  of  heat  Qx  and  Qyj  which  can 
be  separately  imparted  to  each  of  the  two  spaces,  we 
must  first  know  which  is  the  discharging  and  which  the  receiving 
space  during  the  equalization  of  pressure;  if  we  assume  in  the 
following  that  the  air  flows  from  A  to  B^  then  during  the 
equalization  of  pressure  the  quantity  of  air  which 
originally  amounted  to  Gx  kg.  [lb.]  will  at  the  end  amount  to 
Gx—dGx',  this  quantity  of  air  remaining  behind  expands  adia- 
batically,  consequently  for  this  procedure  the  equations  (24)  and 
(25),  p.  180,  are  valid;  then  we  must  put 

p  +dp  in  place  of  px  and  p  +dp'  in  place  of  pi, 
Tx + dTx  in  place  of  Tx  and  Tx  +  dTx'  in  place  of  T^ 
Gx  -  dGx  in  place  of  Gx    and    Gx  in  place  of  Cri, 

and  therefore  get 

p-¥dp     (Gx-dG, 


and 


>  ^  (Gx-dGxV 
p+dp'    \     Gx     / 

Tx±dTx     /Gx-dGxY"^ 
T^-^-dT: 


,_  ^  /Gx-dGx\ 
'!    \     Gx     } 


If  we  multiply  the  left  side  of  the  formula  above  and  below 
by  (p-dp^)  and  similarly  the  other  by  {Tz-dTx),  and  develop 
the  expressions  to  the  right  according  to  the  binomial  thc^orein, 
and  cancel  the  differentials  of  higher  order  and  of  the  higher 
powers,  we  get  the  following  relations: 

dp'^'dp-^-Kp-^ 
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and 

dr/=dr.-f(/c-i)n^. 

With  the  help  of  equations  (45)  and  (42)  we  could  express  in 
a  similar  manner  the  differentials  dj/'  and  dTy. 

Now  if  we  substitute  the  preceding  values  of  dj/  and  dTJ  in 
equation  (436)  there  results 

d«2.-cp(?.(dr,-^r.^),    ....   (47) 

or  considering  equation  (38),  p.  198,  and  equation  (43);  p.  124, 

dQ.-4F.p[;^^^--^] (47a) 

and  this  formula  likewise  gives  an  interesting  result  which  greatly 
facilitates  the  investigation  of  special  cases;  it  enunciates  that 
the  quantity  of  heat  dQx  is  determined  as  if  the  discharg- 
ing space  were  shut-off,  and  the  quantity 
of  air  (j,  there  existing  were  constant,  while 
the  temperature  rise  dTx  and  the  pressure 
rise  dp  need  to  proceed  only  so  far  as  to 
correspond  to  the  condition  after  the  equal- 
ization  of  pressure. 

The  determination  of  the  other  quantity  of  heat  dQy,  which 
is  to  be  supplied  to  the  receiving  space,  now  easily  follows 

from  the  relation 

dQ^^dQx+dQy] 

we  find,  when  we  use  equations  (46a)  and  (47), 


dQy  =  Cp|^ 


GdT-OxdTx  -^(GT-GxT*)^], 


or  if  we  remember  that  because  G=Gx+GyWe  have  dGx=  —dGy^ 
and  if  in  addition  we  employ  the  relation  which  comes  from  equa- 
tion (41),  we  get 


dO,==cpG,[dry-^r,^]+cp(r,-r.)dG^, .  . 


(48) 
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or  considering  equation  (39),  p.  198,  and  equation  (43),  p.  124, 

dQy-^AVyp[^^Y^-'^]-^c,iTy^T,)dGy.  .    ,    (48a) 

The  first  term  of  the  right-hand  side  again  gives  the  quantity 
of  heat  to  be  supplied  to  the  s  h  u  t  -  o  f  f  receiving  space  if  the 
temperature  and  pressure  are  to  be  brought  directly  to  the 
equalization  values;  but  the  second  term  corresponds  to  the 
quantity  of  heat  which  can  be  supplied  to  the  transferred  quantity 
of  air  dGyf  in  order  to  heat  it  at  the  constant  pressure  p  from 

Tx    to    Ty. 

Inversely,  if  the  space  B  is  the  discharging  space  and  A  the 
receiving  space,  the  second  term  of  equation  (48)  will  dis- 
appear, and  should  be  added  to  the  right-hand  side  of  equation 
(47)  in  the  form  Cp{Tjc  —  Ty)dG.  In  most  of  the  cases  of  the 
practical  utilization  of  the  preceding  propositions  it  is  guessed 
beforehand  which  of  the  two  spaces  A  and  B  is  the  discharg- 
ing- and  which  the  receiving-  space.  In  a  doubtful  case 
a  guide  is  secured  by  the  following  consideration.  Division  of  the 
two  equations  (38)  and  (39)  gives 

V  T 

consequently  there  follows,  because  the  total  weight  of  air  in  the 
two  spaces  G = (? , + Gy  is  constant, 

G 


Gr  = 


V  T    ' 
1  +  ^  — 


Now  if  A  is  the  discharging  space,  the  denominator  on  the  right- 
hand  side  of  this  expression  must  increase,  and  therefore 
the  condition 

must  be  satisfied. 

The  foregoing  investigations  form  the  basis  for  the  solution  of 
numerous  problems  of  technical  importance,  but  before  discussing 
some  of  the  most  important  we  will  give  the  graphical  treatment 
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Fig,  30. 


of  a  part  of  the  problems,  and  thus  extraordinarily  facilitate  an 
insight  into  the  following  problems  and  into  the  occurrences  which 
exist  in  hot-air  and  cold-air  engines. 

In  Fig.  30  suppose  a  cylinder,  closed  at  one  end,  to  have  two 
movable  pistons  K  and  Ki,  of  which  the  first  is  the  transfer-piston 
and  is  represented  by  a  broken 
straight  line.  Let  both  pis- 
tons be  supposed  to  be  in 
motion  and  that  the  former  at 
the  beginning  stands  at  K' 
and  the  other  at  Ki\  the 
space  to  the  left  of  the  trans- 
fer-piston, at  the  time  i,  is 
designated  by  V,,  at  the  begin- 
ning by  Vx\  at  the  time  t  let 
the  space  between  the  transfer 
piston  and  the  outer  piston, 
which  latter  we  will  call  the 
power-piston,  be  designated  by 
Vy  and  at  the  beginning  of  the  time  (say  t=Q)  by  72-  We 
recognize  moreover  that  the  difference  from  the  arrangement 
in  Fig.  29  consists  in  that  here  one  of  the  outer  pistons  Ki 
and  K2  is  left  out,  and  as  a  compensation  the  transfer-piston  is 
here  movable,  while  there  it  was  regarded  as  stationary ;  it  amounts 
to  the  same  thing  in  both  cases,  the  arrangement  in  Fig.  29  is 
simply  better  suited  for  the  development  of  the  fundamental 
equations,  while  Fig.  30  is  better  suited  for  the  explanation  of  the 
special  investigations.  In  order  to  represent  to  the  eye  the  law 
of  change  of  the  two  spaces  Vx  and  Fy,  and  hence  the  law  of  the 
piston  motion,  lay  off  OM  in  Fig.  30  from  0  downward  on  the 
axis  of  OX  for  the  elapsed  time  /,  and  draw  through  M  a  horizontal 
on  which  the  distance  MP  is  to  represent  the  volume  Vx  and  the 
distance  PR  the  volume  V y\  the  whole  distance  MR  then  repre- 
sents the  total  volume  V=^Vx-\-Vy  of  the  air  in  the  two  spaces. 
At  the  beginning  of  the  time  (^=0),  OPo  similarly  represents  the 
volume  Fi,  and  PqRo  the  volume  72)  the  sum  of  the  two  spaces 
Vx  -f  F2  is  designated  by  Vq  and  is  given  by  the  distance  O/Jo- 
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From  all  this  we  see  that  when  we  think  of  continuous  motion 
of  both  pistons  the  curves  PqR  and  RqR  present  to  the  eye  the 
law  according  to  which  V,,  Vy,  and  V  change  with  the  time.  I 
call  this  part  of  Fig.  30  designated  by  I  the  "piston  dia- 
gram"^; to  each  piston  there  corresponds  a  particular  value  of 
the  pressure  p  of  the  air  in  the  two  spaces;  if  we  again  lay  off  the 
elapsed  time  t,  as  O^M'  from  0'  along  the  vertical  axis  O'X',  and 
make  the  horizontal  distance  Af'6'  equal  to  p,  and  make,  for  the 
beginning  of  the  time  (<  =  0),  the  distance  O'a'  equal  to  the  initial 
pressure  po,  we  will  get,  in  the  curve  a'6',  the  law  according  to 
which  the  pressure  in  the  whole  interior  of  the  cylinder  varies  with 
the  time;  we  designate  the  corresponding  part  II  of  Fig.  30  as  the 
"piston  force  diagra  m."  Finally  in  the  upper  part  of 
the  figure,  designated  by  III,  there  is  drawn  the  ordinary  "pres- 
sure- or  indicator-diagra m" ;  the  curve  ab  (pressure 
curve)  gives  the  variation  of  pressure  which  occurs  when  the  total 
volume  changes  from  Fo  to  7 ;  the  area  enclosed  by  the  curve  ab 
gives  the  work  which  is  performed  during  expansion. 

If,  starting  from  a  fixed  point,  we  at  one  time  lay  off  on  a 
horizontal  axis  the  variable  volume  MP=V^  as  abscissa,  and  at 
another  time  the  volume  PR^^Vy,  and  both  times  lay  off  the 
pressure  p  as  ordinate,  we  shall  get  two  more  representations  of  the 
pressure  curve,  which  have  a  practical  significance  for  certain  air 
engines  because  they  can  be  obtained  by  the  application  of  two 
indicators. 

In  engines  the  pistons  are  as  a  rule  moved  by  cranks  which 
turn  with  nearly  uniform  rotation;  in  this  case  the  time  interval 
OM  is  proportional  to  the  crank  angle,  and  the  curves  in  the 
piston  diagram  are  sinusoids,  provided  we  assume  infinitely  long 

*  The  diagram  presented,  which  I  already  gave  in  the  second  edition  of  this 
book  (1866.  p.  200),  has  since  been  widely  used,  and  from  that  time  I  have 
utilized  this  method  of  representation  in  my  lectures  on  steam  engines,  and 
particularly  for  the  graphical  computation  of  engines  with  several  cylinders, 
the  compound  engines.  A  full  illustration  of  it,  with  practical  examples,  is 
given  by  Schr5ter  in  the  Zeitschrift  des  Vereins  deutscher  Ingenieure. 
1884.  Vol.  28,  p.  191;  he  gave  it,  to  be  sure,  without  the  addition  of  the  piston 
force  diagram,  which  latter  renders  good  service  in  determining  the  turning 
force  diagram  and  the  degree  of  fluctuation  in  the  motor  of  the  engine. 
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connecting-rods,  or  curves  resembling  the  sinusoids,  if  this  condi- 
tion is  not  fulfilled.  In  en^nes  moreover  the  two  pistons  return 
periodically  after  each  revolution  to  the  initial  positions,  and  the 
curve  ab  in  diagram  III  (Fig.  30)  then  forms  a  closed  curve;  the 
whole  process  is  transformed  into  a  cycle  which  for  certain  engines 
will  be  subjected  later  od  to  a  closer  examination. 

§  39.    APPLICATIONS  AND  SPECIAL  PROBLEMS. 

After  the  foregoing  preliminaries  we  will  now  adduce  a  few 
examples  which  contain  applications  of  the  propositions  ^ven 
in  5  38. 

Problem  i.  The   power-piston  Ki  (Fig.  30)  is  held 
fast,  on  the  other  hand    the  transfer-piston 
K   is  shifted    from    right    to   left,    so  that  space  A 
experiences  a  decrease  and  space  B  an  increase.    Fig.  31  repre- 
sents the  corresponding  diagram;  since  the  total  volume  V  —  V, 
+  V„'=V(y  is  to  be  constant,  the  curve  RoR  for  the  power-piston 
is  a  straight  line  parallel  to  the 
axis  OX;  the  curve  PqP  pves 
the  law  according  to  which  the 
shifting  of  the  transfer-piston 
takes  place  with  respect  to  the 
time,  OPo  gives  the  initial  vol- 
ume V,  of  the  one  space,  and 
PoRq  the  initial  volume  V^  of 
second  space;    let  T|  here  be 
the  temperature  to  the  left  of 
the  transfer-piston  and  7*2  that 

to  the  right,  po  the  initial  pressure  in  both  spaces.  After  the 
time  (  the  position  of  the  transfer-piston  is  at  P,  and  now 
there  should  be  calculated,  as  unknown  quantities,  some  of  the 
magnitudes  T„  T^,  p,  Qx,  and  Q„  corresponding  to  the  values 
V,  and  Vy  =  V(i-Vi.  The  problem  presents  many  special  cases 
of  which  a  few  will  be  treated.  First  of  all  there  is  no  doubt  that, 
under  the  assumptions  made,  the  space  A  to  the  left  of  the  transfer- 
piston  is  a  discharging  space  and  B  a  receiving 
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space,  and  that  external  work  is  neither  produced  nor  con« 
sumed  because  it  is  assumed  that  the  total  volume  Y  is  constantly 
equal  to  Fq. 

Special  case  a.  During  the  motion  of  the  trans- 
fer-piston heat  is  neither  imparted  to,  nor 
withdrawn  from,  the  space  A  or  the  space  B. 

Therefore  dQz=0  and  dQy=0,  and  consequently  also  dQ=0 
Because  also  dV=0  it  follows  from  equations  (46)  and  (46a)  that 
dp=0  and  dT=0;  we  therefore  obtain  the  result  that  during 
shifting  of  the  transfer-piston  the  pressure  p  and  the  mean  tem- 
perature T  remain  unchanged  in  the  two  spaces,  remain  respect- 
ively at  po  and  Tq.  Of  course  in  so  doing  (as  it  is  now  only  a 
question  of  theoretical  elucidation)  we  must  imagine  the  transfer- 
piston  to  move  slowly  and  must  assume  that  the  flow  from 
one  space  into  the  other  (through  the  transfer-piston)  takes  place 
without  resistance. 

The  substitution  of  dp=0  and  of  dQx=0  in  equation  (47) 
gives  also  dTx=0,  from  which  is  to  be  concluded  that,  during  the 
whole  occurrence,  the  temperature  Tg  remains  constant  and 
therefore  rx  =  ri. 

Matters  are  different  in  the  receiving  spaced.  Here 
the  temperature  Ty  is  variable  and  can  be  computed  from  equa- 
tion (42a),  making  use  of  the  preceding  notation,  as  follows: 

''.-53 <«) 

To    T, 

As  p  was  found  to  be  constant,  we  have  in  the  present  case  for 
the  pressure  curve  a'V  (Fig.  31)  a  straight  line  parallel  to  the  axis 

Therefore,  among  all  the  quantities  occurring  in  the  calcula- 
tion, it  is  solely  the  temperature  Ty  which  varies  with  F,. 

If  we  should  now  bring  the  transfer-piston  back  to  the  original 
position,  then,  for  the  return  motion,  the  space  B  would  be  the 
discharging  space  and  A  the  receiving  space,  the 
temperature  Ty  would  remain  constant  and  the  temperature  Ti 
would  assume  another  value;  we  see  at  once  without  further  cal- 
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culation  that  by  the  continual  reciprocating  motion  of  the  transfer- 
piston  a  gradual  equalization  of  temperature  results  till  finally 
there  exists  in  both  spaces  the  mean  temperature  Tq. 

If  we  shift  the  transfer-piston  immediately  from  position  Pq 
(Fig.  31)  to  the  left  end  Pi,  then  V^^^O,  all  air  is  pushed  into  the 
space  Vyj  and  equation  (49)  gives  Ty=^To;  the  mean  temperature 
is  therefore  immediately  established,  and  further  shifting  of  the 
transfer-piston  will  not  cause  any  more  changes  in  the  pressure 
and  temperature  of  the  air  in  the  two  spaces. 

Special  case  6.  The  temperature  of  the  air  is 
to  remain  constant  in  the  two  spaces,  while 
the  power-piston  is  held  fast  and  the  trans- 
fer-piston moves. 

This  assumption  demands  that  heat  be  imparted  and  with- 
drawn, as  the  case  may  be,  on  both  sides  of  the  transfer-piston. 
Because  here  Tx  =  Ti  and  Ty  =  7^2,  we  have  from  equation  (42) 

BG^Vr  Vy 

and,  for  the  initial  position  of  the  transfer-piston, 

BG_V\     Vj_ 
Po     T^^T^' 

and  hence,  by  division  of  the  two  equations, 

p     V1T2  +  V2T, 


Po    VxTi  +  VyTi 


(50) 


If  we  designate  the  constant  ratio  ^2  -TihyX  and  put  V2  -  Fq  -  Vi, 
also  Vy  =  VQ  —  Vg,  then  from  the  foregoing  formula  we  get 

Po     Vo  +  (A-l)F.' ^^^ 

consequently  the  pressure  pin  both  spaces  changes  with  the 
shifting  of  the  transfer-piston,  and  can  be  easily  computed  from 
every  value  of  V^*  If  the  volume  Vx  diminishes,  as  is  assumed  in 
Fig.  31,  an  increase  of  pressure  p  occurs  when  >1>1  or  7'2>ri, 
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or  when  I  as  is  said  in  discussing  hot-air  engines,  air  is  forced  from 
the  cold  space  il  to  the  hot  space  B.  On  the  other  hand  if, 
for  the  same  motion  of  the  transfer-piston,  A  were  the  hot  space 
and  B  the  cold  space  so  that  T2<Ti  and  A<1,  then,  according  to 
equation  (50),  the  pressure  p  would  diminish  in  both  spaces. 

From  equation  (46),  and  because  7  =  7o  and  d7=0,  we  can 
now  determine  for  the  present  case  the  total  quantity  of  heat  Q 
consumed  in  the  two  spaces, 

Q=^J(p-po) (51) 

On  the  other  hand,  because  Tx'^Ti  and  dr»=0,  equation  (47) 

gives  the  quantity  of  heat  dQx  which  must  be  supplied   to 

the  discharging  space  A,  and,  at  the  same  time  considering  equa- 

(«-l) 
tion  (38)  and  the  relation  AB=Cp ,  we  get 

dQ,=  -AVJip, (52o) 

and  from  this,  by  integration  and  the  utilization  of  equation  (50a), 

Finally  we  get  for  the  quantity  of  heat  Qy,  which  must  be  supplied 
from  without  to  the  receiving  space  B,  with  the  help  of  the  relation 
Q=Qx-^Qv  and  the  utilization  of  the  foregoing  expressions, 

Ov=74-i[j7ri5^o(p-po)+[Fo  +  a-l)Vi]polog,2-],     (53) 

and  we  thus  can  answer  all  questions  relating  to  the  present  special 
case. 

If  we  assume  as  a  special  case  that  at  the  beginning  the  trans- 
fer-piston stands  at  the  right  end  Ro  of  the  cylinder,  Fig.  31,  and 
is  pushed  to  the  left  end  Pi,  so  that  the  total  quantity  of  air  exist- 
ing at  the  beginning  in  the  space  A  is  completely  transferred  to 
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the  space  B,  then  in  the  foregoing  formulas  we  must  substitute 
1^^2=0,  Fi  =  yo,  and  V,=0;  we  therefore  get  from  equation  (50a) 

and  equations  (51),  (52),  and  (53)  give,  if  we  make  p=>lpo, 

Q=^jAFoPo,       (51a) 

^«  =  (l~Xri 'og^mFopo,      ....    (52&) 

Qy  =  \rz\  +  JZi  loge  ^  )  A  Vopo.     .    .    .    (53a) 

Since,  in  accordance  with  the  hypothesis,  the  total  quantity 
of  air  of  the  weight  G  existed  at  the  beginning  in  the  space  Vq, 
under  the  pressure  po  and  with  the  temperature  Ti,  there  is  valid 
the  relation  Vopo^^BGTi  or,  considering  equation  (54),  p.  134, 
-47opo=c^(iic— l)(yri;  consequently  from  equation  (51a)  there 
follows 

The  quantity  of  heat  which  the  total  weight  of  gas  has  con- 
sumed or  produced  during  the  assumed  procedure  is  therefore 
found  to  be  exactly  as  much  as  if  the  transfer-piston  were  absent 
and  the  air  simply  brought  under  constant  volume  from  the  tem- 
perature Ti  to  the  temperature  T'2. 

But  if  we  ask  what  quantities  of  heat  really  are  to 
be  supplied  and  withdrawn  when  the  change  of  tem- 
perature occurs  under  constant  volume  with  the  help  of  the  trans- 
fer-piston, then  equations  (52a)  and  (525)  must  be  considered. 

For  example  if  >l=2,  and  therefore  the  temperature  T2  in  the 
receiving  space  B  is  double  that  of  temperature  Ti  in  the  (iis- 
charging  space  A  (say  according  to  Celsius  ti  =  25°  and  fe  =  323^ 
pj«770  F.  and  <2=613.4*'  F.],  then  equation  (51a)  gives 

Q  =  2.4390  .4  7oPo, 
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and  equations  (52&)  and  (53a)  give 

Q,=  -0.3862  AVopo    and    Q^-  +2.8252  AVopo\ 

consequently  heat  must  be  withdrawn  from  the  discharging 
space  A  and  heat  must  be  imparted  to  the  receiving  space 
B,  and  this  latter  quantity  of  heat  Qy  is  greater  than  the  quantity 
of  heat  Q  which  must  be  imparted  to  the  total  quantity  of  air 
at  constant  volume  for  the  same  rise  of  temperature  and  when 
the  quantity  of  air  fills  only  one  space  and  there  is  no  transfer- 
piston.  We  already  recognize  in  this  simple  case  that,  for  the 
processes  described  by  air  engines  working  with  transfer-pistons, 
heat  supply  and  withdrawal  must  be  computed  according  to 
different  formulas  from  those  hitherto  employed  in  technical 
circles. 

Problem  2.  The  transfer-piston  K  (Fig. 30, p. 205) 
is  stationary  and  therefore  F,=  Vi  constant,  while  the 
power-piston  Ki  moves  and  therefore  the  volume 
Vy  as  well  as  V^Vi-\-Vy\8  variable.  Here  there  is  a  production 
or  a  consumption  of  external  work  according  as  there  is  an  increase 
or  decrease  of  the  volume  Vy,  and  hence  also  of  the  volume  V, 
according  as  one  thinks  of  expansion  or  of  compression. 

The  problem  can  embrace  an  unlimited  number  of  special 
cases  of  which  the  technically  important  ones  will  be  considered. 

Special  case  a.  Heat  is  neither  imparted  to,  nor 
withdrawn  from,  space  A  or  space  B. 

(a)    Expansion  (Fig.  32). 

Corresponding  to  the  present  problem,  V^  is  constant  and 
therefore  dFj=0;  furthermore  dQ^^O  and  dQy=0,  it  therefore 
follows  that  dQ =0y  and,  because  of  the  assumed  expansion,  A 
is  the  discharging  space. 

Here  follow  at  once  from  equations  (46)  and  (46a)  the  for- 
mulas 


and 


tm <") 

fAir-iw <-> 
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where  To  is  the  mean  temperature  at  the  beginning;  from  these 
can  be  found  the  pressure  p  and  the  mean  temperature  T  in  both 
spaces  for  every  value  V  of  the  total  volume.  We  see  that  the 
curve  ab  of  the  pressure  changes  is  the  ordinary  adiabatiC;  and 


Fig.  32. 


Fio.  33. 


consequently  the  work  L  produced  during  expansion  is  found, 
equation  (62b),  p.  140,  to  be 

L^^liVoPo-Vp) (56) 

The  change  of  temperature  in  the  two  spaces  still  remains  to 
be  determined.    Because  dQ^^'^O,  equation  (47)  at  once  gives 


T 
T 


1     VPo/      ' 


and  by  consideration  of  equation  (55) 


<Tr- 


(57) 


while  temperature  Ty  is  determined  from  equation  (42a)  when 
there  is  substituted  7,=  V—  Vu  we  thus  get 


Z_Zi' 

T    T, 


(58) 


in  which  formula  all  quantities  in  the  right  member  are  known. 
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(fi)   Compression  (Fig.  33). 

In  the  case  of  compression  the  space  B  is  the  discharging 
space.  We  see  at  once  that  equations  (54)  and  (55)  remain  un- 
changed, and  equation  (56)  likewise  holds. 

For  the  determination  of  the  temperature  values  equation  (48) 
holds  because  dQ=0,  and  in  this  equation  the  second  term  of  the 
last  member  is  omitted  because  the  space  in  question  is  the  dis- 
charging space;  we  get,  with  the  help  of  equation  (55), 

and  we  get  T,  from  equation  (42a),  if  we  there  substitute  7,=  Vi 
and  Vy^V-  Vi,  namely, 

Vi 

^'^v — V-  Vi ^^^^^ 

f       T^T 

For  example,  if  the  total  quantity  of  air  existing  in  the  space 
B  is  to  be  forced  into  the  space  A  possessing  the  volume  7i,  then 
the  final  pressure  there  will  be,  according  to  equation  (54),  and 
because  we  must  have  V^Vi, 


P=Po(^)' 


(54a) 


Furthennore    the   temperature  there  will   be,  according  to 
equation  (57a),  Tx^T  or,  according  to  equation  (55), 


°^°(fi)    ' 


(576) 


where  the  mean  temperature  To  &t  the  be^nning,  according  to 
equation  (42a),  must  be  computed  from  the  following  formula: 

To     T,^T2 
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The  work  L  necessary  for  thus  forcing  the  air  is  found  from 
equation  (56)  to  be 

^-Mr'-'] <»«) 

Special  case  b.  The  temperature  in  both  spaces 
is  kept  constant,  therefore  Tx^Ti  and  Ty==T2* 

(a)    Expansion  (Fig.  32). 

Here  equation  (50)  is  at  once  valid,  we  have  only  to  substitute 
Vx=  V'l;  moreover  if  we  designate  the  temperature  ratio  T2  :  Ti 
by  i,  we  get  first 


PO        ^Vl+Vy' 


(59) 


whereby  the  course  of  the  expansion  curve  ab  is  determined. 
Because  dV^^dYy  the  outer  work  L  performed  b  foimd  by  inte- 
grating between  the  limits  V2  and  Vy,  and  then 

L^ fpdV^{XVi+V2)po\oge^.      •    .    .    (60) 

The  total  quantity  of  heat  Q  needed  by  the  air  in  the  two 
spaces  can  be  easily  found  from  equation  (46)  to  be 

Q^^^^AV^(po-p)^\•A{XV^  +  V2)pologef..    .    (61) 

The  quantity  of  heat  Qx  which  must  be  supplied  to  the  here 
constant,  discharging,  space  A  can  be  found  from  equation  (47), 
because  Tx  =  Ti,  dr,=-0,  and  BGxTx^Vip: 

Qx-AViipo-p), (62) 

and  because  of  the  relation  Q^Qx+Qy  the  quantity  of  heat  Qy, 
which  must  be  imparted  to  the  receiving  space  B,  is 

Qy^^AV,{po-p)+AiXV,  +  V2)po\og,^.      .    (63) 
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These  formulas  hold  for  every  value  of  X,  and  it  is  consequently 
a  matter  of  indifference  in  which  space  the  temperature  is  the 
higher. 

0?)    Compression  (Fig.  33,  p.  213). 

Here  the  space  B  is  the  discharging  space  and  we  see  at  once 
that  for  the  present  case  formulas  (59),  (60),  and  (61)  are  vaUd; 
but  it  is  not  so  for  the  expressions  (62)  and  (63)  found  for  Qz 
and  Qy. 

If  we  maintain  the  introduced  mathematical  notation,  we 
must,  for  the  case  of  compression,  omit  the  term  Cp(Ty  —  Tx)dGy 
in  equation  (48)  and  add  it  to  equation  (47)  in  the  form 
Cp{Tx — Ty)dGs.    Equation  (48)  therefore  gives 


dQy^C^y(dTy--'^Ty^y 


and  hence  follows,  with  the  utilization  of  equation  (39)  and  be- 
cause dTy=Oy  the  relation 

dQp^-AVj4p, 

and  consequently,  with  the  help  of  equation  (59),  we  get  for  the 
quantity  of  heat  Qy  which  is  to  be  supplied  to  the  space  B, 

Qy^kAVi{p-po)-AaVi  +  V2)polog.^.    .    .    (63a) 

po 

On  the  other  hand,  the  quantity  of  heat  which  is  to  be  sup- 
plied to  the  constant,  discharging,  space  A  is  determined  from 

Qx=0-(3y  =  ^4Vi(p-po) (62a) 

We  see  that,  with  respect  to  the  quantities  of  heat  to  be  sup- 
plied and  withdrawn,  the  case  of  compression  is  not  simply  an 
inversion  of  the  case  of  expansion,  although  the  pressure  curve 
is  the  same. 

If,  in  the  case  of  compression,  the  air  is  to  be  completely  forced 
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out  of  the  space  B  into  the  space  A,  we  must  put  Fy»0  in  equa- 
tion (59)  and  then  the  final  pressure  p  can  be  determined  and  its 
value  substituted  in  the  remaining  equations. 

Special  case  c.  The  transfer-piston  is  held 
fast  and  the  temperature  is  kept  constant 
in  the  constant  space  A;  on  the  other  hand, 
heat  is  neither  supplied  to,  nor  withdrawn 
from,  the  space  B. 

(a)    Expansion  (Fig.  32,  p.  213). 

In  accordance  with  the  hypothesis  we  here  have  Fx  =  Fi, 
T^^Ti,  and  dQy^Oy  and  as  a  result  of  the  last  assumption  also 

Here  follows  from  equation  (47a) 

dQ.^'AVidp (64) 

The  combination  of  this  equation  with  equation  (46)  gives 

A,(Vdp  +  KpdV)'^  -AVidp, 

and  taking  into  account  the  relation  F^*  Kj  +  F»  we  find  at  once, 
by  integration,  the  equation  of  the  expansion  curve  a&  to  be 

^'[icVTi^J ^^^ 

The  work  L  which  is  performed  is  found,  by  integration  of 
the  equation  dL^pdVy  and  after  utilization  of  the  preceding 
equation  (65),  to  be 

and  the  quantity  of  heat  Q^,  which  is  here  to  be  supplied  to  the 
discharging  space  A,  follows  from  equation  (64),  and  is 

Qz-AV.ipo'p) (67) 


218  TECHNICAL  THERMODYNAMICS. 

Finally  there  must  be  determined  the  variable  temperature 
Ty  in  the  receiving  space  B,  provided  that  the  initial  temperature 
T2  there  is  known.  Here  equation  (42)  gives  for  the  beginning 
and  the  end  of  the  expansion  respectively 

BGV\V2        ,    BGVjVy 
po"ri     7^2  P  ~TiTy' 

from  which,  by  division,  follows 

V 


V 


^Ti~\T2^tJp 


(68) 


Consequently  Ty  can  be  computed  from  every  value  of  Vy  and 
for  the  corresponding  value  of  p. 

(fi)    Compression   (Fig.  33,  p.  213). 

Here  the  circumstances  are  very  different  from  those  of  expan- 
sion. As  the  space  B  is  now  converted  into  the  discharging  space, 
we  must  omit  the  second  term  of  the  right  member  in  equation 
(48),  p.  203,  and  from  this  follows 


dQy=c,6,(dT-'^T,^y 


and  from  this  in  turn  results,  because  dQy^O, 

PAir '-> 

Consequently  the  temperature  Ty  in  the  space  B  is  determined 
for  every  value  of  the  pressure  p. 

On  the  other  hand,  because  A  is  now  the  receiving  space, 
equation  (47)  can  be  written 

dQ.^CrGridT,  -  — T,-?)  +Cp(r.-  Ty)dG^. 
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But  Tx^Ti  and  dTx==0,  and  the  equation  of  condition  gives 
BOxTi^Vij)  and  BT xdG x^'V idp \  consequently  the  equation  for 
dQx  reduces  to  the  following: 


*-'^'('-'f:)^ 


and  if  we  here  utilize  equation  (59),  we  get,  by  integration,  the 
quantity  of  heat  Qx  which  can  be  supplied  to  the  constant  space  A  : 


As  regards  the  course  of  the  compression  curve  ab  (Fig.  33), 
here  also  the  relation  (68)  holds,  and  if,  for  the  sake  of  simplicity, 
we  represent  the  ratio  T2  :  Ti  of  the  initial  temperatures  by  >l  and 
utilize  the  temperature  Ty  according  to  equation  (69),  we  get  for 
the  equation  of  the  curve 

Fv-[(AFi+y2)e°-Ay,](^J'T,   .  .  .  (71) 

that  is,  a  very  complicated  form.    If  we  determine  from  this  dV^ 
we  finally  get  the  work  of  compression 

L-fpdVy, 

and,  if  we  integrate  between  the  corresponding  limits,  there  finally 
follows 

For  the  case  that  the  quantity  of  air  existng  in  space  B  is 
forced  completely  into  the  space  A  we  should  have  Vy=0;  equa- 
tion (71)  then  gives  the  pressure  p  at  the  end,  by 

p     XV1  +  V2 
po"     AF,     ' 

and  then  the  foregoing  equations  will  also  permit  the  determina- 
tion of  the  corresponding  values  of  Ty,  L,  and  Qx. 
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Problem  3.  In  the  foregoing  investigations  it  was  at  one  time 
assumed  tliat  only  the  transfer-piston  moves,  and  at  another 
time  that  only  the  power-piston  moves. 

It  is  now  assumed  that  both  pistons  are  in 
motion,  which  leads  us  back  to  the  general  case  represented 
by  Fig.  30,  p.  205,  but  for  the  purpose  of  the  following  investiga- 
tions it  seems  profitable  to  bring  the  equations  there  given  into 
other  forms.  Using  Fig.  30  as  a  basis  and  the  given  notation,  we 
find  from  equation  (42),  when  we  designate  the  initial  pressure  in 
both  spaces  by  poi  the  initial  temperatures  by  Ti  and  T2,  and  the 
initial  volumes  of  the  two  spaces  by  Vi  and  V2,  for  the  computa- 
tion of  the  pressure  p,  the  formula 

Po''\VsTy-^VyTjT,T2 ^    ^ 

and  the  external  work  L  can  be  found  by  integration  of  the  equa- 
tion 

dL^pd{V^+Vy) (74) 

Now  if  il  is  the  discharging  space  and  B  the  r  e  c  e  i  v  - 
i  n  g  space,  the  heat  Qx  can  be  found  from  equations  (47)  and  (38) 

dQ,- JL,4F.prf-'-l-l^-Pl (75) 

and  from  equation  (48)  and  equation  (39),  after  suitable  reduction, 
we  set 

These  formulas  assume  that  A  is  a  discharging  space, 
which  is  the  case  when 


{rM>o- <"> 


X  -^  y 


as  was  proved  on  p.  204. 

If  the  inequality  (77)  is  not  fulfilled,  the  space  B  becomes  the 
discharging  space;  we  must  then,  in  the  two  preceding  formulas, 
everywhere  interchange  subscript  x  with  subscript  y. 
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Let  us  DOW  discuss  as  a  special  case  that  one  in  which  the 
temperature  is  constant  in  the  two  spaces, 
in  which  therefore  Tx  =  T\  and  Ty  =  72,  an  assumption  which  has 
several  times  been  the  basis  of  investigations  of  hot-air  engines. 
If  we  again  designate  the  constant  ratio  1^2:^1  by  A,  then  the 
foregoing  equations  give  the  following  expressions: 


p     AF,+  r2 


(73a) 


PO         XV.  -^Vy' 

dQx=-ilF,dp, (75a) 

dO,-— j^7,p(^^+— -p-«),      .    .    (76a) 


which  presupposes  that  A  is  the  receiving  space;  hence 

r, 


(r:)<«- 


(77a) 


Special  case  a.  During  the  motion  of  the  two 
pistooH  the  pressure  remains  constant  in 
the  two  spaces. 

From  equation  (73a)  and  because  p— po  it  follows  that 

Vy='V2+XV,-XV, (78) 


and 


from  which 


dF.- 


d{^)--{V,+XV,f^: 


Therefore  if  A  is  the  discharging  space,  according  to  equation  (77a) 
dVx  must  be  negative,  i.e.,  space  F,  must  decrease  and 
hence,  according  to  equation  (78),  Vy  must  increase;  because 
V  ^Vx-^-Vy  the  latter  equation  gives  also  the  total  volume: 

F=72+A7i-(A-1)F,. 

Accordingly    this    volume    experiences    a    decrease  (the 
power-piston  like  the  transfer-piston  [Fig.  30]  moves  from  right 
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to  left)  when  X<1  or  T2<Tif  i.e.,  when  the  higher  tempera- 
ture  exists  to  the  left  of  the  transfer-piston «  on  the  other  hand 
the  power-piston  is  moved  from  left  to  right  when  T2>Ti  is 
assumed.    The  outer  work  is  found  from  equation  (74) 

L=(y-7o)Po=(A-l)Cri-F.)po. 

Finally  the  quantity  of  heat  which  must  be  imparted  to  the  dis- 
charging space  A. is,  with  dp=0,  found  from  equation  (75a)  to  be 

Qx=0, 

and  the  heat  for  the  receiving  space,  according  to  equation  (76a),  is 


or  also 


Qy-J^^A{V,-V2)po-"'^^ 


Qy^^^^AL, 


which  equation  can  easily  be  expressed  in  words. 

Special  case  b.  The  temperatures  in  both  spaces 
are  again  constant,  but  both  pistons  move 
tint/ormZy  from  left    to  right. 

Let  Ci  be  the  velocity  of  the  transfer-  piston  and  c  that  of  the 

power-piston,  then  if  F  represents 
the  cross-section  of  both  pistons, 
we  have,  at  the  time  t, 


V,^V,  +  Fcit 


and 


Fig.  34. 

The  combination  of  these  equations  furnishes 


V^Vo-^-Fd, 
and  accordingly,  by  subtraction, 
Vy^V2+F{c-Ci)L 


T7  I"        -  » 


V 


C\ 
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and  accordingly 


"(r^-K^r^-- 


Now  assuming  that  A  is  the  discharging  space,  the  right  member 
must  be  positive  according  to  (77a);  this  requires,  since  F,  was 
assumed  to  increase,  the  fulfillment  of  the  condition 

7<% <"« 

If  we  designate  cicby  m  and  eliminate  the  time  from  the  three 
equations  found  for  7,,  V,  and  V„.  there  results 

F.-V,  +  m(F-Fo), 
Vy-V2+(l-m)(K-ro), 

so  that  both  magnitudes  are  expressed  in  terms  of  the  total  volume 
V;  the  substitution  in  equation  (73a)  then  gives  the  value  of  p 
expressed  in  terms  of  V,  and  consequently  gives  the  course  of  the 
pressure  curve  a6,  whereupon,  by  integration,  equation  (74)  easily 
determines  the  external  work  performed. 

The  quantities  of  heat  Qx  and  Qy  can  also  be  easily  determined 
with  the  help  of  equations  (75a)  and  (76a).  There  is  no  difficulty 
whatever  in  making  the  whole  calculation,  but  we  will  here  omit 
furnishing  the  results  of  the  computation  because  very  compli- 
cated expressions  occur  and  the  problem  is  of  subordinate  technical 
importance. 

Supplement.  The  foregoing  problem  was  principally 
discussed  in  order  to  indicate  in  conclusion  how  the  problem  is 
to  be  handled  (under  the  like  assumption  that  the  temperature  is 
kept  constant  in  both  spaces)  when  the  two  pistons  do  not  move 
uniformly,  i.e.,  when  the  given  piston-diagram  has  the  character 
of  that  shown  in  Fig.  30,  p.  205.  If  the  two  spaces  V^  and  V^ 
are  given  as  functions  of  the  time,  so  that 

v.^rw  and  y^-rco, 
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■ 

there  follows 

Elimiiiating  the  tune  t  from  these  equations,  V^,  and  V^  as  well, 
can  be  expressed  by  the  total  volume  V.  Substituting  these  quan- 
tities in  equation  (73o)  will  give  the  relation  for  the  pressure  curve 
ab,  and  then  the  heat  quantities  Qx  and  Qy  can  be  computed  from 
formulas  (75a)  and  (76a}  by  integration  between  the  corresponding 
limits. 

The  velocities  Ci  and  c  are  then  variable  and  can  be  expressed 

by 

dy,       ,       dV 

cx— ^     and    c=^, 

and  the  condition  that  A  be  the  discharging  space  requires,  ac- 
cording  to  equation  (77b),  that  during  the  course  of  the  pressure 
curve  (for  which  the  integration  of  equations  (75a)  and  (76a)  is 
to  be  effected)  the  relation 

c     Vx 

c<T 

must  be  satisfied;  the  last  two  equations  are  to  be  interchanged 
from  the  moment  in  which 

We  have  to  do  with  the  last  indicated  case  in  certiun,  con- 
structed, air  engines^a  problem  to  which  we  will  return. 
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111.  Plow  and  Efflux  of  Oases. 

§  40.  FUNDAMENTAL  FORMULAS  FOR  THE  FLOW  OF 

A  FLUID. 

In  discussing  the  general  problem  of  Hydrod}^amics  difficulties 
are  met  which  up  to  the  present  time  could  only  partially  be 
overcome.  To  be  sure  they  are  not  removed  when  the  laws  of 
Thermodynamics  are  employed  in  treating  the  question.  Never- 
theless extensions  result  which  have  become  important  for  certain 
technical  problems  belonging  to  this  iSeld. 

Let  us  first  assume  that  a  fluid  of  the  liquid  or  gaseous  variety 
flows  through  a  horizontal  pipe  (Fig.  35),  possessing  a  variable 
cross-section,  and  flows  without  any  action  on  the 
part  of  external  forces;  let  us  here  assume  a  perma- 
nent or  normal  condition,  ^d  consequently  that  in  a  unit  of  time 
the  same  weight  G  flows  through  every 
cross-section.    Let  us  assume  a  further    «  jf 

limitation,  namely,   that  through  every  -^w.  ^^"^* 

element  of  the  forward  cross-section  F  the   Ji  ^ 

liquid  flows  with  the  same  velocity  w  and  ^ 
that  the  direction  of  the  velocities  in  all 
points  of  the  cross^section  are  parallel,  so  that  the  volume  of 
the  fluid  which  passes  the  cross-section  F  in  one  second  is  repre- 
sented by  Fw]  similarly  this  volume  is  given  by  FiW\  for  the  back 
section  F^ .  If  t;  is  the  specific  volume  and  p  the  pressure  in  the 
forward  cross-section,  and  if  we  designate  these  same  quantities 

for  the  cross-section  Fi  by  Vi  and  pi,  then  first  of  all  we  get  for 
the  normal  condition  the  two  reltaions 

Gvi^FiWi    and    Gy^Fw (1) 

Now  let  us  follow  the  unit  of  weight  of  fluid  on  its  path  from  F\  to 
F.  Disregarding  the  present  problem  at  first,  let  us  suppose  the 
unit  of  weight  of  fluid  of  volume  v  and  pressure  p  to  be  enclosed  in  a 
vessel  possessing  no  weight,  and  let  U  be  the  whole  amount  of  the 
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inner  work;  now  if  this  vessel  is  supposed  to  progress  in  space  in 
a  rectilinear  and  uniform  fashion  with  a  velocity  w,  then  the  value 

2"  will  be  added  to  the  store  of  work;  let  us  designate  this  value 
by  H,  then  if 

«-%' (2) 

the  term  H  will  designate  that  part  of  the  total  energy  which 
corresponds  to  the  visible  progressive  motion,  and  the  whole 
amount  of  work  contained  in  the  unit  of  weight  will  therefore  be 
U+H.  Returning  to  the  present  problem,  the  passage  from  the 
cross-section  Fi  to  the  cross-section  F  involves  taking  up  an 
amount  of  work 

(t/+H)-(l7i+ffi), 

where  the  difference  H—H\  can  be  designated  as  the  energy 
of  flow.  But  on  the  way  from  Fi  to  F  there  will  be  also  resist- 
ances to  overcome  which,  in  the  main,  consist  in  friction  of  the 
fluid  along  the  walls  of  the  vessel;  let  us  designate  by  W  the 
loss  of  work  thus  occasioned  when  referred  to  the  unit  of  weight 
of  the  fluid,  then  the  whole  amount  of  work  consumed  on  the  way 
FiF,  which  we  will  temporarily  designate  by  L,  is 

L=(l7+H)-(f7i+ffi)  +  T7, (3) 

but  still  another  expression  can  be  established  for  this  quantity  of 
work. 

During  the  onward  motion  of  the  fluid  body  FiF  the  back  area, 
Fi,  travels  the  distance  widt,  and  the  forward  area  the  distance 
wdi.  Now  since  Fipi  is  the  pressure  which  the  part  of  the  fluid 
following  cross-section  F\  exerts  on  the  fluid  body  F\F,  the  latter 
will  receive  at  this  back  area  from  the  flowing  fluid  the  work 
FiWipidt,  and  the  fluid  body  will  exert  at  the  forward  area  F  the 
work  FvypdJt  on  the  fluid  preceding  it.  From  this  follows  that  the 
fluid  body  FiF  has  taken  up  in  the  time  dt  the  work  expressed  by 

FiWipidt—Fwpdt  =  (piVi  —  pv)Gdt, 


FUNDAMENTAL  FORMULAS  FOR  THE  FLOW  OF  A  FLUID.     227 

when  account  is  taken  of  equation  (1).  But  in  the  time  (U  the 
weight  Gdt  of  the  fluid  has  entered  into  the  space  FiF,  and  the 
same  weight  has  passed  out  through  the  area  F;  as  we  xe  con- 
sidering the  permanent  or  normal  condition,  the  whole  fluid  body 
lying  between  Fi  and  F  experiences  no  change  in  its  state  of 
motion,  consequently  the  preceding  expression  can  be  regarded  as 
the  work  which  the  weight  Gdt  of  the  fluid  has  taken 
u  p  during  its  motion  from  Fi  to  F.  For  the  finite  time  t  ^  this 
quantity  of  work  amounts  to 

{piVi-pv)Gtj 

and  if  we  assume  a  unit  of  weight  of  fluid,  that  is,  Gt—1,  then  the 
amount  of  work  taken  up  by  the  unit  of  weight  is 

(pivi-pv). 

Let  us  now  further  assume  that  during  the  motion  from  Fi  to  F 
the  unit  of  weight  of  fluid  has  imparted  to  it  from  the  outside  the 
quantity  of  heat  Q;  but  because  on  its  way  the  above  indicated 
work  of  resistance  W  is  converted  into  heat,  the  result  is,  on  the 
whole,  as  if  the  quantity  of  heat  Q+AW  had  been  supplied.  This 
quantity  of  heat  expressed  in  work  (that  is,  divided  by  A)  and 
combined  with  the  already  calculated  quantity  of  work  now  gives, 
for  the  total  quantity  of  work  L  imparted  to  the  imit  of  weight  of 
fluid  on  the  way  FiF,  the  expression 

L^PiVi-pv+^+W (4) 

m 

Equating  this  with  expression  (3)  we  get  the  f  i  r  s  t  fundamental 
equation  for  the  present  problem  in  the  form 

Q=A[pv-piVi+{U+H)^(Ui+Hi)l  ...    (5) 

^  In  the  following  investigations  the  letter  t  has  been  used  to  designate  the 
time  that  has  elapsed,  as  is  customary,  although  the  same  letter  is  also  used  in 
the  present  work  to  designate  the  temperature  according  to  Celsius  [Fah- 
renheit]. But  confusion  is  here  avoided  by  always  expressing  the  tempera- 
ture, in  the  investigations  of  the  present  chapter,  in  absolute  measure,  by  T, 
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or  passmg  to  the  differential : 

dQ^A[d{pv)  +  dU+dH] (6a) 

First  of  all  it  is  remarkable  that  the  work  of  resistance  no  longer 
occurs  in  this  equation,  and  therefore  the  equation  is  valid  no 
matter  what  resistances  occur  between  Fi  and  F  and  what  the 
character  of  these  resistances  may  be.  Gener- 
ally we  have  to  do  with  the  friction  of  the  fluid  along  the  walls  of 
the  vessel,  but  this  work  of  resistance  may  also  consist  in  the  loss 
of  work  caused  by  the  formation  of  eddies,  such  as 
would  arise  if  there  were  sudden  changes  of  crossnsection  between 
the  areas  Fi  and  F.  Equation  (5)  is  untouched  by  such  assump- 
tions, provided  the  condition  is  satisfied  that  in  the  two  limiting 
sections  Fi  and  F  parallelism  is  maintained  in  the  directions  of  the 
velocities,  provided,  therefore,  that  in  the  forward  section  F  the 
visible  edd3dng  motion  of  the  fluid  particles,  which  may  have 
arisen  between  Fi  and  F,  has  disappeared.  We  must  further 
remark  that  equation  (5)  remains  unchanged  in  whatever  manner 
and  according  to  whatever  law  the  total  quantity  of  heat  Q  is 
imparted  or  withdrawn,  as  the  case  may  be,  from  the  unit  of  weight 
of  fluid  on  its  way  from  Fi  to  F. 

Only  in  one  direction  may  the  equation  under  certain  circum- 
stances experience  an  extension ;  it  was  derived  under  the  hypoth- 
esis that  no  external  forces  were  exerted  on  the  elements  of  the 

fluid;  but  under  all  circumstances,  at  least 
■*       the  force  of  gravity  will  act,  and  therefore 
j        equation  (5)  is  only  valid  for  a  horizontal 
conduit  as  was  assumed  at  the  very  start. 
If  this  latter  condition  is  not  satisfied,  then 
in  general  it  is  necessary  to  take  account  of 
the  action  of  the  force  of  gravity.    Let  us 
Fig  36  assume  for  this  purpose  that  the  back  sec- 

tion Fi  (Fig.  36)  Ues  at  the  distance  hi,  and 
the  section  F  at  the  distance  h,  below  the  horizontal  plane  00,  then, 
in  consequence  of  the  action  of  the  force  of  gravity,  the  unit  of 
weight  of  the  fluid  will  take  up  the  additional  work 

h—hi, 
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and  this  value  should  be  added  to  the  right  member  of  equation 
(4) ;  a  combination  with  equation  (3)  then  ^ves  in  place  of  equa- 
tion (5)  the  formula 

Q=i4[pi;-pii;i  +  ([7+H)-(f/i  +  H,)-(A-Ai)],    .    .      (I) 

or,  passing  to  the  differential, 

dQ  =  A[d{pv)  +  dU+dH-dh] (la) 

Finally  we  must  emphasize,  and  this  appears  from  the  whole 
presentation,  that,  strictly  speaking,  the  foregoing  propositions 

apply  only  to  the  motion  of  the  fluid  in  a  conduit  possessing  an 
infinitesimal  cross-section  variable  though  it  be; 
when  applying  the  equation  obtained  to  the  case  of  finite  cross- 
sections  we  enter  the  realm  of  approximate  computations.^ 

In  addition  to  the  equations  already  developed,  among  which 
we  will  always  choose  the  differential  equation  (la)  for  the  sake 
of  simplifying  the  coming  investigations,  there  is  still  another, 
second,  relation  between  the  introduced  quantities,  which  is  fur- 
nished by  the  fundamental  equation  (8),  p.  29,  of  Thermody- 
namics; in  the  latter  equation  we  must,  besides  the  quantity  of 
heat  Q  supplied  from  the  outside,  take  account  of  the  quantity 
of  heat  AW  developed  by  the  work  of  resistance  W,  consequently 

V 

Q+AW^A(U-Ui)  +  Afpdv,  .    .    .    .      (II) 


Vi 


*The  different  forms  in  which  equation  (1)  occurs  in  the  text  can  easily 
be  brought  into  the  form  in  which  it  is  to  be  applied  when  any  external  forces 
act  on  the  fluid  element »  provided  these  forces  can  be  regarded  as  derived  from 
a  force  function  F.  Let  2,  y,  and  z  be  the  coordinates  of  a  fluid  element  referred 
to  rectangular  coordinates  at  the  time  t,  and  let  X,  Y,  and  Z  be  the  three  force 
components  acting  on  the  unit  of  weight  of  the  fluid ;  then,  as  is  well  known, 

dV  =  Xdx  +  Ydy  +  Zdz 

is  the  differential  of  the  work  of  these  forces.     We  then  simply  substitute  dV 
for  dh  in  equation  (la),  so  that  we  get 

dQ~A[d{pv)+dU-hdH-dVl 
or  integrated, 

where  F—  V|  represents   that    part  of  the  work  which  the  unit  of  weight  of 
fluid  has  received  on  the  way  F.F  (Fig.  36)  from  the  external  forces. 
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or 

dQ+AdW=^A(dU+pdv) (Ila) 

The  two  equatioDS  (I)  and  (II)  now  furnish  the  basis  for  a  full 
investigation  of  the  flow  of  fluids  under  the  prescribed  limitations.^ 

The  combination  of  equations  (I)  and  (II)  or  (la)  and  (Ila) 
furthermore  leads  to  the  following  expressions,*  whose  use,  in 
certain  cases,  simplifies  the  calculation : 

p 

H-Hi^h-hi-W-fvdp (Ill) 

Pi 
dH^dh'dW^vdp (Hla) 

In  practical  applications  it  is  almost  exclusively  a  question  of 
determining  the  energy  of  flow  H,  and  then,  by  means  of  equation 
(2),  the  velocity  w  in  the  cross-section  is  found  by  the  formula 

and  the  weight  G  of  the  fluid  passing  in  one  second  through  the 
cross-section  is  determined  according  to  equation  (1)  from 

G=^ (IV) 

It  is  worthy  of  note  that  the  integral 

p  » 

—  fvdp=piVi  —  pv+  fpdv (6) 

Pi  »i 

'  I  first  called  attention  to  the  connection  of  hydrodynamic  equations  with 
those  of  thermodynamics  in  my  treatise,  '*  Das  Lokomotivenblasrohr.  Experi- 
mentelle  und  theoretische  Untersuchungen  iiber  die  Zugerzeugung  durcb  Dampf- 
strahlen  und  die  saugendeWirkungder  Flijssigkeitsstrablen  uberhaupt,"  Zurich, 
1863.  I  there  developed  new  formulas  for  the  efflux  of  vapors  and  pointed  out 
the  connection  which  existed  between  the  different  formulas,  which  up  to  that 
time  had  been  given  for  the  efflux  of  gases.  See  also  the  author's  articles 
"  Ausfluss  von  D&mpfen  und  hocherhitzten  Flussigkeiten  aus  Gefftssmundungen." 
Civilingenieur,  Vol.  10,  1864,  p.  87.  and  '*Neue  Darstellung  der  Vorg&oge  beim 
AusstrOmen  der  Gase  und  Dftmpfe  aus  Getfissmundungen,"  Civilingenieur, 
Vol.17.  1871,  p  1. 

'  If  any  external  forces  act  on  the  fluid  element  (provided  of  course  they 
are  derived  from  the  force  function),  we  must  insert  in  equations  (III)  and  (Ilia) 
in  place  of  h  and  ^i  the  force  function  V  and  Vp  respectively,  as  was  already 
emphasised  in  the  remark  on  the  preceding  page. 
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occurring  in  equation  (III)  can  easily  be  represented  graphically. 
If  we  lay  oflf,  as  rectangular  coordinates  (Fig.  37),  the  pressure 
pi  and  the  specific  volume  Vi  of  the  fluid  ^ 
in  the  back  section  Fi,  and  likewise  the 
corresponding  values  p  and  v  belonging 
to  the  forward  section  F,  and  if  we  as- 
sume that  the  law  is  known  according  to 
which  the  pressure  p  varies  with  the  vol- 
ume while  on  the  way  FiF  (Fig.  36),  that 
is,  assume  the  course  of  the  curve  ab  as 
known,  then  the  hatched  area  in  Fig.  37  represents  the  value  of 
the  preceding  integral  and  consequently  determines  the  value 

V 

-fvdp^H-Hi-(h-hx)  +  W (6a) 


in  accordance  with  equation  (III). 

The  formulas  developed  still  hold  for  other  kinds  of  fluid; 
with  liquid  fluids  in  which,  for  widely  separated  pressure  limits, 
the  specific  volume  can  be  regarded  as  constant,  so  that  we  may 
write  v  =  vi  and  di?=0,  equation  (III)  gives  with  the  help  of  equa- 
tion (2)  the  formula 

?^:?£L'«A-fc,-F+i;i(pi-p), 

one  long  known  in  Hydraulics;  but  hitherto  equation  (I)  or  (II) 
has  not  been  considered  in  such  investigations. 

§  41.    THE  FLOW  OF  OASES. 

In  appl3nng  the  foregoing  fundamental  equations  to  the  motion 
of  gases,  equation  (III)  remains  unchanged  in  form.  On  the 
other  hand  the  two  equations  (I)  and  (II)  from  which  equation 
(III)  was  derived  experience  remarkable  simplification.  The 
change  dU  of  energy  is  given,  for  gases,  by  the  relation  (51),  p.  132, 


dC/  = 


_d(pv) 


«-l 
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substitution  in  equation  (la)  therefore  gives 


«— 1 
and  from  equation  (Ila)  follows 

dQ+AdW — ^{vdp+Kpdv) aib) 

If  we  introduce  the  temperature  T  into  equation  (16)  by  utiliz- 
ing the  equation  of  condition  pv  =  BTj  and  also  the  relation 

c =AB, 

K 

which  was  found  upon  p.  134,  there  will  follow 

AdH^dQ+AdH-Cj4T, (Ic) 

and  similarly  equation  (116)  can  be  brought  into  other  forms  if  we 
consider  the  dififerent  equations  (53),  pp.  133  and  134. 

It  is  noticeable  that  the  introduction  of  temperature  T  gives 
a  very  simple  form  of  equation  (Ic),  but  it  deserves  to  be  empha- 
sized that  an  experimental  determination  of  the  temperature  of 
flowing  gases,  of  flowing  fluids  generally,  is  not  possible,  at 
least  with  the  help  of  thermometers,  because  friction  and  the 
impact  of  the  fluid  against  the  bulb  influences  the  reading  of  the 
thermometer. 

We  should  note  that  in  most  writings  on  Physics  and  Mechanics, 
until  very  recently,  equation  (Ilia)  given  above  has  been  exclu- 
sively employed  in  the  solution  of  hydrodynamic  problems,  and, 
when  integrating  the  last  term  vdp  of  the  right  member  of  the 
equation,  different  hypotheses  were  assumed  with  regard  to  the 
relation  between  the  quantities  p  and  r;  but  as  the  equation  may 
be  regarded  as  derived  from  equations  (I)  and  (II),  each  of  these 
hypotheses  can  always  be  regarded  as  a  particularly  definite 
assumption  with  respect  to  the  quantity  of  heat  dQ  to  be  imparted 
to  the  fluid,  and  with  respect  to  the  law  to  which  the  resistances 
are  subjected;   not  until  there  is  a  simultaneous  consideration  of 
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these  circumstances  does  one  gain  complete  insight  into  the  occur- 
rences. It  is  judicious,  when  investigating  certain  cases,  to  choose 
as  a  starting-point  the  two  fundamental  formulas  (la)  and  {lla), 
and  in  gases  to  use  the  corresponding  equations  (I&)  and  (116). 


§  42.    EFFLUX  OF  OASES  UNDER  CONSTANT  PRESSURE 

THROUGH  SIMPLE  ORIFICES. 

Let  us  suppose  a  very  large  vessel  filled  with  atmospheric  air 
of  pressure  pi,  temperature  Ti,  and  specific  volume  vi,  but  pro- 
vided with  an  orifice  of  efflux  through  which  the  air  streams  into 
a  second  space  in  which  prevails  the  pressure  p2y  which  is  likewise 
kept  at  a  constant  height;  the  condition  that  the  pressure  pi  in 
the  discharging  vessel  is  kept  constant  is  satisfied  if  we  suppose 
that  simultaneously  vessel  and  receiver  are  of  great  capacity,  and 
that  the  orifice  of  efflux  has  a  very  small  cross-section  and  that 
relatively  the  period  of  efflux  is  a  small  one.  The  ordinary  case, 
which  will  at  first  be  assumed  in  what  follows,  is  the  flow  of  air 
into  the  free  atmosphere;  in  the  plane  of  the  orifice  (Fig.  38)  whose 
crossHsection  amounts  to  F  square  meters 
[square  feet]  the  pressure  p  prevails,  and  at  first 
we  will  assume  that  it  is  different  from  )  /\  I  A<>? 
the  external  pressure  p2;  let  the  temperature  //  ^  •->%>^'^  ^ 
and  specific  volume  in  the  plane  of  the  orifice 
be  T  and  v  and  outside  of  it  be  Ti  and  V2f 
then  the  temperature  in  this  orifice  will  be 
identical  with  that  in  the  discharging  vessel. 
Finally,  in  order  to  ignore  for  the  present  the  influence  of  the  con- 
traction of  the  air-jet,  suppose  the  orifice  to  be  rounded  on  the  inside. 
The  problem  which  is  now  before  us  consists  in  determining  the 
energy  of  flow  H  in  the  plane  of  the  orifice  and  in  determining 
the  velocity  of  the  efflux  w  and  the  discharge  G  per  second 
measured  in  kilograms  [pounds],  for  which  latter  purposes  equa- 
tions (2)  and  (IV)  are  to  be  employed. 

In  the  large  dischar^ng  vessel  the  air  is  assumed  to  be  in  a 
state  of  rest,  and  therefore  Hi  =0,  because  tt?i  =0;  if  the  jet  flows 
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out  in  a  horizontal  direction,  and  consequently  h  is  constant,  we 
must  put  d/i  =  0;  finally,  because  in  general  the  air,  while  flowing 
toward  the  orifice,  neither  receives  nor  rejects  heat,  we  must  also 
write  dQ=0,  and  we  therefore  get  for  the  case  before  us,  in  place 
of  equations  (lb)  and  (II), 


* 


dH " -^^d(pv), (Ic) 

dW '•^{vdp+ Kpdv), (lie) 

and  from  these,  by  addition, 

dH+dW vdp, (III6) 

which  also  follows  directly  from  equation  (Illa). 

Under  the  assumptions  made  we  now  get,  from  equation  (Ic) 
by  integration, 

H=~^(pivi-pv), (7) 

and  consequently  from  equation  (2)  the  velocity  of  efflux 


w 


=»\^(pivi-pv), (8) 


also  according  to  equation  (IV)  the  quantity  of  air  measured  in 
kilograms  [pounds]  flowing  out  in  one  second  is 


(9) 


But  the  last  two  equations  are  still  indeterminate;  the  quanti- 
ties pi  and  vi  in  the  discharging  vessel  are  given  to  be  sure,  and 
the  pressure  p  in  the  plane  of  the  orifice  can  also  be  assumed  as 
known,  say  equal  to  the  external  pressure  p2,  but  the  specific 
volume  V  there  is  n  o  t  known. 

Nevertheless  we  recognize  that  the  relation  between  the  four 
mentioned  quantities  is  known  as  soon  as  the  course  of  the  curve 
ab  (Fig.  37)  is  given,  as  soon,  therefore,  as  we  know  how  the 
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pressure  of  the  air  varies  with  the  volume  while  the  air  in  the 
discharging  vessel  flows  from  a  state  of  rest  towards  the  orifice,  a 
motion  which  doubtless,  as  indicated  in  Fig.  38,  occurs  in  a  funnel- 
shaped  space;  similariy  the  air  outside  of  the  orifice  spreads  itself, 
passing  from  the  velocity  w  to  a  state  of  rest. 

In  the  latter  case,  after  the  spreading,  we  have  in  the  receiv- 
ing vessel  ff=0,  and  because,  in  the  discharging  vessel  itself. 
Hi  =0  we  have  generally,  from  equation  (I), 

Q==A[p2V2-piVi  +  U2-Ui-{h2-hi)l  .    .    .    (10) 

where  the  values  possessing  the  subscript  2  relate  to  the  state  of 
the  air  after  spreading,  i.e.,  to  the  final  condition  of  rest. 

If,  as  is  assumed,  heat  supply  from  without  does  not  occur, 
so  that  Q=0,  and  if  the  jet  of  air  flows  out  vertically  upwards, 
then  h2—hi  represents  the  rise. 

For  horizontal  efflux  there  follows  from  the  pre- 
ceding formula 

0-^P2V2-piVi  +  U2-Uu (11) 

or 

d(pv)  +  dU^O (11a) 

If,  as  IS  the  case  throughout  this  work,  we  consider  air  as  a 
perfect  gas,  then  for  U  we  must  employ  equation  (52),  p.  132, 
and  therefore  follows 

P2V2^PlVl, 

or,  with  the  help  of  the  equation  of  condition, 

i.e.,  the  quantity  of  discharged  air,  after  spreading  outside,  again 
possesses  the  same  temperature  as  in  the  discharging  vessel,  what- 
ever resistances  may  have  obtained  during 
the  efflux  and  whatever  pressure  p  may  prevail  in  the  plane 
of  the  orifice, — so  long  as  the  condition  is  fulfilled  that  the  air 
(during  horizonta  efflux)  neither  receives  nor  rejects  heat  during 
its  flow  toward  the  orifice.    As  the  air,  in  accordance  with  our 
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assumption,  already  possesses  the  temperature  Ti  on  the  outside, 
the  air  thus  added  does  not  change  this  temperature. 

Now  to  be  sure  this  proposition  is  only  approximately  true, 
as  W.  Thomson  and  Joule  have  already  shown  by  experi- 
ment (in  1862). 1  In  reality  T2<Ti,  but  the  fall  of  temperature 
is  so  slight  that  it  can  be  disregarded,  particularly  in  the  investiga- 
tions on  the  efflux  of  gases.  The  deviations  are  due  to  the  fact 
that  with  real  gases  equation  (52),  p.  132,  for  the  inner  work 
or  energy  U,  is  only  an  approximation.  The  experiments  adduced 
have  not  been  disregarded  in  works  on  Physics  and  in  articles  on 
Thermodynamics,  but  it  was  reserved  for  L  i  n  d  e  ,  starting  from 
these  results,  to  practically,  in  a  clever  fashion,  realize  his  procedure 
for  the  liquefaction  of  air.  Later  on,  when  investigating  the 
behavior  of  air  as  vapor,  we  will  discuss  this  question  more  fully. 

After  this  preliminary  we  will  now  return  to  the  efflux  problem. 

To  decide  the  question  how  the  pressure  p\  in  the  discharging 
vessel  changes  with  the  pressure  p  in.  the  plane  of  the  orifice,  we 
must  use  equation  (lie),  which  serves  for  the  calculation  of  the 
work  of  resistance  W.  If  we  first  assume  that  the  resistances  to 
be  overcome  by  the  flowing  air  in  the  orifice  can  be  neglected  as 
infinitesimal,  then  dW=0;  we  therefore  get  from  equation  (lie) 

vdp+Kpdv^O, 

and  from  this  by  integration 

pr'^PiVi'; (12) 

consequently  the  expansion  curve  is  the 
a  d  i  a  b  a  t  i  c  line.  If  we  determine  from  this  relation  the 
quantity  v,  and  substitute  it  in  equations  (8)  and  (9),  we  get  for 
the  present  case 


w 
and 


-^BH^-if)'^'] <») 


«-^N/ii:f[©--©"]  •  •  •  <"' 


>W.  Thomson  and  Joule,  Philos.  Transactions  of  the  Royal  Society 
of  London,  1862. 
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These  two  formulas  were  first  given  by  de  Saint  Venant 
and  W  a  n  t  z  e  n  (1839)  and  then,  later,  were  also  derived  by 
W  e  i  s  b  a  c  h,2  who  doubtless  did  not  know  about  the  older 
experiments.  De  Saint-Venant  and  Wantzel,  as 
well  as  Weisbach,  sought  to  test  the  equations  by  experi- 
ments on  the  efflux  of  air  and  tried  to  determine  the  corrections 
which  must  he  applied  to  the  formulas  in  order  to  effect  an  agree- 
ment of  the  experiments  with  the  calculations.  But  the  experi- 
mental results  of  de  Saint-Venant  and  W  a  n  t  z  e  1  are 
exceedingly  unreliable,  for  reasons  already  discussed  in  §  36^ 
p.  186,  and,  in  part,  mentioned  by  P  o  n  c  e  1  e  t.  Moreover  the 
said  investigators  finally  forsook  the  formulas  and  gave,  in  their 
place,  approximate  expressions  which  reproduced  the  results  of 
their  experiments,  and  thereafter  the  formulas  received  no  further 
consideration  from  others. 

The  two  French  engineers  deserve  the  credit  of  subjecting  to 
a  closer  examination  the  two  equations  (13)  and  (14),  and  of 
first  discussing  the  question  whether,  and  under  what  condi- 
tions, the  pressure  p  in  the  orifice  could  be  taken  as  identical  with 
the  external  pressure  p2t  a  question  which  for  a  long  time  received 
no  attention,  like  the  whole  article  of  de  Saint  Venant 
and  W an  t z e  1 ;  not  until  1860  did  Max  Herrmann^ 
treat  the  question  in  the  same  way  as  the  French  writers,  doubtless 
without  knowing  about  their  work;  whereupon  Kolster* 
(1867)  went  into  the  subject  more  thoroughly,  referring,  in  so 
doing,  to  the  French  writers.  The  first  and  complete  experiments 
on  efflux  of  air  we  owe  to  Weisbach;  he  *  designated  the 
velocity  ti;  and  the  discharge  G  as  *' theoretical  values/'  because 

'  See  reierence  on  p.  186. 

'Weisbach,  ''Lehrbuch  der  Ingenieur-  und  Maacbinenmecbanik."  3d 
edition,  1856.  Vol.  1.  p.  820. 

*  Zeitscbrift  des  Osterreicbiscben  Ingenieurvereins,  1860,  Jan.  12,  p.  34. 

*  K  o  1 8 1  e  r,  "  Uber  das  AusstrOmen  von  Dampf  und  Luft."  Zeitscbrift 
dee  Vereins  deutscber  Ingenieure,  Vol.  XI,  1867,  p.  435. 

*  W  e  i  8  b  a  c  b,  "  Voriftu6ge  Mitteilungen  uber  die  Ergebnisse  vergleicbender 
Versucbe  uber  den  Ausfluss  der  Luft  und  des  Wassers  unter  bobem  Druck," 
Civilingenieur,  Vol.  5,  1859,  p.  1;  also  ''Versucbe  uber  AusstrOmung  der  Luft 
unter  bobem  Druck  durch  Mundstiicke  und  Robren/'  Civiling^ieur.  Vol.  12, 
1866,  pp.  1  and  77. 
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the  two  formulas  (13)  and  (14)  were  developed  by  neglecting  the 
resistances,  and  he  determined  the  real  or  effective  velocity 
of  efflux,  which  we  designate  by  w^  and  which  is  smaller  than  w, 
by  the  relation 

where  4>  was  introduced  as  the  velocity  coefficient,  as  is  customary 
in  practical  hydraulics. 

The  effective  energy  of  flow  H^  in  the  plane  of  the  orifice  would 
consequently  be 

and  the  work  of  resistance  W, 

Tr-^-F.=  (l-.^)ff=(l-lW=CH.,    .    .    (15) 
provided  we  introduce  the  notation 

The  value  Cis  designated  as  "the  coefficient  of  resist- 
a  n  c  e,"  according  to  W  e  i  s  b  a  c  h,  to  whom  we  owe  the  intro- 
duction of  this  factor  into  the  formulas  of  practical  hydraulics 
and  at  the  same  time  its  experimental  determination  for  different 
kinds  of  resistances.  Working  backward  from  equation  (16)  we 
get  the  velocity  coefficient 

and,  as  soon  as  it  is  known,  equation  (13)  gives  the  effective  efflux 
velocity  We  if  one  multiplies  the  radical  on  the  right  side  by  <j>. 

With  orifices  well  rounded  on  the  inside,  and  with  short,  cylin- 
drical adjutages,  in  each  of  which  the  jet  leaves  the  orifice  with 
its  full  cross-section,  we  get  the  true  discharge  Ge  from 

Ge  =  <l>G, 

where  G  is  determined  from  equation  (14);  on  the  other  hand, 
if  there  are  contractions,  as  with  orifices  in  a  thin  wall,  we  must 
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substitute  for  the  cross-section  F  of  the  orifice,  the  cross-section 
aF  at  the  place  of  greatest  contraction,  in  which  case  the  factor 
a,  the  "coefffcient  of  contractio  n,"  must  be  deter- 
mined by  experiment.    In  this  case  we  should  have 

where  /i  represents  the  "coefficient  of  efflu  x,"  which 
equals  the  product  a^. 

The  beautiful  experiments  of  Weisbach  were  carried  out 
on  a  large  scale  and  were  in  part  re-calculated  by  G  r  a  s  h  o  f  *; 
they  were  only  intended  to  determine  the  coefficients  <f)  and  n  for 
a  series  of  different  forms  of  orifices.  In  general  it  turned  out 
that  these  coefficients  (at  least  within  the  limits  employed  by 
Weisbach)  deviated  but  little  from  those  observed  during  the 
efflux  of  water,  likewise  mostly  found  by  Weisbach;  more- 
over for  one  and  the  same  orifice  the  velocity  coeflHcient  <i>  and 
the  coefficient  of  resistance  C  proved  to  be  nearly  invariable  for 
various  differences  of  pressure;  these  results  had,  indeed,  already 
been  accepted,  on  the  basis  of  older  experiments  conducted  by 
Schmidt  (1820),  Lagerhjelm  (1822),  Koch  (1824), 
and  d'Aubuisson  (1828) ;  the  latter  experiments,  to  be  sure, 
were  carried  on  throughout  with  very  slight  excess  of  pressure 
(fraction  of  one  meter  of  water  column) ;  it  was  Weisbach 
who  first  went  up  to  one  atmosphere  excess  of  pressure.  Later 
on  there  will  be  an  opportunity  of  coming  back  to  Weisbach's 
experimental  results  (this  experimental  method  has  already  been 
discussed  on  p.  191) ;  here  we  need  only  remark  that  Weisbach 
omitted  such  a  discussion  of  equations  (13)  and  (14)  as  was  under- 
taken by  de  Saint  Venant  and  W  a  n  t  z  e  1,  and  assumed 
from  the  start  that  in  his  experiments  the  pressure  p  in  the  plane 
of  the  orifice  was  identical  with  the  pressure  p2  of  the  external 
atmosphere.  The  assumption  is  correct  for  the  pressures  used  by 
Weisbach;  it  will  be  shown  that  the  assumption  would  not 
have  been  permissible  in  calculating  the  experiments  if  the  pressure 
in  the  discharging  vessel  had  been  a  little  larger  than  it  really  was. 

'  G  r  a  8  h  o  f,  "  Theoretische  Maschinenlehre,"  Vol.  1,  Leipsic,  1875. 
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§  43.  DISCUSSION  OF  THE  EFFLUX  FORMULAS. 

In  the  two  equations  (13)  and  (14)  the  state  of  the  air  (pi  and 
vi)  in  the  discharging  vessel  is  regarded  as  known;  likewise  the 
cross-section  F  of  the  orifice  measured  in  square  meters  [square 
feet].  Then  the  efflux  of  velocity  w,  and  the  air  weight  G  in  kilo- 
grams [pounds]  per  second,  can  be  computed,  provided  the  pressure 
p,  in  the  plane  of  the  orifice,  is  given.  Now  it  seems  natural  to 
assume  that  the  pressure  p2  (outside  the  discharging  vessel)  ex- 
tends up  to  the  plane  of  the  orifice,  and  that  therefore  p = p2  may 
be  written. 

In  this  case  equation  (14)  gives  the  quantity  discharged  as 
G  =  0,  as  must  be  the  case  provided  also  the  pressure  in  the  dis- 
charging vessel  and  in  the  receiving  vessel  is  equal,  that  is,  p2  =  Pi. 

On  the  other  hand  if  we  suppose  the  flow  to  take  place  into  a 
vacuum,  and  if  here  also  the  pressure  p2=0  extends  up  to  the 
plane  of  the  orifice,  then  equation  (14)  would  again  give  (j  =  0  for 
p  =  0,  from  which  f oUows  the  absurd  result  that  no  flow 
takes  place  toward  a  vacuum. 

One  must  therefore  draw  the  conclusion  that  the  external 
pressure  p2  will  in  general  not  be  identical  with  the  pressure  p  of 
the  orifice,  or  only  under  certain  circumstances. 

A  closer  examination  of  equation  (14)  shows  that  a  certain 
value  of  p  exists  for  which  the  discharge  (7  is  a  maximum. 

The  differentiation  of  the  bracketed  quantity  under  the  radical 
gives,  as  is  easy  to  see,  a  maximum  for 


(18) 


If  pi  is  given,  we  can  compute,  by  this  formula,  the  corresponding 
pressure  p  in  the  plane  of  the  orifice  and  then,  with  the  help  of 
equation  (12),  find  the  corresponding  specific  volume  v  there,  from 


.T-m- (") 
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and  then  also 

PL^JL. (20) 

PlVi       K+l 

At  the  same  time  the  last  formula^  after  substitution  of  the  absolute 
temperatures  T  and  Ti,  gives 

T       2 

F.-iTi <'" 

from  which  the  temperature  T  in  the  plane  of  the  orifice  can  be 
computed,  when  that  of  Ti  in  the  discharging  vessel  is  known. 

As  /«=  1.410  for  atmospheric  air,  there  follows  from  the  preced- 
ing formulas 

^  =  0.5266, (18a) 

Pi 

-=1.5759, (19a) 

and 

^  =  ^=0.8299 (20a) 

If  we  use  relation  (18)  in  equation  (14),  the  maximum  of  dis- 
charge, which  is  designated  by  Gm,  can  be  calculated : 

G„.f/  2  \.4-g^,     ....      (21) 

or  with  ^=1.410, 

G^  =  2.1499  fJ^, (21a) 


[(?„=3.8942  F^|^]. 


If  we  multiply  both  sides  of  this  equation  by  Vi,  then  Gvi  gives 
the  maximum  of  air  in  cubic  meters  [cubic  feet],  measured  under 
the  internal  pressure,  and  because  piVi  =  BT  there  follows 

GmVi  =  11.631  FVri, 
[GmVi  =  15.703  FVTil 
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Now  if  we  assume  the  temperature  of  the  air  in  the  discharging 
vessel  to  be  0°  C.  [32°  F.],  there  will  follow  from  this  formula 

?^  =  192.18  [348.905]. 


Consequently  when  referred  to  a  square  meter  [square  foot] 
of  orifice  area,  the  maximum  discharge  per  second,  measured  at 
the  inner  pressure,  must  be  taken  atl92.18  cbm.  [348.905  cu.  ft.], 
all  this  under  the  assumption  which  is  here  maintained  throughout, 
that  the  air-jet  leaves  the  orifice  with  full  cross-section,  and  that 
therefore  no  contraction  of  the  jet  exists. 

In  order  to  give  a  general  view  of  the  variation  of  the  discharge 
G  with  the  orifice  pressure  p,  let  us  lay  off  in  Fig.  39a  the  value 

x=—  as  abscissa,  and  as  ordinate  the  discharge  G  calculated  from 

Pi 
equation  (14),  p.  236,  and  thus  get  the  curve  oab\   now  if  the 

orifice  pressure  p  were  really  identical  with  the  external  pressure 
P2,  then  for  the  diminution  of  the  pressure  ratio  P2:pi  from  the 

value  1  to  Xm  there  would  result,  in 
accordance  with  equation  (18),  an  in- 
crease of  the  discharge  according  to 
the  portion  of  the  curve  ha  and  in 
entire  accordance  with  expectation; 
the  diminution  of  G  would  occur  like 
\b  that  represented  by  the  branch  of  the 
curve  ao.  Now  because  such  a  dimi- 
nution cannot  really  exist  d  e  S  a  i  n  t 
Venant  and  Wantzel  first  (ibid.)  set  up  the  hypothesis 
that  for  the  interval  in  question  the  curve  branch  ao  should  be 
replaced  by  a  horizontal  line  {ac)  (Fig.  396);  so  long,  therefore, 
as  the  pressure  ratio  P2:pi  lies  between  0  and  the  value  Xm  given 
by  equation  (18),  so  long  the  same  quantity  of  air  will  flow  out, 
namely,  that  given  by  equation  (21)  or  (21a);  in  this  case  the 
orifice  pressure  p  would  be  different  from  the  external  pressure 
7>2,  and  indeed  it  would  be  greater  and  be  determined  by  equation 
(18);  the  discharged  air  seems  then  to  be  independent  of  the 
external  pressure  within  the  limits  indicated. 


Fio.  39. 
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The  rule  for  computing  should  therefore  be  as  follows :  There 
is  given  the  internal  pressure  pi,  the  external  pressure  p2,  and  the 
efflux  cross-section  F,  and  also  the  temperature  Ti  in  the  dis- 
charging vessel.  First  compute  the  orifice  pressure  p  for  the 
maximum  discharge  according  to  equation  (18),  namely. 

Now  if  p2>p,  we  get,  from  equal  ion  (14),  for  the  discharge 


i-fe[(g)--©"] '^> 

where  vi  is  to  be  computed  from  the  relation  piVi^ BT\. 

On  the  other  hand,  for  p2<p,  the  discharge  results  from  equa- 
tion (21),  namely, 

?=/_2_x4-    1^7^ 

F     U+1/       N/c+lvi'  ^ 

and  therefore  appears  independent  of  the  external  pressure  p2 
and  is  valid  even  for  efflux  into  a  vacuum.  The  orifice  pressure 
p  is  then  determined  from  equation  (22),  whatever  external  pres- 
sure p2  may  exist. 

We  reach  very  remarkable  results  if  we  also  determine  the 
magnitudes  of  the  corresponding  efflux  velocity  w.  If  P2>p, 
then  according  to  equation  (13)  the  efflux  velocity  is 


„.J^^„,[.- (£)-■] ,25, 

On  the  other  hand  if  p2  <  p,  equation  (22)  must  be  used  in  equa- 
tion (13)  and  we  get 

v^-^^.Vin (26; 

and  is  therefore  also  independent  of  the  external  pressure  p2  and 
valid  down  to  p2  =  0. 

Now  if  we  utilize  formula  (20)  in  the  last  equation  there  also 

follows  

tv=VgK-pv, (27) 
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where  the  quantities  p  and  v  refer  to  the  cross-section  of  the 
orifice. 

This  equation  gives  nothing  else  than  the  acoustic 
velocity  corresponding  to  the  state  of  the  air  in  the  orifice. 
We  can  therefore  enunciate  the  proposition  that  the  efflux  velocity 
can  never  be  greater,  even  for  flow  into  a  vacuum,  than 
the  acoustic  velocity  belonging  to  the  state  of  the  air 
in  the  orifice.   . 

The  proposition  is  n  o  t  found  with  de  Saint  Venant 
and  W a n  t z e  1,  but  first  with  Holtzmann  (1861),^  who 
reaches  the  same  conclusion,  though  in  another  way.  With 
respect  to  the  efflux  of  air  into  a  vacuum,  he  says  (ibid.,  p.  376): 

"If  the  velocity  of  the  leaving  air  is  greater  than  than  that 
of  the  air  which  is  flowing  away  in  front  of  the  efflux  orifice,  then 
an  increase  of  density  must  occur  in  front  of  the  efflux  orifice. 
We  know  that  this  density  is  propagated  with  the  velocity  of  sound. 
The  condensation  will  therefore  increase  immediately  in  front  of 
the  efflux  orifice  so  long  as  the  velocity  of  efflux  is  greater  than 
the  velocity  of  sound  and  so  long  as  no  normal  (permanent)  con- 
dition occurs.  This  normal  state  will  first  exist  when  the 
density  at  the  efflux  orifice  has  become  so  large  that  the  velocity 
of  efflux  is  equal  to  the  velocity  of  sound." 

The  efflux  velocity  of  au-  is  to  be  sure  judged  by  Holtz- 
mann on  the  basis  of  the  old  N  a  v  i  e  r  formula,  but  this  has 
no  influence  on  his  conclusions.  The  air-jet  shows  phenomena 
designated  by  E.  M  a  c h  ^  as  "stationary  acoustic  waves,"  when 
P2<P,  that  is,  when  air  streams  toward  a  vacuum  or  when  air 
under  a  high  pressure  flows  toward  a  space  in  which  the  pressure 
is  essentially  smaller  (smaller  than  half  that  in  the  discharging 
vessel);  this  has  been  confirmed  by  photographs  of  the  air-jet. 

Recently  the  question  has  been  more  fully  treated  experiment- 
ally and  analytically  by  E  m  d  e  n.^ 

*  Dr.  Carl  Holtzmann,  "Lehrbuch  der  theoretischen  Mechanik/'  Stutt- 
gart, 1861. 

'  E.  M  a  c  h  and  E.  S  a  I  c  h  e  r,  "Optische  Untersuchung  der  Luftstrah- 
len,"  Wiedemann's  Annalen,new  series,  Vol.  41,  1890,  p.  144. 

'  Dr.  Rob.  E  m  d  e  n,  "  Uber  die  Ausstrdmungserscheinungen  permanenter 
Case,"  Leipsic,  1899. 
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§  44.  INTRODUCTION  OF  THE  RESISTANCES  INTO  THE 
EFFLUX  FORMULAS  FOR  SIMPLE  ORIFICES.  THE 
EFFLUX  EXPONENT. 

The  formulas  given  in  the  foregoing  determine  the  efflux 
velocity  and  the  dischargei  under  the  assumption  that  there  are 
no  resistances  whatever;  but  in  reality  losses  of  energy  do  occur, 
even  with  the  simplest  forms  of  orifices,  thus  causing  the  aforesaid 
values,  and  particularly  the  discharge,  to  turn  out  smaller.  The 
corresponding  corrections  necessary  for  the  formulas,  in  order  to 
make  them  agree  with  reality,  can  only  be  determined  by  special 
experiments;  we  can  then  proceed  by  the  methods  of  Hydraulics, 
also  employed  by  W  e  i  s  b  a  c  h  for  the  efflux  of  air;  in  thus 
determining  the  coefficient  of  velocity,  coefficient  of  resistance,  and 
coefficient  of  efflux,  we  secure  the  necessary  basis,  in  accordance 
with  the  remarks  made  on  p.  238.  There  is  no  objection  in  itself 
to  this  method  of  calculation,  but  it  is  attended  with  the  evil  that 
it  does  not  permit  more  exact  data  concerning  the  state  of  the 
air  in  the  plane  of  the  orifice,  i.e.,  does  not  permit  the  determina- 
tion of  the  pressm-e,  volume,  and  temperature  there. 

The  work  of  resistance  W,  calculated  by  equation  (15)  for  the 
unit  of  weight,  gives  no  clue  as  to  the  law  according  to  which  the 
air  expands  while  streaming  toward  the  orifice. 

But  now,  in  the  closer  investigation  of  this  problem,  we  will 
first  expressly  assume  that  we  are  dealing  with  efflux  through 
simple  orifices  and  consequently,  in  accordance  with  tech- 
nical Hydraulics,  dealing  with  an  orifice  which  is  well  rounded  on 
the  inside  or  is  provided  with  a  short,  cylindrical  pipe  (adjutage) 
that  has  sharp  edges  on  the  inside,  or,  finally,  dealing  with  an 
orifice  in  a  thin  wall, — always  under  the  assumption  that  the 
orifice  in  question  exists  right  in  the  wall  of  a  large  discharging 
vessel.  The  following  propositions  are  no  longer  valid  when  the 
air  flows  out  overcoming  great  resistances,  for  example,  attains 
efflux  through  a  long  pipe;  the  latter  case  will  be  subjected  to  a 
closer  examination  below. 

For  simple  orifices  I  proceed  from  the  assumption  that  the 
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coefficient  of  resistance  C  introduced  into  equations  (15)  and  (16), 
may  be  regarded  as  constant  for  a  particular  form 
of  orifice,  just  as  was  proved  by  Weisbach  tobe  true  for  the 
efflux  of  water. 

From  equation  (15)  then  follows,  if  we  designate  the  effective 
energy  of  flow  by  H  instead  of  H^: 

or  if  we  differentiate  and  use  equation  (Ic),  p.  234, 

dW -^Mpv) (28) 

K—  1 

On  the  other  hand  equation  (He),  p.  234,  gives  dW  directly: 

dW  =  — -  (vdp+  Kpdv). 

Equating  both  expressions  we  therefore  get  the  differential 
equation  of  the  curve  of  expansion : 

{l  +  KC)vdp-\-K(l  +  Opdv^0. 
If  for  the  sake  of  simplicity  we  substitute 

'-'■^ '^) 

integration  will  give 

pi;»  =  Pii;i^        (30) 

and  utilizing  the  equation  of  condition  for  gases  there  also  follows 

Ti     \vj  Vpi/  Pivi 

according  to  which  the  real  value  of  the  volume  v  and  the  tem- 
perature T  can  be  calculated  from  the  pressure  p  in  the  orifice. 
As  the  assumption  of  a  constant  value  for  (^  also  makes  n  constant, 
it  follows  from  equation  (30)  that  the  curve  of  expansion  is  the 
polytropic  curve;  for  C  =  0,  i.e.,  neglecting  the  resistances, 
we  have  n  =  /c,  i.e.,  the  curve  passes,  as  already  found,  into  the 
adiabatic  line.    I  have  called  the  magnitude  n  the  "efflux 
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exponent"^;  it  can  easily  be  determined  from  equation  (29) 
when  {;  is  known  from  experiment;  conversely  if  n  is  given,  we  get 

^-^ (82, 

according  to  which  n  is  always  smaller  than  /c. 

For  the  efflux  of  water,  according  to  Weisbach, 
the  coefficient  of  resistance  (^  for  a  well-rounded  orifice,  and  also 
for  an  orifice  in  a  thin  wall,  is  {;  =  0.063,  and  for  the  cylmdrical 
adjutage  c= 0.505.  If  we  suppose  these  values  to  be  also  valid 
for  the  efflux  of  air,  we  shall  get  respectively  n= 1.376  and 
n  =  1.239.  Now  if  we  determine  v  from  equation  (30)  and  sub- 
stitute it  in  equations  (8)  and  (9),  p.  234,  there  follows 

according  to  which  w  and  G  can  be  calculated,  when  the  pressure 
p  in  the  orifice  is  known;  moreover,  for  this  case  the  temperature 
T  in  the  orifice  can  be  found  from  equation  (31),  and  if  we  employ 
the  equation  of  condition,  in  the  sometimes  used  form 

we  get  from  equation  (33)  the  energy  of  flow  H  in  the  orifice 
(measured  in  imits  of  heat) 

AH  =  a'!^  =  Cj,(Tx-T), (33a) 

and  the  resistance,  measured  in  like  manner, 

AW^C'Cp(Ti-T). 

^  "Neue  Darstellung  der  Vorg&rige  beim  AusstrOmen  der  Gase  und  DAmpfe 
au8  GefftssmiiDdungeD/'  Civilingenieur,  Vol..  17,  1871,  p.  71. 
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We  must  now  decide  the  question  as  to  what  pressure  p  pre- 
vails in  the  plane  of  the  orifice,  when  the  pressure  p2  ib  given  in 
the  receiving  vessel.  Here  also  it  is  shown  by  equation  (34)  that 
a  certain  value  of  pipi  exists  for  which  the  discharge  (7  is  a  maxi- 
mum, and  indeed  we  get,  from  equation  (34),  by  differentiation  of 
the  bracket  under  the  radical,  the  corresponding  ratio  Xm  and  find 
it  equal  to 

Pi     \n+l/ 
From  the  equation  of  the  polytropic  curve  pv'*— piVi*  we  also  find 


^(^>" 


(36) 


If  we  substitute  the  value  of  Xm  from  equation  (35)  in  equar 
tion  (33),  we  get,  when  there  is  a  maximum  discharge,  for  the 
velocity  of  efflux. 


w 


-^S(SF' «" 


and  then,  with  the  help  of  the  relation  GmV'^Fw  and  equation  (36), 


\n+l/         ^K—l\n+l/Vi 


(38) 


which  two  equations,  when  n  «=  k,  i.e.,  when  resistances  are  neglected, 
pass  over  into  equations  (26)  and  (24),  p.  243. 

If  we  should  here  also  use  the  rule  of  de  Saint  Venant 
and  Wantzel,asl  did  in  earlier  articles  and  former  editions 
of  this  book,  then  the  foregoing  formulas  would  also  be  valid  for 
efflux  into  a  vacuum. 

Therefore  if  Pi,  Vi,  n,  and  the  pressure  p2  in  the  receiving 
vessel  are  given,  we  must  carefully  observe  whether  the  ratio 
P2:pi  is  greater  or  smaller  than  the  value  of  Xm  given  by  equation 
(35) ;  ifitisgreater,  w  and  G  must  be  calculated  from  equa- 
tions (33)  and  (34) ;  if  it  is  smaller,  equations  (37)  and  (38) 
are  to  be  employed. 
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But  with  simple  orifices,  for  which  the  efflux  exponent  n  is 
always  just  a  little  smaller  than  k,  equation  (37)  gives  values  for 
the  efflux  velocity  in  the  orifice^  so  that  it  seems  natural  to  assume 
that  the  two  values  are  here  also  identical. 

New  experiments,  with  great  resbtances  in  long  pipes,  which 
will  be  discussed  below,  confirm  this  assumption,  therefore  in  sub- 
sequent investigations  I  proceed  from  the  new  hypothesis : 

''that  the  air  flows  into  the  vacuum  with  the  acoustic 

velocity  

t^=\  tf'cpv,       (39) 

corresponding  to  the  state  of  the  air  in  the  orifice,  n  o 
matter  what  resistances  exist  during 
the  flow  toward  the  orific e," 

a  proposition  which  may  have  a  great  range  for  certain  technical 
investigations. 

If  we  return  to  the  fundamental  equation  (8),  p.  234,  we  get, 
with  the  help  of  equation  (39), 

2 
pv  =  — -piri (40) 

Equation  (39)  gives  no  clue  concerning  the  values  p  and  i;  in 
the  orifice;  but  if,  for  such  simple  orifices  as  those  above,  we  pro- 
ceed on  the  assumption  that  the  expansion  of  the  air  takes  place 
poly  tropically,  we  get,  from  the  relation  pv"  =  Pit^i*, 


pv 


-m 


PlVl 

and  therefore,  by  combining  with  equation  (40), 


also 


^.i.(  2  ).4i, (41) 
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These  two  relations,  according  to  the  new  hjrpothesis,  take  the 
place  of  equations  (35)  and  (36) ,  and  now,  for  the  case  that  P2:pi 
is  smaller  than  the  value  Zm  given  by  equation  (41),  there  follows, 
from  (33)  and  (34), 

^"^sl^.Pi^u (43) 

If,  for  abbreviation,  we  use 

*-(^)-'^>SS <«> 

we  get 

T< <««' 

In  accordance  with  the  preceding  formulas,  the  following  table 
was  calculated  for  a  series  of  difiFerent  values  of  the  efflux  ex- 
ponent n. 


n 

.  Pi 

»i 

# 

1.10 

0.1286 

6.4547 

0.5249 

1.15 

0.2394 

3.4667 

0.9773 

1.20 

0.3266 

2.5466 

1.3336 

1.25. 

0.3936 

2.1084 

1.6069 

1.30 

0.4457 

1.8619 

1.8197 

1.35 

0.4871 

1.7037 

1.9887 

1.41 

0.5266 

1.5759 

2.1499 

The  greater  the  resistances,  the  smaller  the  corresponding  value 
of  n;  accordin^y  the  smaller  also  is  the  pressure  p  which  settles 
in  the  orifice.  For  simple  orifices,  to  which  we  must  add  the 
frequently  occurring  conical  and  converging  nozzles,  only  the 
values  in  the  four  last  rows  of  the  preceding  table  need  be  con- 
sidered. If  air  is  allowed  to  pass  from  the  free  atmospheric  space, 
through  a  simple  orifice,  into  a  large,  closed,  vessel,  originally  a 


EFFLUX  FORMULAS  WITH  ORIFICE  RESISTANCES.         251 

vacuum,  then,  in  every  unit  of  time,  there  will  flow  into  it  always 
the  same  quantity  of  air,  the  quantity  which  is  determined  by 
equation  (46a),  and  the  velocity  of  influx  will  be  invariable  and 
equal  to  the  acoustic  velocity  of  equation  (43).  As  soon  as  the 
pressure  p2  in  the  vessel  has  reached  the  value  p  prescribed  by 
equation  (41)  the  conditions  change;  from  there  on  the  influx 
velocity  w,  and  the  quantity  of  air  G,  entering  in  a  unit  of  time, 
must  be  estimated  by  equations  (33)  and  (34);  in  so  doing  the 
value  G:F  gradually  diminishes. 

Example  1.  Let  us  suppose  air  to  floiw  from  a  large  vessel  in  which 
the  pressure  is  1.5  atmospheres  and  the  temperature  15^  C.  [59^  F.,]  aad 
that  it  flows  under  constant  pressure  into  the  free  atmosphere  where  the 
preflwire  p,— one  atmosphere  (10333  kg.  per  square  meter)  [2116.31  pounds 
per  square  foot]  prevails.  Let  the  efflux  take  place  through  a  well-rounded 
orifice  for  which  experiment  has  given  an  efflux  exponent  n  — 1.375. 

Here  we  get,  first  of  all,  according  to  equation  (41), 


P 


--(^)  ^1-0.5047; 


hence  p* 0.7570  atmospheres,  so  that  Pa>p.  In  this  case  the  external 
pressure  p,  extends  up  to  the  plane  of  the  orifice,  and  therefore  we  must 
use  equations  (33)  and  (34)  with 

J^ -?£«?.. 
pi     pi     3  * 

Because  7'i-288*  C.  (518.4^  F.)  we  get,  from  piVi-BTi  with  B -29.269 
[fi —53.349],  for  the  specific  volume  of  the  air  in  the  discharging  vessel 
vi  -0.5438  cbm.  [8.7068  cu.  ft.]. 
Now  from 

n—  1      m 


(-)  - 


,    -^    -m     0.8953 
^pi  /  Ti 

there  follows  for  the  temperature  T  in  the  orifice,  257.8**  or  —15.2**  C 
[464.04°  or  4.64**  F.]. 

The  specific  volume  v  in  the  orifice  is  computed  from 


and  from  it  we  find 

r -0.7303  cbm. 

[v- 11.693  cu.  ft.]. 
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Equation  (33)  gives  for  the  efflux  velocity 

«; -244.03  m. 
[ti; -800.63  ft. 1 

and  from  Gv^Fw  there  follows  directly 

^-|? -334.15  kg.  [68.45  Ib.l 

when  the  orifice  of  efflux  F  is  measured  in  square  meters  [square  feet]. 
The  latter  value  can  also  be  written 


g- 1.9793^  |£i 


[ 


l-'-^'JS 


The  discharge  in  cubic  meters  per  second,  measured  under  the  inner 
pressure,  is 

Gvi  - 181.7  F 

[(?t;i -596.3  F]; 

on  the  other  hand,  measured  in  the  plane  of  the  orifice, 

Gr -244.0  F 
[Ov -800.53  F]. 

After  the  jet  has  spread  itself  outside,  the  air  agun  has  the  initial  tempera- 
ture of  15^  C.  [59°  F.]  and  the  specific  volume  v,  is  foimd  from  the  relation 

p,V2-piVi  or  Vj -0.8157  [13.067  cu.  ft.]. 

Accordingly,  the  air  discharged  per  second,  measured  under  the   outer 

pressure,  is 

Gr,  -  272.6  F 

[(?i?, -894.37  JP]. 
The  energy  of  flow  in  the  plane  of  the  orifice  is 

^  -3035.2  mkg.  [9958.1  ft-lb.l 

and  because  the  coefficient  of  resistance  C;  according  to  equation  (32),  is 

C -0.066, 
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the  loss  of  energy^  in  consequence  of  the  resistances,  is 

C^  -200.2  mkg.  [657.23  ft-lb.]. 

m 

Example  2.  Suppose  that  in  a  large  vessel  there  is  air  of  four  atmos- 
pheres pressure,  at  a  temperature  of  15^  C.  [59^  F.].  Then  by  the  equa- 
tion of  condition  pi  »4X  10333,  and  Ti -273 +  15°  [518.4],  the  specific  vol- 
ume there  is  Vi  —0.2039  cbm.  [3.266  cu.  ft.].  If  this  idr  flows,  under  constant 
pressure,  through  a  well-rounded  orifice,  for  which  we  again  assume  the 
efflux  exponent  n  — 1.375,  into  the  free  atmosphere,  so  that  p,  corresponds 
to  the  pressure  of  o  n  e  atmosphere,  then  again,  as  in  the  preceding  ex- 
ample, we  get  from  equation  (41) 

^  -0.5047. 
Pi 

Hence  the  pressure  in  the  orifice  is  p  —2.0188  atmospheres,  and  therefore 
Pt<Pf  8o  that.p  here  represents  the  real  pressure  in  the  orifice,  and  to  be 
calculated  requires  equations  (43)  and  (44);  first  of  all,  from  equation  (42) 
we' compute 


that  is, 
and  then  get 
also 


— -1.6442, 

Vi 


t? -0.3352  [5.3695  cu.  ft.], 
w -311.06  m.  [1020.54  ft.]  (acoustic  velocity); 

G 


^-2.0646  J2i  «927.6  kg.  [190.0  lb.]. 


which  last  value  will  hold  even  for  flow  into  a  vacuum. 

Moreover 

T        2 


Ti        K  +  i 


-0.8298, 


hence  the  temperature  in  the  plane  of  the  orifice  is  T— 239^  or  —34°  C. 
tr -430.2  or  -29.2  F.]. 
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§  45.    EFFLUX  UNDER  CONSTANT  PRESSURE   WITH 
SMALL  DIFFERENCES  OF  PRESSURE. 

If  the  pressure  pi  in  the  dischargiDg  vessel  is  but  little  larger 
than  the  external  pressure  p2,  it  must  be  taken  as  identical  with 
pressure  p  in  the  plane  of  the  orifice,  and  then  equation  (33)  gives 
for  the  energy  of  flow  in  the  orifice 


"-i-^MHfyn 


But  for  small  differences  of  pressure  pi — pa 

Substitution  in  the  preceding  equation  therefore  gives  the  velocity 
of  efflux 


w 


=  \l29^^''>(Pt-P2) (46) 


If  we  here  also  introduce  the  coefficient  of  resistance  C  as  per 
equation  (32),  which  furnishes 

we  have 


w 


^^^M^^, (46a) 


and  this  formula  agrees  completely  with  that  one  which  was  de- 
rived and  used  in  practical  Hydraulics  for  the  efflux  of  liquids 
(water).  The  same  formula  is  found  directly  from  equation 
(III6),  if  we  there  substitute  the  work  of  resistance  W==^ff  and 
integrate  the  equation  under  the  supposition  that  the  specific 
volume  of  the  air  is  constant  during  the  flow  toward  the  orifice, 
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80  that  we  may  write  v^vi.  Under  this  hypothesis,  and  neglect- 
ing the  work  of  reastance,  equation  (46a)  was  derived  from  equa- 
tion (III6)  by  Daniel  mod  John  Bernoulli,  Euler, 
d'Alembert,  and  then  uHHsed  in  the  investigations  of  tech- 
nical Mechanics  by  Poncelet.  But  it  was  W  e i  s  b a c  h 
who  in  his  Ingenieur-  and  Maschinenmechanik  %rst  made  exten- 
sive use  of  equation  (46a),  exactly  in  the  form  here  giYOi.  The 
equation  is,  in  fact,  of  great  technical  importance,  because  in 
blowers,  fans,  air,  in  the  motion  of  atmospheric  air  and  of  illuminat- 
ing gas  in  pipes,  etc.,  there  are  always  slight  differences  of  pressure. 
In  all  related  investigations,  when  considering  the  different  kinds 
of  resistances,  for  example,  curves,  elbows,  and  sudden  enlarge- 
ments in  pipes,  we  can,  as  suggested  by  Weisbach,  employ 
the  same  coefficients  of  resistance  as  are  employed  under  like  cir- 
cmnstances  for  the  motion  of  water.  As  regards  the  quantity  of 
air  ft  we  find  for  it,  from  the  relation  Gv^Fw,  with  the  help  of 
equation  (46a), 

G=FJ^Hl<i^i£PH) (47) 

As  t;  IS  nearly  identical  with  vi,  and  because  the  temperature  in 
the  plane  of  the  orifice  is  nearly  the  same  as  that  in  the  discharg- 
ing vessel,  so  that  we  can  assume  the  relation  p2V^BTi,  we  can 
approximately  find  the  discharge : 


an  equation  which  agrees  in  form  with  that  given  by  Napier 
for  the  efflux  of  steam  under  slight  excess  of  pressure;  we  will 
return  later  to  Napier's  investigations.  The  assumption  that 
the  specific  volume  is  constant  really  presupposes  the  with- 
drawal of  heat,  namely,  from  equation  (16),  p.  232,  there  follows 
immediately,  by  integration,  for  v  =  vi, 

K—  1 
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and  if  we  determine  the  flow  of  energy 

2.9 

from  equation  (46),  and  substitute  it,  there  results  the  quantity 
of  heat  Q  which,  as  the  negative  sign  shows,  must  be  withdrawn 
from  the  unit  of  weight  of  air  during  the  flow  toward  the  orifice: 

Alongside  of  equation  (46a),  which  is  valid  for  slight  differences  of 
pressiire,  there  is  also  given  in  mechanical  and  physical  writings 
one  other  efflux  formula,  which  was  first  developed  by  N  a  v  i  e  r, 
and  is  commonly  said  to  hold  also  for  the  greater  differences  of 
pressure. 

If  we  assume  that  the  temperature  T  of  the  gas  in  the  orifice 
can  be  taken  as  identical  with  that  (7i)  in  the  discharging  vessel, 
there  follows  pv  =  piVi,  and  hence  from  equation  (III6),  when  we 
again  replace  the  work  of  resistance  W  by  ffl,  we  get 


w 


=  s|jf-^.vi  log.^, (48; 


and  the  discharge,  disregarding  contraction, 

q^E^^^fA^^M^)'  log.Pl,     .    .    .    (49) 
V        >l-hCvi  VPi/       ^  p' 

which  equation  can  ,be  brought,  with  the  help  of  the  relation 
pv  =  piri  =  Bri,  into  other  forms.  Equation  (48),  as  was  men- 
tioned, is  found  in  all  the  manuals  on  Physics,  and  yet  it  is  derived 
from  assumptions  which,  for  several  reasons,  must  be  regarded  as 
not  at  all  permissible. 

If  we  assume  first  that  the  external  pressure  p2  extends  to  the 
plane  of  the  orifice,  and  designate  the  ratio  p:pi  by  x,  then  equa- 
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tion  (49)  shows  that  for  a  particular  mner  pressure  pi  there  is  a 
value  of  X  for  which  the  discharge  G  becomes  a  maximum;  this 
occurs  with  the  maximum  value  of  the  expression 


and  for 


^  log,  - , 

X 


^^V\ 


acquires  the  value 


^-0.6055    or    ^  =  1.687. 

Pi  P2 


Accordingly  if  the  inner  pressure  amounts  to  more  than,  say,  1.65 
of  the  external  pressm'e,  formula  (49)  will  then  become  useless 
and  we  must  have  recourse  to  an  hypothesis  ]ike  or  similar  to 
the  one  discussed  above.  Although  the  preceding  proof  was  given 
by  Coriolis^  (1838),  nevertheless  N  a  v  i  e  r  '  s  formula  was 
presented  as  suitable  for  the  greater  differences  of  pressure.  We 
must  also  note  that  under  the  assumption  pv^piVi  equation  (lb) 
gives 

therefore,  in  order  that  the  hypothesis  may  be  realized,  the  unit  of 
weight  of  gas  must  receive,  while  flowing  toward  the  orifice,  a 
quantity  of  heat  corresponding  to  the  full  energy  of  flow  in  the 
plane  of  the  orifice,  a  case  which  never  occurs  in  ordinary  efflux. 

§  46.   EXPERIMENTS  ON  THE  EFFLUX  OF  AIR  THROUGH 

SIMPLE  ORIFICES. 

The  older  experiments  of  Schmidt,  Lagerhjelm, 
Koch,  and  d'Aubuisson  (1820  to  1826),  already  men- 
tioned on  p.  239),  were  all  conducted  with  very  small  excess  of 
pressure  and  in  such  a  way  that  the  air-filled  discharging  vessel 
was  in  communication  with  a  vessel  of  water,  from  which  the 
water  flowed  into  the  former  vessel  with  a  certain  excess  of  pres- 
sure.   The  volume  of  the  entering  water  gives  the  volume  of  the 

^  Comptes  rendus,  1838,  VI,  p.  239;  also  1839,  VlII,  p.  295. 
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air  (measured  at  the  inner  pressure)  which  at  the  same  time  is 
displaced  and  is  then  discharged  through  the  orifice.  As  was  men- 
tioned, all  these  experiments  were  conducted  with  a  very  slight 
excess  of  pressure  and  also  with  very  small  orifice  diameters,  in 
fact,  on  a  small  scale  ;  ^  they  furnish,  as  was  shown  later  by 
B  u  f  f,2  with  the  help  of  his  own  experiments,  the  proof  that  for 
the  efflux  of  air  there  can  be  employed  the  same  formulas  and  the 
same  coefficients  of  efflux  as  for  the  efflux  of  water.  But  for 
greater  excess  of  pressure  the  propositions  in  question  are  not 
directly  available*,  these  experiments,  particularly,  do  not  give 
any  clue  whatever  as  to  the  orifice  pressure  discussed  above. 

The  first  experiments,  on  a  larger  scale  and  with  a  larger  excess 
of  pressure,  are  due  to  Weisbach,  as  repeatedly  mentioned 
above;  very  valuable  as  these  experimental  results  are  in  general, 
nevertheless  they  are  not  suited  to  decide  the  question  concerning 
the  pressure  in  the  orifice,  because  Weisbach's  pressures 
in  the  discharging  vessel  were  too  small;  in  only  a  few  of  his  ex- 
periments did  the  initial  pressure  of  the  air  in  the  boiler  somewhat 
exceed  two  atmospheres,  i.e.,  at  most,  it  was  double  the  external 
pressure.  In  the  experiments  of  de  Saint-Venant  and 
W  a  n  t  z  e  1  the  ratio  of  the  pressure  in  the  discharging  vessel 
to  that  in  the  receiving  vessel  was,  to  be  sure,  far  greater  than 
two;  they  allowed  air  to  flow  into  the  receiver  of  an  air-pump 
through  orifices  of  only  2/3,  1,  and  1.5  mm.  [0.026,  0.039,  0.059 
in.],  the  receiver  having  a  capacity  of  0.0174  cbm.  [0.6145  cu.  ft.], 
in  which  the  pressure  at  the  beginning  of  the  different  series  of 
experiments  was  generally  from  10  to  20  mm.  of  mercury  [0.4 
to  0.8  in.].  They  employed  two  methods.  In  the  first  they 
allowed  the  external  air  to  flow  in  without  interruption  till  the 
pressure  in  the  receiver  equaled  the  external  pressure  and  ob- 
served at  equal  intervals  of  time  (every  5  seconds)  the  increment 
of  pressure;  in  the  second  method,  which  alone  could  have  realized 

*  W  e  i  8  b  a  c  h  reports  the  older  experiments  on  the  efflux  of  air  and,  at 
the  same  time,  gives  full  references  to  the  literature,  in  "  AUgemeine  Maschinen- 
Encyklopftdie,"  article  "Ausfluss,"  p.  603. 

'Buff,  "Versuche  iiber  den  Widerstand  au8str5mender  Luft,"  Poggen- 
dorff's  Annalen,  Vol.  40,  1837,  p.  14. 
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their  aim,  they  allowed  the  air  to  flow  in  with  interruptions;  after 
every  efflux,  of  5  seconds'  duration,  the  orifice  was  closed  with 
the  finger  for  a  few  seconds  and  the  pressure  quickly 
noted.  The  defective  feature  of  this  method  is  that  the  experi- 
menter did  not  keep  the  orifice  closed  long  enough,  and  after  clos- 
ing it,  did  not  wait  for  the  (diminishing)  manometer  reading  of 
the  receiver  to  become  stationary.  If  we  add  to  this  the  fact, 
criticized  by  Poncelet,  that  the  diameters  of  the  orifices 
used  and  the  capacity  of  the  receiver  were  much  too  small,^  then 
it  seems  justifiable  to  institute  new  experiments  on  a  larger  scale, 
with  high  boiler  pressure  and  with  more  reliable  experimental 
methods. 

Now  I  first  made  such  experiments  in  Zurich  in  1871  (see  p. 
193).  The  mechanical  section  of  its  Polytechnicum  already  pos- 
sessed at  that  time  a  series  of  experimental  machines  and  appara- 
tus, and,  in  a  modest  way,  followed  the  same  aims  now  pursued 
in  the  mechanical  engineering  laboratories  of  technical  high  schools. 
I  had  especially  constructed,  for  the  contemplated  experiments  on 
the  efflux  of  air,  a  wrought-iron,  cylindrical  boiler  4.2  m.  [13.776 
ft.]  long  and  0.5  m.  [1.64  ft.]  in  diameter,  whose  cubic  capacity, 
carefully  calibrated  with  water,  gave  0.81088  cbm.  [28.637  cu.  ft.]. 
The  boiler  was  tested  up  to  ten  atmospheres,  and  was  provided 
with  a  pump  by  means  of  which  external  atmospheric  air  was 
compressed  and  forced  into  the  boiler;  the  pump-piston  was  driven 
by  a  crank  worked  by  hand,  so  that  naturally  the  filling  of  the 
boiler  with  air,  of  the  usual  four  atmospheres  of  pressure,  took  a 
long  time. 

The  boiler  carried  a  dome  ^  provided  with   large  pipe  connec- 

Me  Saint  Venant  and  W  a  n  t  z  e  1  replied  to  Poncelet's 
objections  (Gomptes  rendus,  1845|  XXI,  p.  105)  in  the  same  volume,  p.  366, 
whereupon  Poncelet  retorted  somewhat  violently,  designating  the  experi- 
ments as  ''so  to  speak,  microscopic,''  and  characterized  as  unusual  and  odd  the 
law  of  constancy  of  discharge  with  an  external  pressure  which  was  smaller  than 
about  one-half  the  inner  one.  In  the  latter  respect  Poncelet  did  the 
experimenters  mentioned  decided  injustice,  as  my  experiments,  given  in  the 
text,  show. 

'  The  boiler  dome  mentioned  in  the  text  is  illustrated  in  Der  Civilingenieur 
(1874),  Vol.  20,  Plate  1. 
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tions  all  of  which  were  closed  except  the  one  used  in  the  efflux 
experiments;  this  pipe  was  provided  with  a  tight-fitting  cock 
whose  passageway  had  the  same  inner  diameter  as  the  pipe. 
In  the  plane  of  the  open  end  of  the  latter,  various  orifices  were 
inserted.  A  carefully  graduated,  open,  manometer  was  con- 
nected with  the  interior  of  the  boiler,  and  from  it  could  be  read 
off  pressures  up  to  four  atmospheres  (three  atmospheres  gauge 
pressure).  Experiments  were  conducted  with  three  kinds  of  simple 
orifices  well  rounded  on  the  inside  and  with  short,  cylindrical 
adjutages  without  interior  rounding,  and  with  orifices  in  a  thin 
wall. 

After  the  boiler  was  filled  with  air  of  about  four  atmospheres, 
and  after  equalization  with  the  external  atmosphere  had  taken 
place  so  that  the  manometer  was  stationary,  the  <x)ck  (with  a 
quarter  turn)  was  quickly  opened  and,  after  about  ten  seconds, 
was  quickly  closed  and  the  manometer  reading  noted;  in  so  doing 
the  pressure  pi  was  read  before  the  opening,  p,  immediately  after 
the  closing,  py  immediately  afterward  (after  the  jump— see  remarks 
on  p.  193),  and,  finally,  p2  was  read,  namely,  as  soon  as  the  ma- 
nometer reading  again  showed  itself  stationary  (because  of  the 
equalization  of  temperature)  after  the  closing  of  the  orifice;  this 
equalization  usually  occurred  after  ten  to  fifteen  minutes.  Now 
the  experiment  was  repeated  with  the  pressure  j>2  as  the  new  initial 
pressure  pi,  and  this  was  continued  till  the  boiler  pressure  had  nearly 
fallen  to  the  external  atmospheric  pressure.  Thus  there  resulted  for 
one  filling  of  the  boiler  and  for  one  and  the  same  orifice  a  whole 
series  of  separate  experiments,  whose  number  was  of  course  greater 
the  smaller  the  diameter  of  the  orifice  used. 

From  each  individual  experiment  there  was  found,  from  the 
volume  of  the  boiler,  from  the  temperature,  from  the  pressure  pi 
at  the  beginning  and  from  the  pressure  p2  at  the  end,  after  equal- 
ization of  temperature,  the  weight  of  air  in  the  boiler  at  the  begin- 
ning and  at  the  end,  and  then,  from  the  observed  time  of  efflux, 
the  discharge  per  second  was  determined. 

The  most  exact  possible  determination  of  this  period  of  efflux 
is  of  importance  in  this  experimental  method,  efflux  during  short 
intervals.    For  this  purpose  a  clock  was  used  which  kept  fifths 


\i 
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« 

of  a  second  and  in  which  the  moving  index  noted,  on  the  dial 
immediately  below  the  scale  of  seconds,  a  colored  point,  as  soon 
as  a  button  on  the  clock  casing  was  pressed.  The  pressing  of  the 
button  was  effected  by  an  electromagnet;  to  the  cock  of  the 
efflux  pipe  there  was  fastened  a  metallic  pointer  which,  at  the 
middle  position  of  the  cock,  dipped  a  little  into  the  mercury 
that  was  in  a  vessel  to  one  side  of  the  cock;  the  dipping,  during 
the  turning  of  the  cock,  closed  the  metallic  circuit  and  operated 
the  magnet.  In  this  way,  at  the  instant  of  operating  the  cock 
and  at  the  instant  of  closing  the  cock,  there  was  put  on  the  dial- 
plate  of  the  clock  a  point  whose  position  opposite  the  scale  of 
seconds  enabled  one  to  read  with  great  ease  the  duration.  The 
experimental  results  also  showed  that  this  method  of  determining 
the  period  of  efflux  was  completely  accurate  within  0.2  of  a  second; 
any  uncertainties  were  neutralized  by  the  great  number  of  sep- 
arate experiments  from  which  could  be  found,  finally  reliable, 
mean  values  of  the  quantities  to  be  determined. 

The  experiments  themselves  dissipated  also  my  original  doubt 
whether  or  no,  with  the  short  efflux  period  employed,  the  time 
which  had  elapsed  till  the  efflux  had  attained  its  normal  state 
might  not  be  relatively  too  large;  I  convinced  myself  that  with 
the  size  of  the  boiler  and  the  orifice  areas  employed,  this  period 
must  be  almost  infinitesimal,  and  inferred  this  from  the  peculiar 
tone  of  the  violent  noise  which  was  connected  with  the  efflux  of 
the  compressed  air;  this  tone  was  clap-like  at  the  instant  of  opening 
the  cock  and  was  maintained  at  the  same  pitch  during  the  short 
period  of  efflux;  with  a  long  period  of  efflux  this  tone  changed 
slowly  and  continuously,  and  here,  in  a  certain  sense,  one  could 
follow  with  the  ear  a  gradual  diminution  of  pressure  in  the  boiler. 

A  preliminary  report  of  these  experiments  was  made  public 
in  1874  in  Der  Civilingenieur,*  after  a  lecture  which  I  delivered 
in  1871  to  the  Saxon  Society  of  Engineers  in  Leipsic.  Later,  with 
the  same  efflux  apparatus,  F 1  i  e  g  n  e  r  again  took  up  the  experi- 
ments^ with  short  orifices  and  added  to  my  experiments  the 

*  "Resultate  experimen teller  Untersuchungen  iiber  das  AusstrOmen  der  Luft 
bei  starkem  Uberdruck/'  Civilingenieur,  1874,  Vol.  20,  p.  1. 

'  F 1  i  e  g  n  e  r,  Ergebnisse  einiger  Versuche  iiber  das  AusstrOmen  der  attnos- 
pbftriscben  Luft/'  Civiiingenieur,  1874,  Vol.  20,  p.  13. 
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results  of  his  own.  Where  I  found  for  such  orifices  the  efflux 
exponent  n  =  1.403,  F 1  i  e  g  n  e  r  concludes  that  n  =  «=  1.410,  so 
that  here,  in  the  main,  the  influence  of  the  resistances  could  be 
neglected.  The  same  conclusion  is  reached  by  Emil  Herr- 
mann in  a  discussion  of  our  experiments  ("Compendium  der 
mechanischen  Warmetheorie,"  Berlin,  1879). 

By  a  further  study  of  the  problem  F 1  i  e  g  n  e  r  was  led  to 
new  experiments  which  gave;^  for  the  kind  of  orifice  mentioned, 
n=1.37,  after  certain  changes  and  improvements  had  been  made 
in  the  experimental  apparatus  used.^ 

I  reported,  as  completely  as  the  space  permitted,  in  an  earlier 
edition  of  this  book  (Vol.  1,  1887),  on  the  results  of  my  numerous 
experiments  made  in  1871  with  different  simple  orifices,  and  there- 
fore will  not  here  return  to  them.  The  experiments  were,  to  be 
sure,  sufficiently  reliable  and  realized  what  was  their  main  pur- 
pose, namely,  to  thoroughly  confirm  the  proposition  of  d  e  Saint- 
V  e  n  a  n  t  and  W  a  n  t  z  e  1  about  the  orifice  pressure,  whose 
correctness  was  doubted  by  P  o  n  c  e  1  e  t ;  but  the  experimental 
method  showed  certain  defects  which  rendered  impossible  a  per- 
fectly reliable  determination  of  the  resistances  during  efflux;  on 
the  whole,  it  does  not  seem  suitable  to  compress  the  air  in  the 
discharging  vessel  by  pumps  and  allow  it  to  flow  into  the  free 
atmosphere.  With  simple  orifices,  as  was  repeatedly  emphasized 
above,  the  inner  pressure  p  should  be  at  least  double  the  outside 
pressure  p2;  but  we  recognize  from  the  formula  given  above  that 
the  controlling  element  is  not  the  pressure  difference  Pi  —  p2, 
but  the    pressure    ratio  pi:p2;    the  latter  ratio  was  at 

most  —  =  4  in  the  experiments,  and  while  this  lasted  the  pressure 

P2 

Pi  diminished  and  p2  (the  external  atmospheric  pressure)  remained 
constant  during  the  period  of  observation.  Although  the  internal 
pressure  pi  could  be  taken  higher,  by  using  thicker  boiler-plate, 
this  would  not  remove  another  greater  defect.  To  be  sure  one  can 
determine  the  pressure  and  temperature  shown  in  the  discharging 


*  F  1  i  e  g  n  e  r,    '' Versuche  liber  das  Aus8tr5men  der  atmospb&riscben  I.uf6 
durch  gut  abgerundete  Miindungen/'  Civilingenieur,  1877,  Vol.  23,  p.  443. 
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vessel  with  great  accuracy  in  the  condition  of  equilibrium,  but 
cannot  determine  the  degree  of  moisture  in  the  air,  and,  besides, 
the  air  was  also  rendered  somewhat  impure  by  the  lubricants  used 
for  the  pistons  of  the  force-pump  (i.e.,  by  the  oil  vapors). 

I  have  cherished  for  years  the  desire  to  again  take  up  the 
experiments  in  another  way,  moreover,  theoretical  studies  of  the 
motion  of  air  in  long  pipes  (with  great  resistances)  showed  that 
the  experiments  on  efflux  into  the  free  atmosphere  could  only 
lead  to  the  goal  when  very  high  pressures  were  employed  in  the 
discharging  vessel,  that  is,  with  very  large  values  of  the  ratio  pi :  p2. 

I  therefore  in  1897  conducted  new  experiments,  by  going 
back  to  the  experimental  method  of  de  Saint-Venant 
and  W  a  n  t  z  e  1  (see  p.  258  above),  but  carried  out  the  experi- 
ments on  a  considerably  larger  scale  with  the  means  of  recent 
times  at  my  disposal. 

I  allowed  the  outer  atmospheric  air  to  stream  into  a  large 
boiler  in  which  the  air  could  be  kept  in  a  highly  rarefied  condition 
by  an  excellently  made  air  pump,  driven  by  a  Schmidt  water 
motor.  The  advantages  of  this  experimental  method  are  at  once 
apparent :  the  external  space,  the  free  atmosphere,  constitutes  the 
discharging  vessel  in  which  the  pressure  remains  absolutely  con- 
stant during  the  flow  and  in  which  the  state  of  the  air  with  respect 
to  moisture  can  be  accurately  determined.  The  pressure  of  the 
air  in  the  receiving  vessel  (the  boiler)  can  easily  be  brought  to 
P2  =  25  nmi.  [1  in.]  of  mercury;  with  a  total  barometric  pressure 
of  pi  =750  nmi.  [30  in.]  we  should  have  therefore  at  the  beginning 
of  the  experiment  pi :  P2  =  30,  just  as  if  air  of  30  atmospheres  pres- 
sure flowed  into  the  free  atmosphere,  and  then  the  difference  of 
pressure  would  still  be  only  pi  — p2  =  715  mm.  [29  in.],  or  about 
0.95  of  an  atmosphere;  experiments  with  long  pipes  are  thus  also 
rendered  possible. 
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§  47.    NEW  EXPERIMENTS  ON  THE  EFFLUX  OF   AIR 
THROUGH  WELL-ROUNDED  ORIFICES. 

In  the  Mechanical  Engineering  Laboratory  II  (for  prime 
movers)  at  the  Royal  Technical  High  School  in  Dresden  there 
were  set  up,  at  my  suggestion,  two  upright  boilers  each  1.3  m. 
[4.265  ft.]  in  diameter  and  3.4  m.  [11.155  ft.]  in  height  (measured 
at  the  middle  of  the  dished  ends),  and  possessing  a  capacity  of 
about  4.2  cbm.*  [148.33  cu.  ft.].  The  boilers  were  tested  up  to  15 
kg/qcm.  [213.35  lb.  per  sq.  in.]  gauge  pressure  and  were  joined 
by  a  connecting  pipe  which  was  closed  air-tight  by  a  cock  when 
only  one  boiler  was  employed.  With  the  outfit  it  was  possible 
to  conduct  the  most  varied  pneumatic  experiments;  I  will  here 
briefly  discuss  .the  first  experiments  of  this  sort,  which  I  made 
in  April,  1897,  with  well-rounded  orifices,  but  will  first  preface  the 
discussion  by  some  remarks  on  ordinary  atmospheric  air. 

Let  Ti  be  the  temperature  and  6i  the  barometric  reading  in 
millimeters  [inches]  of  mercury.  Then  the  corresponding  specific 
pressure  will  be  pi  =  13.596  6i  [pi  =70.73  b{\.  Now  air  consists 
of  a  mixture  of  dry  atmospheric  air  and  of  the  vapor  of  water 
whose  pressure  is  here  always  so  small  that  we  may  assume  that 
the  vapor  follows  exactly  the  law  of  Mariotte  and  G  a  y  - 
L  u  s  s  a  c  ;  now  in  the  equation  of  condition  for  gases,  pv  =  BT, 
the  constant  for  dry  wr  is  5=29.269  [B= 53.349]  (see  p.  104), 
and  for  steam  it  is  B= 46.954  [85.584]  (see  p.  114);  the  ratio  of 
the  first  value  to  the  second,  which  we  will  designate  by  f,  repre- 
sents the  relative  weight  of  steam  to  air,  and  is  e  =  0.623.  If  we 
retain  the  letter  B  for  the  gas  constant  of   dry   air,  then  the 

constant  for  steam  is  -. 

e 

Now  let  j/  be  the  pressure  of  the  dry  air  in  the  mixture,  f  its 
specific  weight  (weight  per  cubic  unit),  and  let  p"  be  the  pressure 

^  A  cut  of  the  boilers,  taken  from  a  photograph,  is  shown  in  the  Zeitschrift 
fiir  Architektur  und  Ingenieurwesen,  1898,  Vol.  46,  p.  649,  and  accompanies  an 
article  by  Ernst  Lewicki:  "Das  Laboratorium  fur  Kraftmaschinen 
an  der  K.  S.  Technischen  Hochschule  zu  Dresden." 
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of  the  steam  present  (called  vapor-pressure),  and  let  Y'  be  its 
specific  weight,  then  we  have  the  relations 

^^BTi    and    ^, \ 

and  the  total  air  pressure  pi  is 

Pi=p'+p", 
and  the  specific  weight  yi  of  the  mixture 

A  combination  of  the  equations  gives 


Now  let  us  put 


Pi-(l-0?/^ 
''  BTi 


n 


where  B„  represents  the  gas  constant  for  the  mixture,  that  is, 
for  the  (moist)  air  actually  present,  which  is  equal  to 

Bn.- ^^— ^ (61) 

1-(1-.)J- 
Pi 

We  see  from  these  formulas  that  the  specific  weight  of  moist  air 
is  smaller,  and  the  gas  constant  larger,  than  for  dry  air.  As  was 
mentioned,  the  pressure  pi  and  the  temperature  Ti  of  the  mixture 
are  regarded  as  known;  on  the  other  hand  the  vapor-pressure  p'' 
is  still  to  be  determined.  For  this  purpose  Lambrecht's 
"dew-point  mirror  "  is  used,  and  by  a  gradual  cooling  of  the  air  it 
is  found  at  what  temperature  (dew-point)  steam  begins  to  con- 
dense on  a  smooth  mirror  surface.  If  To  is  the  temperature  in 
question  we  can  find  from  the  steam  tables  for  saturated  vapor  the 
corresponding  steam  pressure,  which  we  will  designate  by  po. 
Then  the  relation  holds 

Po^BTo 
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which,  combined  with  the  above  equation  for  p"  :  /',  will  enable 
us  to  compute  the  vapor-pressure, 

p"-pPo, (52) 

and  then  will  enable  us  to  calculate  the  constant  Bm  according  to 
equation  (51). 

From  the  formula 

PiVi^^^BmTi (53) 

ri 

there  is  finally  determined  the  specific  volume  Vi  and  the  specific 
weight  Yi  of  the  moist  air. 

If  we  suppose  the  air  to  be  completely  saturated  with  vapor, 
and  that  po"  is  the  vapor-pressure  which  corresponds  to  the  tem- 
perature Ti  (taken  from  the  steam  tables),  and  yo'^  the  specific 
weight  of  the  steam,  then  we  have  the  relation 

to'       e   ' 
and  from  the  above  equation  for  p":  7^'  there  follows 

r77=r7r=^> (54) 

To      Po 

where  x  now  represents  the  "moisture"  of  the  air  in  the  form  in 
which  it  is  ordinarily  presented  in  Meteorology. 

In  the  flow  experiments  themselves  only  one  of  the  two  boilers 
was  employed,  its  capacity  having  been  first  determined  by  most 
careful  calibration  with  water  and  fixed  at  F= 4.2270  cbm.  [149.28 
cu.  ft.].  The  boiler  was  provided  with  a  good,  mercury,  vacuum 
gauge  whose  reading  in  millimeters  of  mercury  was  subtracted 
from  the  barometer  reading  61  in  order  to  get  the  pressure  of  the 
air  in  the  boiler  in  millimeters  of  mercury.  When  the  reading  of 
the  vacuum  gauge  was  stationary  it  was  taken  as  proof  that  the 
temperature  of  the  air  in  the  boiler  agreed  with  the  external 
temperature  of  the  air. 

In  the  boiler  shell  there  was  an  opening  into  which  was  inserted 
the  orifice  for  the  influx  of  air;  ordinarily  the  orifice  is  closed  on  the 
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outside  by  a  plate  (clack)  which  is  made  air-tight  by  being 
pressed  with  strong  springs.  By  a  cleveriy  designed  closing 
mechanism  the  spring  is  released  by  a  simple  pull  and  the  clack 
jumps  back  and  can  in  a  similar  way  be  brought  back  to  the  orig- 
inal position  by  spring  force.  During  the  opening  as  well  as  the 
closing  of  the  clack  there  is  marked,  by  electrical  means,  on  the 
dial  plate  of  the  clock  mentioned  (p.  261)  exactly  the  instant  of 
time,  so  that  we  can  read  the  period  during  which  the  opening 
.  exists,  and  consequently  the  flow  of  air  occurs,  with  an  accuracy 
which  is  correct  down  to  0.1  to  0.2  of  a  second. 

The  experiments  were  then  conducted  in  the  following  manner. 

After  inserting  the  orifice  and  rendering  it  air-tight  with  re- 
spect to  the  outside,  the  boiler  was  pumped  out  till  it  was  nearly 
in  the  condition  of  a  vacuum,  and  after  the  pressure  62  became 
stationary  it  was  read  from  the  vacuum  gauge.  Then  I  allowed 
the  air  to  flow  for  t  seconds,  and  at  the  end  observed  the  pressure 
63  after  the  equalization  of  temperature.  Thereupon  the  experi- 
ment was  repeated  with  the  pressure  pa  as  initial  pressure  and  the 
end  pressure  determined,  etc.  In  this  way  there  resulted  a  series 
of  separate  observations  for  each  of  which  the  value 


63— 62 
t 


-4> 


had  to  be  computed.    The  determination  of  this  quantity  was  the 
purpose  of  the  observation. 

Let  p  be  the  specific  pressure  in  the  vessel,  Ti  the  temperature 
there,  and  y  the  specific  weight,  V  the  boiler  capacity,  and  Gk  the 
weight  of  air  filling  the  boiler,  then 


BrnTi 


If  the  composition  of  the  air  in  the  boiler  is  like  that  outside,  we 
must  put  pi  in  place  of  p;  on  the  other  hand,  if  p2  is  the  pressure 
at  the  beginning  and  p3  the  pressure  at  the  end  of  some  one  experi- 
ment, then  the  quantity  of  air  which  has  entered  in  t  seconds  is 
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and  consequently,  the  weight  of  air  G  per  second  is 

where  y\  refers  to  the  outer  air  and  h  represents  the  pressures  in 
millimeters  [inches]  of  mercury.  If  i^  is  the  cross-section  of  the 
orifice  in  square  meters  [square  feet]  we  get,  for  every  separate 
experiment,  the  quantity  of  air  per  second  in  kilograms  per  sq.  m. 
[lb.  per  sq.  ft.],  as  follows : 

G    Vr\  &3-&2  /Kcv 

F    Fh\-1- ^^^ 

Of  the  different  experiments  conducted  with  well-rounded 
orifices  we  will  here  adduce  a  series  for  an  orifice  of  6.1  mm.  [0.2008 
in.]  diameter. 

Well-rounded    Orifices. 

Diameter  d-6.1  mm.  [0.20079  in.],  cross-section  jP= 20.428 
XlO""*  sq.  m.  [0.03166  sq.  in.],  barometer  reading  61  =  754  mm. 
[29.665  in.],  temperature  of  air  Ti  =273+ 16.8 -288.8*"  [619.84^], 
(lew  pomt  70  =  273+9.6  =  282.6''  [608.68''l,  and  corresponding  pres- 
sure of  vapor  60=8.93  mm.  [0.3616  in.]. 


No. 


Duration 

of 

Flow 


t 


ft 


Ecjui- 
libnum 
pressure 


Values  of 

bt-^bi 
— ^ 


No. 


Duration 

of 

Flow 


Equi- 
librium 
pressure 

61 

b. 


Values  01 


First  Part. 


Second  Part. 


1 

46.8 

27.8 

2 

48.5 

60.1 

3 

64.1 

93.9 

4 

67.4 

138.3 

5 

66.9 

184.9 

6 

65.2 

231.3 

7 

67.0 

276.2 

8 

65.3 

322.4 

9 

66.2 

367.6 

413.3 

0.6902 
0.6969 
0.6928 
0.6914 
0.6936 
0.6887 
0.6896 
0.6922 
0.6903 


10 

66.6 

413.3 

11 

63.9 

458.6 

12 

67.2 

501.1 

13 

68.4 

544.1 

14 

110.8 

585.1 

15 

126.6 

644.2 
697.6 

0.6802 
0.6651 
0.6399 
0.5994 
0.5334 
0.4218 


Mean  value  ^=0.6917  [0.02723] 
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For  the  given  temperature  of  the  air  and  of  the  dew  point  we 
have,  according  to  equation  (52),  the  vapor-pressure  6" =9.12  mm. 
[0.3591  in.],  and,  according  to  equation  (51),  the  gas  constant  for 
outer  atmospheric  air 

B,n= 29.403  [53.593], 

therefore  according  to  equation  (53)  for  its  specific  weight  and 
its  specific  volume  we  have 

n  ==  1  -2072  kg.,       vi = 0.8283  cbm. 
[n  =  0.075366  lb.,    vi  =  13.289  cu.  ft.]. 

For  the  temper^iture  of  air  given  we  have  the  saturation  pressure 
6o''  =  13.37  mm.  [0.5264  in.]  of  the  vapor  of  water,  and  conse- 
quently, according  to  equation  (54),  the  moisture  of  the  air  is 
x  =  0.696. 

According  to  these  investigations,  the  quantity  of  air  passing 
through  the  orifice  in  a  second  must  always  be  the  same  so  long 
as  the  pressure  in  the  boiler  is  about  half  of  the  external  pressure, 
that  is,  smaller  than  377  mm.  [14.843  in.].  The  value  of  ^  in  the 
first  rows  of  the  preceding  table  confirms  this  completely,  for  they 
seem  to  be  constant  and  scarcely  deviate  from  the  mean  value; 
according  to  equation  (55),  G  is  simply  proportional  to  the  value  of 
<l>.  In  the  second  part  of  the  experiments  in  which  the  inner 
pressure  was  greater,  the  values  of  <f>  diminish  decidedly  with  the 
growing  pressure. 

With  the  given  values  and  the  mean  value  (j>,  equation  (55) 
gives  for  the  first  part  of  the  experiment 

^  =  331.29^^^  =  229.1  kg.  [46.923  lb.]. 

As  we  here  calculate  for  the  external  atmospheric  air 

j£i  =  111.23  [  =  12.577], 


we  can  also  write 


^=2.0602x1^. 
F  ^vi 
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We  compute  ^  from 


{^)'M 


and  find  it  to  be  ^=2.0602  [3.7317],  and  then  equations  (45)  and 
(45a)  give,  for  the  efflux  exponent  n,  the  value 

n= 1.375. 

For  another  series  of  experiments  with  an  orifice  diameter  of 
<i= 10.85  mm.  [0.4272  in.]  there  was  found 

J=228.2,     ^=2.0594,    and    n=1.374 


[1=46.63,     0=3.7302]; 


in  the  third  series  of  experiments  with  an  orifice  diameter  of 
<i= 15.15  mm.  [0.5965  in.]  there  was  found 

5  =  230.4,     <^= 2.0785,    and    n- 1.386 


r^=47.18,     0=3.76481. 


According  to  equation  (32)  the  three  values  of  n  correspond  to 
the  coefficient  resistances  C  =  0.066,  0.068,  and  0.044,  which  values 
lie  within  the  limits  also  found  for  the  efflux  of  water. 

The  result  therefore  follows  that  in  the  efflux  of  air  through 
simple  orifices  we  can  use  the  coefficient  of  resistance  for  water, 
not  only  for  small  differences  of  pressure,  but  also  with  the 
largest  efflux  velocities,  when  it  is  a  question  of  determining  the 
quantities  discharged. 

In  the  above-given  efflux  experiments  there  were  observed 
for  each  separate  experiment  not  only  the  initial  and  final  pres- 
sures (in  the  state  of  equilibrium),  but  also  the  instantaneous 
pressure  bx  at  the  moment  of  closing  the  orifice,  and  the  pressure 
by  after  the  close  of  the  orifice  (after  the  jump) ;  the  values  were 
not  tabulated  because  it  has  no  significance  for  the  problem  before 
us.    Thus,  for  the  examples  in  experiment  1  of  the  above  tabula- 
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tion,  there  was  found  62=27.8  mm.  [1.112  in.],  6x  =  61.4  [2.456], 
6y  =  60.3  [2.412],  63  =  60.1  mm.  [2.404  in.]  of  mercury.  The  time 
needed  for  the  final  equalization  of  pressure  amounted  to  about 
ten  minutes.  As  regards  the  jump  of  the  pressure  there  appeared 
here  also  the  phenomenon  which  had  already  been  observed  by 
de  Saint  Venant  and  Wantzel  (see  p.  194).  During 
efflux  into  the  boiler  the  temperature  of  the  air  there  rises  (on 
account  of  the  compression  of  the  air);  consequently,  during  the 
equalization  of  pressure,  heat  is  withdrawn  through  the 
boiler  walls  and  given  to  the  outside.  The  exchange  of  heat 
between  the  air  and  walls  apears  to  be  particularly  vigorous  im- 
mediately after  the  closing  of  the  orifice,  when  the  stormy  air  of 
the  interior  comes  into  contact  with  the  walls. 

Very  remarkable  was  the  observation  that  the  flow  of  air  into 
the  boiler  took  place  with  perfect  quiet  during  the  first 
part  of  the  experiments,  that  is,  so  long  as  the  pressure  in  the 
boiler  was  smaller  than,  say,  half  of  the  external  pressure; 
but  as  soon  as  the  pressure  was  greater  a  low  rushing  could  be 
heard;  the  passage  of  the  experiment  from  the  first  part  into  the 
second  part  (see  preceding  tabulation)  could  be  determined  by 
the  ear.-  The  efflux  of  air  under  high  pressure  into  the  free  atmos- 
phere takes  place,  as  is  well  known,  with  a  powerful,  roaring,  noise. 

§  48.  EXPERIMENTS  ON  THE  FLOW  OF  AIR  THROUGH 
LONQ  CYLINDRICAL  PIPES;  MOTION  AQAINST  GREAT 
RESISTANCES. 

The  investigation  of  the  motion  of  gases  in  pipes  is  of  tech- 
nical importance.  In  most  cases  we  have  to  do  with  such  slight 
differences  of  pressure  that  we  can  regard  the  specific  volume  of 
the  gas  at  all  places  of  the  pipe  line  as  approximately  invariable. 
Experience  has  shown  that  it  is  thoroughly  reliable  to  deter- 
mine the  velocity  of  the  flowing  quantity  of  gas  or  air  exactly 
according  to  the  formulas  found  for  the  motion  of  water  in  pipes, 
and  to  use  then  the  same  coefficient  of  resistance  in  the  calculation. 

But  hitherto  there  have  been  no  experiments  whatever  which 
would  enable  one  to  draw  a  conclusion  as  to  the  behavior  of  air 
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when  flowing  through  a  long  pipe  toward  a  vacuum  or  to  a  highly 
rarefied  space.  Of  interest  here  is  the  question  as  to  the  velocity 
and  the  condition  of  the  air  in  the  efflux  opening,  and  of  interest 
also  is  the  law  of  the  resistances  which  must  be  used  in  the  cal- 
culation. It  is  at  once  evident  that  a  rapid  dimbiution  of  pressure 
and  a  marked  expansion  of  the  airj  with  rapid  increase  of  velocity, 
will  here  take  place  on  the  way  to  the  orifice,  but  it  is  also  evident 
that  the  hypothesis  employed  with  simple  orifices,  namely,  that  the 
air  expands  polytropically,  is  no  longer  permiscible. 


hVL^i     '' 


Fig.  40. 

Now  I  have  modified  the  experimental  arrangement  above 
described  in  such  a  way  that  atmospheric  air  could  flow  through 
pipes  of  different  length  into  the  air-boiler.  In  the  following  will 
now  be  described  the  results  of  a  series  of  experiments  in  which 
the  air  went  through  a  smooth  pipe  of  d=5.1  mm.  diameter  [0.201 
in.]  and  of  a  length  of  about  4  m.  [13.045  ft.]. 

The  outer  end  A  of  the  pipe  (Fig.  40)  was  provided  with  a 
well-rounded  influx  orifice  through  which  the  outer  air  entered  into 
the  pipe.  The  other  end  B  of  the  pipe  projected  for  a  short  dis- 
tance into  the  interior  of  the  air-boiler  K,  At  the  beginning  of 
the  experiment  the  cock  C  was  completely  opened,  and  it  was 
closed  at  the  end. 

At  the  places  designated  by  1,  2,  and  3  there  were  vacuum 
gauges,  glass  tubes  which  at  their  upper  ends  opened  into  the 
interior  of  the  pipe,  and  at  their  lower  ends  dipped  into  mercury. 
During  the  flow  of  the  air  the  level  of  the  mercury  columns  occupied 
the  heights  hu  th,  and  As,  and  at  a  given  signal  these  were  simul- 
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taneously  read  by  three  observers;  these  heights,  subtracted  from 
the  barometer  reading,  gave  the  piezometer  readings,  the  pressure 
of  the  air  at  the  three  places  in  millimeters  of  mercury,  and  in  the 
following  are  designated  by  ai,  Os,  and  as. 

The  first  part  of  the  results  of  the  observations  is  given  in  the 
following  table,  which  after  the  above  description  needs  no  further 
explanation. 


Straight   Line   of   Pipe. 

Diameter  5.1  mm.  [0.2008  in.],  cross-section  F = 20.428  XlO~« 
qm.  [0.03166  sq.  in.],  total  height  1-3.976  m.  [13.045  ft.],  barom- 
eter reading  6i  =750.3  mm.  [29.54  in.],  temperature  of  air,  Ti  =273 
+23.2  =  296.2^  [533.16^,  dew  point  ro=273+ 17  =  290^  [522^], 
and  corresponding  steam  pressure  is  6o  =  14.42  nrni.  [0.5677  in.]. 


Number 

of 

Experiment 

Duration 

of  Flow 

*" 

Equilibrium  Pressure 

Value  of 
bs—bi     , 

t     -* 

1 
2 
3 
4 

182.5 
187.0 
183.3 
181.8 

182.0 
184.5 

22.6  mm. 

61.1 
101.1 
140.1 

178.1 
216.8 
255.0 

0.2110 
0.2139 
0.2128 
0.2118 

5 
6 

0.2099 
0.2070 

We  see  that  in  the  first  experiments  the  value  of  ^  is  approxi- 
mately constant,  but  shows  a  tendency  to  decline  from  the  fifth 
experiment  on;  the  experiments  were,  to  be  sure,  carried  farther, 
but  for  the  following  purposes  the  given  data  will  suffice. 

From  the  data  just  given  for  the  short  orifice  we  can  compute 
the  vapor  pressure  and  find  it  to  be  6"  =  14.73,  the  constant 
B«  =  29.482  [53.639],  also  the  specific  weight  ri  and  the  specific 
volume  vi  of  the  external  atmospheric  air,  namely, 

n  - 1.1681  kg.      and    Vi  =0.8561  cbm. 
[n -0.07292  lb.    and    Vi  =  13.714  cu.  ft.]. 
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The  cubic  capacity  V  of  the  vessel  is  F =4.2290  cbm.^  [149.35  sq. 
ft.],  the  mean  value  of  4>  of  the  first  four  experiments  is  ^=0.2124, 
and  we  therefore  get  with  the  given  values,  from  equation  (55), 

§=68.456  kg.  [14.021  lb.] 

for  the  weight  of  air  per  sq.  meter  [sq.  ft.]  which  passes  in  one 
second  through  the  efflux  orifice.  In  the  well-rounded  orifice  of 
the  same  cross-section  this  was  found  according  to  p.  269  to  be 
229.1  kg.  [46,923  lb.];  we  see  from  this  how  greatly  the  pipe 
resistances  reduce  the  quantities  flowing  through. 

For  the  same  series  of  experiments  there  were  simultaneously 
read  in  each  individual  experiment  the  three  vacuum  gauges 
during  the  flow  of  the  air;  the  first  reading  was 
taken  30  seconds  after  the  opening  of  the  cock,  and  also  after  60, 
120,  and  150  seconds.  The  following  tabulation  gives  the  cor- 
responding piezometer  readings  only  for  the  time  corresponding 
to  30  and  150  seconds,  and  was  determined  from  the  readings  of 
the  vacuum  gauge. 


Number 
of 

Time  after 

OpeninK  the 

Cock. 

Piesometer   Rea 

ding. 

Experiment 

Oi 

fli 

Oj 

1 

30" 

725.8 

545.3 

192.7 

150 

725.8 

545.3 

192.7 

2 

30 

725.8 

545.3 

192.7 

150 

725.8 

545.3 

192.7 

3 

30 

725.9 

545.8 

194.3 

150 

725.9 

546.2 

198.3 

4 

30 

726.0 

546.6 

202.8 

150 

726.0 

548.3 

215.8 

5 

30 

726.3 

549.4 

224.3 

150 

726.7 

652.4 

242.8 

6 

30 

726.9 

554.4 

251.8 

150 

727.4 

558.9 

273.1 

*  During  respective  calibrations  of  the  vessels  of  dififerent  temperatures 
there  was  found  for  the  vessel  capacity  V— 4222.04+0.3  r  cbdm  for  water  at 
the  temperature  of  t^  C. 
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We  see  that  the  pressures  in  the  pipe  maintain  themselves  at 
the  same  heights  during  the  first  two  experiments;  a  marked  rise 
of  piezometer  reading  No.  3  only  occurs  with  the  third  and  fourth 
experiments.  From  experiment  5  the  values  ai,  a2,  and  as  grow 
with  the  increasing  boiler  pressure. 

If  at  any  place  of  the  pipe  p  is  the  pressure,  v  the  specific  vol* 
ume,  and  w  the  velocity  of  the  air,  we  shall  have,  according  to 
equation  (7),  p.  234,  the  relation 

B-^-'j^iPiVi-pv), (56) 

where  H  represents  the  energy  of  flow.  But  now  the  relation 
Gv=Fw  holds,  and  as  the  same  quantity  G  flows  through  all  cross- 
sections,  and  because  in  a  cylindrical  pipe  all  cross-sections  F 
are  of  the  same  size,  we  get  also  for  the  ratio  G:F  a,  constant 
which  we  will  designate  by  A,  and  there  follows 

'p^'Z* ^^'^ 

which  value  for  the  first  four  experiments  in  our  case  leaves 
A =68.456  [14.021].  The  combination  of  the  two  preceding  equa- 
tions gives 

2g     ic-1 

Now  since  p\Vi  is  known  for  the  exterior  air  and  p  is  determined 
by  the  piezometer  reading  a  by  means  of  the  equation  p= 13.596a 
[p«=  70.73a],  we  can  compute,  from  equation  (58),  for  the  bodies 
in  question  the  specific  volume  v,  then,  according  to  equation  (57), 
w^Xv,  and  next  get  J? = t/^^ :  2gf,  or  the  energy  of  flow  at  this  place. 
In  this  way  there  was  found  (Fig.  40)  for  the  three  piezometers 
respectively 

ai  =  725.8,  02  « 545.3,  as  =  192.7  mm. 

i/=0.8809,  t/'"1.1635,  t/"=3.0819  cbm. 

wi  -  60.30,  W2  =  79.65,  Wz = 210.98  m. 

Hi  - 185.3,  H2  =  323.4,  ff  3 = 2268.7  mkg. 
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From  this  can  be  seen  that  particularly  in  the  portion  from  2  to  3 
there  is  great  expansion  of  the  air  and  great  increase  of  velocity. 
Now  it  is  a  question  of  taking  into  account  the  resistances  to 
motion  in  the  pipe. 

If  in  equation  (58)  we  temporarily  make  ^  —  c,  then  we 

shall  have 

cir^  =  piVi  —  pv, 
and  from  this 

pdv  =  piVi cv  dVf 

V 

or  alsOi  because  the  differentiation  of  equation  (59)  gives 

2cvdv^—d(pv), 


we  get 


dv 
j)dv  =  ^d(pv)  +  piVi— (60) 


But  the  work  of  resistance  dW  must  be  written,  according  to 
equation  (lie),  p.  234,  as  follows: 

K—l         ^       ' 

and  with  equation  (60)  we  get 

or,  if  we  utilize  equations  (56)  and  (57), 

If  in  addition  we  introduce  Ho  as  an  auxiliary  quantity  with 
the  significance 
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there  finally  follows 

<«r-^(Ho^-dff) (62) 

The  equation  can  be  integrated.  In  our  case  the  work  of 
resistance  W  on  the  way  from  the  first  to  the  second  piezometer 
(Fig.  40)  is  found  to  be 

Tr'«^^(ffo  loga  f-J-  (H2-H1)), 

and  the  work  W"  on  the  way  from  the  second  to  the  third  piezom- 
eter 

The  auxiliary  quantity  ffo  is  found  from  equation  (61)  to  be 

Ho =6109.2 
[Ho = 16,763  ft-lb.], 

and  according  to  the  tabulation  on  p.  275  there  follows 

IF' = 2312  mkg.,       W" = 6844  mkg. 
\W'  =  7586.4  f  t-lb.     W  =  22454  f  t-lb.] 

referred  to  the  unit  of  weight  of  air. 

The  piezometers  are  equally  far  apart,  and  in  our  case  (Fig. 
40)  ^2  =  ^3  =  1.913  m.  [6.2763  ft.];  therefore,  in  the  second  half  of 
the  way,  the  work  of  resistance  is  almost  three  times  as  great  as 
in  the  first  half. 

For  the  further  investigation  of  the  problem  it  is  now  neces- 
sary, in  judging  of  the  resistances,  to  start  from  a  particular 
hypothesis. 

For  the  motion  of  water,  in  a  cylindrical  pipe  of  diameter 
dr  ^nd  length  Z,  we  can  calculate  the  loss  of  energy,  in  consequence 
of  friction,  by  the  formula 
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where  the  velocity  w  of  the  water  and  the  energy  of  flow  H  are 
the  csame  in  all  crossHsections,  and  where  Cr  represents  the  coeffi- 
cient of  resistance,  the  so-called  coefficient  of  friction  of  the  pipe, 
which  on  the  average  is  constant,  is  commonly  taken  {;|.=»  0.025. 
With  air,  to  be  sure,  under  the  assumption  of  small  differences  of 
pressure,  the  same  h3rpo thesis  is  generally  employed ;  now  in  what 
follows  it  wiU  be  assumed  that  in  the  present  case  also  Cv  c^n 
be  regarded,  on  the  average,  as  a  constant  quantity.  As  H  varies 
greatly,  the  foregoing  formula  is  only  valid  for  an  elementary 
length  dx,  consequently  we  must  put 

dW^Cr^dx; 
introducing  the  auxiliary  quantity  a  with  the  meaning 

we  get,  from  the  preceding  equation  and  with  the  help  of  equa- 
tion (62), 

^      „dH    dH 

adx= -dl -^- log, -^ J (64) 

If  we  designate  the  quantity  in  the  bracket  by  Z,  and  in  the  present 
case  introduce  for  the  three  piezometer  readings  the  above  values 
of  Hi,  H2,  and  Hz,  there  will  follow 

Zi  =  24.249,    X2  =  13.040,    Xa- 1.440. 

Integration  of  equation  (64)  will  respectively  give  for  the  pas- 
sage from  the  first  to  the  second  piezometer,  and  for  the  passage 
from  the  first  to  the  third  piezometer  (Fig.  40), 

aZa-Xi-Z2  =  11.209    and    a (Z2+Z3)=-X'i--X'3  =  22.809. 

Measurement  gives  Z2=i3'=  1-913  m.  [6.2763  ft.],  hence  we  have, 
respectively,  a  =  5.862  [1.7867]  and   5.965  [1.818],  and  because 
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dr= 0.0051  m.  [0.01673  ft.],  equation  (63)  will  give  the  coefficient 
of  resistance  {>  for  the  two  pipe  intervals,  namely,  Cr  =  0.0256 
and  Cr= 0.0260  respectively,  which  are  very  nearly  the  same; 
the  reliability  of  the  hypothesis  employed  is  therefore  established 
and  Cr  is  shown  to  be  a  nearly  constant  value,  as 
withwater. 

If  we  again  start  from  the  first  piezometer,  but  go  on  to  the 
orifice  of  efflux  for  which  H  represents  the  energy  of 
flow,  we  get 

a(Z2+/3+W  =  Xi--X', 

and  because  ^4= 0.074  [0.2428  ft.]  (Fig.  40),  we  have 

JSr-^-lo&  ^=24.249- 3.900a 
[Z=24.249- 12.795a], 

substituting  here  a  ==5.965  [a  » 1.818],  there  results  Z"  0.986,  a 
value  differing  but  little  from  unity.  The  smallest  changes  of  the 
separate  quantities,  lying  wholly  within  the  errors  of  observa- 
tion, lead  to  the  value  X»l,  which  in  principle  is  the  minimum 
value. 

With  the  help  of  equation  (61)  it  therefore  follows  that 

The  introduced  auxiliary  Hq  means  nothing  but  the  energy  of 
flow  in  the  orifice. 

With  the  help  of  equation  (56)  then  follows 

Pv=7:j:yPiVi, (65) 

and  the  eflSux  velocity 

consequently  it  is  equal  to  the  acoustic 
velocity  corresponding  to  the  state  of  the 
air  in  the  plane  of  the  orifice. 
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With  it  is  also  found 

^=n£S^ (^> 

For  the  present  case,  calculation  gives  u;«  316.6  m.  [1038.7 

ft.];  furthermore  from  equation  (57)  the  volume  v  in  the  orifice 

w 
becomes  t;=-j-= 4.6250  [74.088  cu.  ft.],  and  equation  (66)  gives 

the  pressure  there  as  p=1567  kg.  [320.94  lb.]  or  6 »» 115.2  mm. 
[4.535  in.],  and  for  the  pressure  ratio 

^=0.1536,1 
Pi 

which  is  a  very  different  value  from  that  given  by  the  well-rounded 
orifice. 

Moreover   the  foregoing  equations  give  directly  the  orifice 
pressure 


Al/Jiffir-J 


Ti 


in  which  of  course  the  value  X=G:F  must  be  given  by  experi- 
ment or  must  be  specially  calculated.  If  p2  is  the  pressure  in  the 
boiler,  then  the  given  propositions  hold  so  long  as  p>p2- 

In  this  case  X»l  always,  and  if  the  distance  of  any 
cross-section  of  the  pipe  measured  backward  from  the 
orifice  is  designated  by  Z,  and  the  energy  of  flow  in  this  cross- 
section  by  Hx,  we  get,  with  the  help  of  equation  (63), 

Ho    ,       Ho     ,         2k    I 

_.log._  =  l  +  c.;:f:i5, (67) 


'Remark.  The  value  given  for  pipiis  valid  for  a  length  of  pipe  of  about 
4  meters  [13.12  ft.],  with  a  diameter  dr«5.1  mm.  [0.201  in.].  In  another  series 
of  experiments,  with  a  pipe  half  the  length  and  the  same  diameter   there  is 

found  ^ —0.2090,  and  for  the  well-rounded  orifice  of  the  same  diameter  ^— 0.5047 
Pi  px 

(see  p.  251).    Therefore  if  the  air  is  to  flow  from  a  boiler  into  the  free  atmosphere, 

then  in  the  three  cases  the  boiler  pressure  must,  respectively,  be  at  least 

p,  =  6.51,  4.78.  or  1.98  atmospheres 

if  the  ur  is  to  flow  out  with  the  velocity  of  sound,  as  when  passing  into  a  vacuum. 
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from  which  Hx  can  be  found  (by  trial)  and  then  the  velocity  Wx 
determined,  in  the  cross-section  under  consideration.  With  the 
value  X  we  can  also  find  from  Xvx=^Wx  the  specific  volume  Vx, 
and,  with  the  help  of  equation  (56),  there  can  be  found  at  this 
place  the  specific  pressure  px,  so  that  a  picture  can  easily  be  made 
of  the  variations  of  px,  Vx,  and  Wx  from  section  to  section. 

The  proposition  developed  in  the  foregoing  has  also  been  con- 
firmed by  experiments  on  a  shorter  pipe,  so  that  we  may  now 
enunciate  the  following: 

1.  If  air  flows  through  a  long  pipe  into  a  vacuum  or  into  a 
highly  rarefied  space,  the  efflux  velocity  is  identical  with  the 
acoustic  velocity  in  the  orifice,  and  can  be  computed  according  to 
equation  (66)  provided  pressure,  temperature,  and  moisture  of 
the  air  in  the  discharging  vessel  are  known.  The  efflux  velocity 
is  then  a  maximum  and  independent  of  the  resist- 
ances of  the  pipe,  the  latter  influencing  only  the 
quantity  discharged,  which  becomes  smaller  as  the  resistances 
increase. 

2.  The  resistances  in  a  cylindrical  pipe  are  to  be  estimated  in 
the  same  way  as  with  the  motion  of  water,  and  the  corresponding 
coefficient  of  resistance  or  of  friction  ^^  is  also  approximately 
the  same;  the  latter  may,  as  with  water,  slightly  change 
with  the  velocity  of  flow,^  which,  however,  should  be 
settled  by  further  experiments  with  air.' 

3.  For  the  flow  of  air  through  pipes  into  rarefied  spaces,  or 
for  the  efflux  of  air  with  very  great  excess  of  pressure,  there  is 
still  to  be  established  the  law  according  to  which  the  air  expands 
in  the  pipe;  for  this  purpose  the  experiments  discussed  above  will 
not,  in  general,  suffice,  and  ought  to  be  continued  under  varied 
conditions.    On  the  other  hand 

4.  It  is  thoroughly  justifiable  to  draw  from  the  above  adduced 
experiments  the  conclusion  that  the  hitherto  customary  method 
of  treating,  for  very  small  differences  of  pressure,  the  flowing 


^  Zeuner,  "Voriesungen  iiber  Theorie  der  Turbinen/'  Leipsic,  1899,  p.  50. 
' Compare    Weisbach,    " Versuche  uber  AusstrOmung  der  Luf t  unter 
hohem  Dnick/'  etc.,  Civilingenieur,  Vol.  12,  1866,  p.  85. 
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motion  of  air  in  pipes  like  the  motion  in  watery  is  a  sound  method, 
provided  we  can  regard  the  specific  volume  of  the  air,  during  the 
flow,  as  approximately  invariable. 

Conclusion. 

Recently  the  theory  of  the  motion  of  gases  has  often  been  the 
subject  of  special  investigations,  but  as  they  principally  relate 
to  the  flow  of  steam  the  whole  question  will  be  more  fully 
discussed  in  the  second  volume  of  this  treatise;  in  this  connection 
special  reference  may  be  made  to  the  beautiful  experimenta 
investigations  of  S  t  o  d  o  1  a. 


APPLICATIONS. 


TECHNICAL  PART. 


L  On  the  Theory  of  Ah"  Enjpnes. 

§  49.    PRELIMINARY  REMARKS. 

We  distinguish  between  h  o  t-air  engines  and  c  o  1  d-air 
engines;  the  purpose  of  the  former  is  to  transform,  on  a  more 
or  less  large  scale,  heat  into  work,  reliably  and  continuously,  and 
to  utilize  this  work  for  technical  purposes,  for  the  running  of 
machines  engaged  in  the  performance  of  work. 

Hot-air  engines  are  therefore  prime  movers;  they  are 
driven  by  a  gas,  the  atmospheric  air,  which  is  the  "motive 
power  "  in  the  mechanical,  technical,  sense,  and  the  "medium  or 
mediating  body  "  in  the  thermodynamic  sense;  the  quantity  of 
air  enclosed  in  the  engine  receives  and  rejects  heat,  and  in  conse- 
quence experiences  periodically  such  changes  of  pressure  and 
volume  during  expansion  and  compression  that  the  corresponding 
pressure  curve,  or  the  several  pressure  curves  occurring  in  the 
process,  constitute  an  indicator  diagram,  and  enclose  an  area 
whose  amount  gives  directly  a  measure  of  the  work  performed 
during  a  full  period;  in  a  word,  the  engine  describes  a  cycle. 
In  the  cycle  of  a  hot-air  engine  the  performance  of  work  is  accom- 
panied by  the  consumption  of  heat,  as  was  fully  explained  in  the 
first  section. 

During  expansion  the  air  withdraws  heat  from  a  body  of  higher 
temperature,  and  during  compression  transfers  it  to  a  body  of 
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lower  temperature;  the  difference  of  the  heat  received  and  the 
heat  given  off  is  thereby  consumed  in  doing  outer  work. 

A  cycle  of  the  given  kind  can  also  be  conceived  as  conducted 
in  the  reverse  direction,  and  this  case  exists  in  the  cold-air 
engine;  here  the  air  during  expansion  withdraws  heat  from 
a  body  of  lower  temperature  and  transfers  it  during  compression 
to  a  body  of  higher  temperature;  in  so  doing  the  quantity  of  heat 
given  ofif  is  greater  than  the  quantity  received,  and  the  difference 
must  be  generated  by  work.  The  running  of  the  cold-air 
engine  requires  mechanical  work,  and  the  machine  therefore 
belongs  to  the  class  of  operating  machines  (Arbeits- 
maschinen) ;  its  purpose  is  to  withdraw  heat,  at  low  temperatures, 
from  certain  bodies,  to  produce  cold;  at  times  to  cau. e 
liquids  (water)  to  freeze  and  thus  form  ice.    (Ice  machines.) 

In  the  one  case,  in  which  it  is  a  question  of  generating  work, 
as  in  the  other  case,  in  which  it  is  a  question  of  producing  cold, 
it  does  not  matter  what  the  medium  or  mediating  body  is;  if, 
therefore,  in  the  engines  discussed  the  air  is  replaced  by  a  mix- 
ture of  vapor  and  liquid,  we  have,  in  place  of  an  air-engine,  the 
steam-engine,  and  here  we  must  in  like  manner  distinguish  the 
hot-vapor  engine  from  the  cold-vapor  engine,  according  as  the 
cycle  is  conducted  in  the  one  direction  or  the  other. 

In  all  the  engines  mentioned,  which  are  best  designated  by  the 
general  name  "heat  engines,"  we  must,  according  to  the  con- 
struction, distinguish  between  the  two  different  kinds,  the 
closed  and  the  open  engines. 

In  the  closed  heat  engine  the  mediating  body,  air  or  gas, 
or  a  mixture  of  vapor  and  Uquid  of  any  sort,  is  confined  in  the 
engine,  and  at  the  end  of  the  process  is  brought  back  to  the  initial 
condition  in  order  that  it  may  continually  repeat  the  same  pro- 
cess; in  the  open  engine,  on  the  other  hand,  the  mediating 
body  is  discharged  at  the  end  of  each  process,  i.e.,  expelled  from 
the  engine,  and  in  its  place  there  is  taken  in,  from  without,  a  new 
quantity  of  the  same  medium. 

Of  course,  in  the  latter  case  only  such  mediating  bodies  are 
employed  as  can  be  found  everywhere,  without  running  expendi- 
ture; consequently  open-air  engines  are  fed  with  atmospheric  air 
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in  the  condition  (pressure  and  temperature)  of  the  external  atmos- 
phere, while  the  steam  engines  are  fed  with  water. 

In  the  engines  here  discussed,  during  the  cycle  described 
within  the  engine,  no  chemical  changes  take  place; 
the  open-air  engines  dismiss  the  atmospheric  air  with  another 
temperatinre,  in  general  a  higher  one,  and,  under  certain  condi- 
tions, with  another  pressure  than  it  possessed  when  it  was  taken 
in;  and  in  the  open  steam  engine  there  exists  only  a  change  in 
the  state  of  aggregation,  the  water  that  was  taken  m  leaving  the 
engine  in  the  form  of  steam,  or,  to  speak  more  correctly,  as  a 
mixture  of  vapor  and  liquid. 

But  to  the  class  of  heat  engines  there  also  belong  those  engines 
which  are  fed  by  a  mixture  of  bodies,  ordinarily  gases  of  various 
kinds  which  complete  within  the  working  cycle  of  the  engine,  and 
indeed  in  the  interior  of  the  engine  itself,  a  chemical  process — 
combustion,  explosion.  They  will  be  subjected  to  investigation 
later  on  under  the  name  of  internal-combustion 
engines. 

A.  HOT-AIR  ENGINES. 

(a)    Closed  Hot-air  Engines. 
§  50.  THE  CARNOT  CYCLE  OF  A  CLOSED  AIR  ENGINE. 

Let  the  piston  K  and  its  cylinder  A  (Fig.  41)  enclose,  at  the 
left  end  of  the  latter,  a  space  containing 
G  kg.  [lb.]  of  air;  let  the  volume  of  the 
air  be  Vi,  its  pressure  pi,  and  Ti  the 
corresponding  absolute  temperature;  if 
t'l  is  the  specific  volume  we  have  the 
relation  Vx^^Gvi. 

If  we  lay  off  on  the  axis  OX  the  dis- 
tance Vx  as  abscissa,  and  pi  as  ordinate, 
then  the  point  a  corresponds  to  the 
accompanying  temperature  Tx  and  de- 
termines completely  the  state  of  the  air  at  the  instant. 
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With  this  quantity  of  air  the  following  cycle  will  be  described, 
and  in  so  doing  we  will  for  the  present  disregard  the  question 
whether  it  can  be    practically    conducted  in  this  manner. 

Let 

1.  the  air  expand  isothermally,  doing  work  by  overcoming  an 
external  pressure  which  constantly  corresponds  to  the  pressure  of 
the  air  at  each  successive  instant  (i.e.,  let  it  take  place  in  a  rever- 
sible fashion) ;  in  so  doing  the  temperature  Ti  of  the  air  remains 
constant,  which  presupposes  a  particular  kind  of  heat  supply. 

The  quantity  of  heat  Qi,  which  must  be  imparted  from  the 
outside  to  the  air  during  its  expansion  from  Vi  to  F3,  and  which 
is  absorbed  by  the  air  at  the  constant  temperature  Ti,  can  be 
found  according  to  the  proposition  given  in  §  26,  pp.  137  and  138, 
from 

Qi^GABTilog,^, (la) 

and  the  quantity  of  work  Li  thus  produced  by  the  expansion  of 
the  air  is  f  oimd  from 

Li^G^Tilogag, (16) 

where  pz  is  the  pressure  corresponding  to  the  point  b  and  the 
volume  Vs. 

Now  lay  through  the  two  points  a  and  b  (Fig.  41)  the  adiabatic 
curves  be  and  ad  and  let 

2.  the  air  expand  still  further  without  receiving  or  rejecting 
heat,  till  it  reaches  the  point  c,  corresponding  to  the  volume  V2, 
pressure  p2,  and  temperature  T2-  The  work  Li  thus  produced  is, 
according  to  equation  (62a),  p.  140, 

W^G^^{Ti'-T2) (2) 

Now  let 

3.  the  air  be  compressed  along  the  isothermal  curve  cd  at  the 
constant  temperature  Ts  till  it  reaches  the  point  d  which  has  F4, 
P4,  and  T2  as  volume,  pressure,  and  temperature,  and  which  lies 
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on  the  adiabatic  passing  through  a.  In  so  doing  a  quantity  of 
heat  Q2  must  be  withdrawn  from  the  air  and  a  quantity  of 
work  L2  must  be  expended,  which  quantities  can  be  found 
from  the  following  formulas : 

Qa^GABTalo&g, (3a) 

L2=GBT2loe,^^ (36) 

Finally  let 

4.  the  air  be  brought  back  adiabatically  along  the  path  da  to 
the  initial  state  a;  the  work  L2'  which  is  necessary  for  this  part 
of  the  compression  can  be  found  from 

L2'=G5(ri-r2) (4) 

During  this  cycle  a  quantity  of  heat  Qi— Q2  has  disappeared 
and  been  transformed  into  work;  the  net  work  produced  can  be 
found  from 

and  by  substituting  in  this  the  foregoing  values  we  get 


L-(7fi(rilog.g-7'alog,g),.    .    .    . 


(5) 


the  quantities  of  work  L\  and  LJ  cancelling  each  other  because 
of  their  equality. 

The  two  expressions  given  for  the  heat  quantities  Qi  and  Q2 
of  course  lead  to  the  relation 

AL^Qi-Q2 (5a) 

Now,  according  to  the  propositions  which  were  found  for  the 
adiabatic  curve  (§  27,  equation  61,  p.  139),  we  have  for  the  two 
passages  he  and  od,  between  the  same  temperature  limits  Ti  and 
T2,  the  relations 
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and  therefore  between  the  four  pressures  there  obtains  the  relation 

PlP2  =  P3P4, (7) 

in  accordance  with  which,  equation  (5)  gives 

L=G5(ri-r2)Iog.g, 

and  if,  besides,  we  determine  ps  from  the  second  one  of  equations 
(6),  we  get 


L«B(?(ri-r2)lo&g(^)^,     .    .    .    . 


(8) 


while  with  the  help  of  relation  (7)  and  equations  (la)  and  (3a) 
we  find  the  ratio  of  the  two  heat  quantities  Q2  and  Qi  to  be 

OTTi' ^^^ 

and  from  this,  with  the  help  of  equation  (5a),  we  get 

L^§f^^{Ti-T2h (10) 

where 

iTi'Irr^ ^^^^ 

stands  for  the  change  of  entropy  for  the  two  isothermal  passages 
on  the  curves  ab  and  dc  that  have  taken  place  between  the  two 
adiabatic  curves  6c  and  ad.  The  last  two  equations  were  already 
given  in  the  first  section,  in  the  general  discussion  of  the  C  a  r  n  o  t 
cycle,  and  were  there  designated  as  (IV)  and  (V),  p.  52,  only 
there  the  function  S  was  used  in  place  of  the  absolute  temperature 
Ty  and  the  identity  of  the  two  functions  did  not  appear  until  the 
investigations  in  §  23,  p.  130,  were  made. 

Moreover  for  the  case  before  us  the  volume  of  the  air  can  be 
found  for  each  one  of  the  four  vertices  of  the  curved  quadrilateral 
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abed  (i.e.;  for  the  indicator  diagram,  corresponding  to  the  C  a  r  n  o  t 
cycle)  from  the  formulas 

Multiplying  the  two  upper  expressions  and  the  two  lower  ones 
gives,  with  the  consideration  of  equation  (7),  the  additional  relation 

^1^2-73^4 (13) 

Finally  from  the  second  of  equations  (12)  the  value  GB  can 
be  determined,  and  utilized  in  equation  (8) ;  we  then  get  the  work, 
which  is  designated  in  technical  circles  as  the  indicated  work  per 
period: 

As  V2  represents  the  greatest  volume,  assumed  by  the  air 
weight  G  within  the  cycle,  the  preceding  equation  enables  us  to 
draw  a  conclusion  as  to  the  size  of  the  power  cylinder  necessary 
for  a  determinate  amount  of  work  L;  moreover  pi  is  the  greatest 
pressure  and  7)2  the  least  pressure  occurring  in  the  cycle  possessing 
the  limiting  temperatures  T\  and  72- 

Now  if  a  hot-air  engine  is  to  really  describe  a  cycle  like  that 
of  Fig.  41,  and  if  not  only  to  the  left  of  the  piston  K,  but  also  to 
the  right  of.it,  a  quantity  of  G  kg.  [lb.]  of  air  describes  the  given 
cycle,  so  that  we  have  before  usa  double-acting  engine, 
then  there  will  be  described,  during  every  revolution,  two  cycles, 
during  a  complete  double-stroke  of  the  piston,  when  the  oscillating 
motion  is  effected  by  a  crank  mechanism.  Now  if  the  engine 
makes  u  revolutions  per  minute,  the  work  performed  per  second  is 

2Lu 
60  ' 

and  if  we  divide  this  value  by  75  mkg.  [550  ft-lb.]  we  get  the 
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work  produced  in  horse  powers,  which  will  be  designated  by  N, 
and  then 

L        30X550J' 

If  we  here  utilize  equation  (14)  and  let  F  represent  the  piston 
crossHsection  (Fig.  41)  and  let  s  represent  the  total  piston  stroke, 
then,  disregarding  the  clearance  space,  we  shall  have  V2'^Fs  and 
accordingly 

This  is  the  equation  of  work  for  this  double-acting  engine  in 
the  form  in  which  it  would  be  directly  used  in  technical  investiga- 
tions, provided  the  cycle  treated  here  could  be  practically  realized 
in  the  manner  described. 

But  of  equal  technical  importance  is  equation  (10),  which  gives 
the  relation  between  the  produced  work  L  and  the  heat  quantity 
Qij  which  is  absorbed  during  isothermal  expansion  ab  of  the  air 
confined  in  the  engine.  If  in  equation  (10)  we  reduce  the  heat 
quantity  to  the  second,  and  designate  it  by  Qi",  then  L  will  repre- 
sent the  work  produced  in  one  second,  expressed  in  meter  kilo- 
grams [ft-lbs.],  and  if  we  designate  this  work  expressed  in  horse- 
powers by  N  we  shall  get 

^  =  75^/^-^^)     .......    (17) 


[^'Jik^^-^^)]- 


From  equation  (9)  there  will  then  follow  the  heat  quantity  Q2", 
which  on  the  average  must  be  given  off  to  the  outside,  during 
every  second,  by  the  working  air  during  its  isothermal  compression 
along  the  path  cd  (Fig.  41),  namely, 

02"  =  ^1" (18) 
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Closely  connected  with  the  foregoing  investigations  is  the  ques- 
tion whether,  and  under  what  circumstances,  it  is  possible  to  apply 
the  C  a  r  n  o  t  cycle  to  actually  constructed  engines. 

If  first  of  all  we  consider  only  air-engines,  we  recognize  at  once 
that  it  is  impossible  to  carry  through,  in  one  and  the  same  cylin- 
der, the  four  separate  parts  of  the  cycle  described  in  Fig.  41. 

Now  as  regards  the  first  two  parts  of  the  cycle ;  during  the  first 
part,  along  the  path  ob,  the  air  is  to  be  heated  at  the  constant 
upper  temperature  Ti,  and  during  the  second  part  along  the  path 
be  it  is  to  expand  adiabatically,  till  the  lower  tempera- 
ture limit  T2  is  reached;  even  this  requirement  cannot  be  fulfilled 
because  of  the  influence  of  the  cylinder  walls,  for  in  the  second 
part  of  the  cycle  these  would  take  part  in  the  adiabatic  lowering 
of  temperature,  by  imparting  heat  to  the  air;  still  less  can  the 
third  and  fourth  parts  of  the  cycle  be  carried  on  in  the  same  space. 

These  difficulties  can,  however,  be  overcome,  at  least  in  part, 
and  are  in  fact  approximately  circumvented  in  the  practical 
designs  of  the  air-engine  (as  in  the  steam-engine)  by  having  the 
separate  parts  of  the  cycle  take  place,  in  at  least  two  spaces, 
but  mostly  in  three  different  spaces,  by  shifting  the  working 
quantity  of  air  from  one  space  to  the  other  and  by  designing,  for 
this  purpose,  engine  arrangements  which  will  be  discussed  later. 

Still  another  point  is  worthy  of  note,  fkjuation  (8)  gives  the 
work  produced  by  the  engine,  but  this  formula  has  a  positive  value 
only  when  the  value  under  the  logarithmic  sign  is  greater  than 
unity,  therefore  the  condition 


s>©- 


must  be  satisfied;  but  pi  represents  the  greatest,  and  p2  the  least, 
pressure  occurring  in  the  cycle  (Fig.  41),  consequently  these  limit- 
ing pressures  must  fulfill  certain  conditions,  prescribed  by  the 
limiting  temperatures.  For  example,  if  we  assume  ^i=350°  C. 
[662°  F.]  as  the  highest  permissible  temperature,  and  ^2  =  15°  C. 
[59°  F.],  so  that  Ti  =623°  [1121.4°]  and  ^2=288°  [518.4°],  we  shall 
get 

^>  14.20. 

P2 
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The  engine  must  therefore  work  between  very  wide  pressure 
limitS;  which  would  separate  still  further  if  we  wished  to,  and 
could,  extend  the  temperature  limits. 

The  practical  construction  of  the  C  a  r  n  o  t  cycle  in  air- 
engines  is  therefore  not  feasible  (in  steam  engines  the  conditions 
are  far  more  favorable);  nevertheless  here,  as  later  investigations 
will  show,  the  application  of  the  so-called  regenerators  offers  a 
means  of  constituting  the  conditions  more  favorably. 

§51.    THE  CLOSED  AIR-ENGINE  CYCLE  BETWEEN  TWO 

PAIRS  OF  POLYTROPIC  CURVES. 

Let  G  kg.  [lb.]  of  air  be  confined  in  the  cylinder  A  (Fig.  42) 
to  the  left  of  the  piston,  and  let  the  initial  volume  be  F4,  the  pres- 
sure p4,  and  T2  the  temperature;   with  this  quantity  of  air  the 

cycle  ddbc  is  to  be  described;  here  let 
da  and  6c  be  two  polytropic  curves, 
subject  to  the  law  pv"* « constant,  aiid 
let  db  and  cd  be  like  curves,  following 
the  law  7W**« = constant.  For  the  first 
and  for  the  second  pair,  therefore,  the 
specific  heats  Ci  and  C2  respectively 
become  (according  to  equation  (4),  p. 
152) 


712- K 
712—1 


(19) 


Now  let  7^2,  at  the  point  d,  be  the  lowest,  and  Ti,  at  the  point 
6,  the  highest  temperature  occurring  in  the  whole  cycle,  and 
accordingly  the  temperatures  T  and  ^3,  corresponding  to  the 
vertices  a  and  c,  will  lie  between  the  limiting  values. 

From  the  propositions  given  in  §  29,  p.  152,  concerning  the 
poljrtropic  curves,  we  can  find  the  heat  quantities  Qi  and  Q2', 
per  unit  of  weight  of  air,  which  must  respectively  be  suppUed  and 
withdrawn  along  the  paths  da  and  be,  by  using  equation  (6),  p.  153, 


0i'  =  ci(r-r2)    and    Q2'=ci(Ti-Ts), 
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and  similarly  for  the  distances  ab  and  cd 

Qi''--C2{Ti-T)    and    Oa'^^CaCTa-n). 

Consequently  the  total  heat  quantity  Qi  which  is  absorbed  by 
G  kg.  [lb.]  of  air  is 

Qi-G[ci{T-T2)  +  c2{Ti^T)l    ....    (20) 
and  the  quantity  of  heat  Q2  which  it  rejects  is 

Q2-^G[ci{Ti^Ts)  +  C2(T3-T2)] (21) 

By  utilizing  equation  (7),  p.  153^  there  can  easily  be  deter- 
mined the  quantities  of  work  which  correspond  to  the  separate 
lengths  of  the  curves;  these  quantities,  properly  collected,  readily 
give  the  work  L,  corresponding  to  the  complete  cycle: 

AL={c2-ci)G[Ti-T+T2''Tsl     ...    (22) 

an  equation  which  also  follows  from  the  difference  of  Qi  — Q2  of 
the  two  equations  (20)  and  (21). 

The  four  temperature  values  occurring  in  these  formulas  bear 
a  simple  relation  to  each  other. 

If  through  the  points  d  and  b  (Fig.  42)  we  pass  adiabatic  curves, 
then  for  every  passage  from  any  point  of  the  first  to  any  point  on 
the  second  adiabatic  the  change  of  entropy 


/ 


AT 


is  the  sarnie. 

For  the  present  case,  therefore,  along  the  path  d<A  (referred  to 
the  unit  of  weight)  we  get 


AP= 


T  T, 

r   dT  ,    r   dT 
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and  for  the  passage  along  the  path  deb 


AP^  /  ^^+   /^^'^^ 


The  integration  of  these  expressions  is  simple,  because  in  poly- 
tropic  change  Ci  and  C2  are  constants  and,  by  equating  the  two 
expressions,  we  can  easily  get 

rprp  JTJT 

and  this  relation  can  only  obtain,  because  Ci  and  C2  have  dififerent 
values,  when  the  quantity  under  the  logarithmic  sign  is  equal  to 
unity,  consequently  only  when 

TT3^TiT2 .     (23) 

According  to  equation  (5),  p.  163,  there  must  exist  for  the  curve 
portions  ad  and  be  the  relations 

hence,  considering  the  preceding  equation  (23),  we  also  get 

73F,=  FiF2, (24) 

and  from  this  readily  the  connection 

P3P4  =  PlP2 (25) 

If  we  suppose  the  limiting  temperatures  Ti  and  T2  given,  then 
for  any  intermediate  temperature  T  we  can  get  from  equation  (23) 
the  second  intermediate  temperature  Ts,  and  if  we  substitute 
these  values  in  equation  (22)  we  get,  after  a  simple  reduction,  the 
work  L  in  the  present  cycle 

^j^^G(c2^^j,^_^^j,_^^^ (26) 
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If  the  exponents  rii  and  712  are  known,  for  two  pairs  of  poly- 
tropic  curves,  and  hence  the  corresponding  specific  heats  Ci  and 
C2  according  to  equations  (19),  we  can  compute  from  the  preceding 
formula  the  work  L  which  is  produced  by  the  present  cycle,  pro- 
vided the  limiting  temperatures  Ti  and  T2,  and  the  intermediate 
temperature  T,  are  known,  and  when  there  is  also  given  the  weight 
G  of  the  working  air;  then  from  equations  (20)  and  (21)  there  can 
be  found,  for  each  individual  operation,  the  quantity  of  heat  Qi 
which  is  absorbed,  and  the  quantity  Q2  which  is  rejected,  by  the 
working  air.  Finally  if  of  the  four  pressures  pi,  p2,  Ps,  Pa  a  single 
one  is  known,  for  example  pi,  then  the  others  can  easily  be  found; 
with  the  help  of  equation  (5),  p.  153,  there  can  be  found,  say,  p^ 
and  ps  from  the  relations 

friw)^  „d  g.(^.)=^.  ...,., 

Pressure  p2  then  results  from  equation  (25).  Finally  the  volume 
of  the  air  for  each  of  the  four  vertices  of  the  indicator  diagram 
(Fig.  42)  is  determined  by  the  general  equation 

Vp^GBT, (28) 

when  we  substitute  in  it  the  corresponding  values  of  p  and  T. 

The  preceding  investigations  embrace,  according  to  the  choice 
of  the  exponents  ni  and  n2,  in  the  equations  of  the  polytropic 
curves,  or  of  the  corresponding  values  of  the  specific  heats  Ci  and 
C2,  an  infinite  number  of  separate  cases,  and  give  rise  to  special 
investigations. 

Let  us  assume  for  once  that  one  of  the  pairs  of  curves,  for 
example  ad  and  be,  is  made  up  of  adiabatic  curves;  in  this 
case  Ci  =  0,  and  there  results  from  equations  (26)  and  (20) 

iiLi='-^(7i-r)(7-r2), 

Qi--c2G{Ti-T), 
and  from  these,  taking  into  consideration  (23), 

Q    —i  — m— A— «,..     •     •     •    •     •     •     \^^) 
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The  ratio  of  the  produced  work  L  to  the  supplied  heat 
quantity  Q\  depends  therefore  only  on  the  given  limiting  tem- 
peratures Ti  and  T2  and  the  arbitrarily  chosen  intermediate  tem- 
perature T  OT  Tz]  it  is  accordingly  independent  of  Q\  and  of  the 
two  polytropic  curves  ab  and  cd  (Fig.  42).  The  ratio  AL:Qi, 
which  may  be  designated  by  ^,  can  be  called  the  thermal  efficiency 
(Giiteverhaltnis),  for  it  states  the  fraction  of  the  supplied  heat 
Qi  which  is  transformed  into  work.  For  prescribed  values  of  the 
temperatures  T\  and  T2  the  value  of  ^  depends,  as  equation  (29) 
shows,  on  the  choice  of  the  intermediate  temperature  T  and  be- 
comes greater,  and  therefore  the  cycle  so  much  the  more  favorable, 
the  larger  T  is  assumed  to  be.  The  greatest  permissible  value 
is  T^Ti)  with  this  value  we  get  T^  =  T2  from  equation  (23)  and 

4> — tT' 

the  maximuin  L^  of  work  is  then 

Q 


Lm  =  ^JjT  (Ti  —  T2), 


the  C  a  r  n  o  t  cycle  stands  forth  and  the  two  curves  ab  and  cd 
are  isothermals,  as  was  to  be  expected. 

The  foregoing  formulas  include  almost  all  cases,  even  those 
which  have  hitherto  been  separately  subjected  to  investigations 
by  others. 

§  52,   CLOSED  AIR-ENGINE  CYCLE  BETWEEN  TWO  ADI- 
ABATICS  AND  TWO  UNLIKE  POLYTROPIC  CURVES. 

(Lorenz  Cycle.) 

Let  Fig.  42  again  be  taken  as  a  basis  of  the  discussion  and  let 
the  two  curves  ad  and  be  of  the  curved  quadrilateral  be  adiabatic 
curves;  on  the  other  hand  let  oft  be  a  polytropic  curve  for  which 
the  specific  heat  is  cf  and  let  c"  be  a  similar  magnitude  for  the 
other  polytropic.  Accordingly  the  exponent  n  [from  equation 
(19)]  will  be  different  for  the  two  polytropic  curves  ab  and  cd. 
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Let  the  highest  and  lowest  temperatures  occurring  in  the 
cycle  again  be  Ti  and  7^2,  and  the  intermediate  temperatures  T 
and  Tz. 

The  quantity  of  heat  Qi  supplied  along  the  path  ab  can  then 
be  found  from 

Qi^(fG(Ti-T), (30) 

when  G  is  the  weight  of  the  mediating  body,  here  the  air  in  the 
working  cylinder. 

Along  the  path  cd  the  heat  quantity  Q2  is  to  be  withdrawn 
and  can  be  determined  by  the  equation 

Q2=(f'G(Tz-T2), (31) 

and  the  work  produced  is  found  from 

iiL=GTc'(ri-r)-c"(r3-r2)] (32) 

But  the  four  temperature  values  are  again  related  to  each 
other  in  a  particular  way.  For  the  passage,  from  the  one  adiabatic 
to  the  other  along  one  or  the  other  polytropic  curve,  the  change 
of  entropy  is  the  same,  and  therefore  we  have  the  relation 

or 

c'log.|i=c"log,^ (33) 

To  simplify  let  us  put 

»»-p7, (84) 

then  follows 


(36) 


from  which  the  second  intermediate  temperature  7*3  can  be  cal- 
culated, when  a  choice  has  been  made  of  the  first  one,  T. 
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Combining  equations  (30)  and  (32)  then  gives  the  thermal 
efficiency : 

AL  {TS-T2)  _, 

*^Qr^^""m(ri-r)' (^^ 

or  with  the  use  of  equation  (35) 

T2  (ri"*-r^) 
*=^"i^^""(ri-r) ^^^ 

The  equation  shows  that  here  also  there  is  a  best  intermediate 
temperature  T  for  which  <}>  becomes  a  maximum.  On  the  other 
hand  if  the  two  poly  tropic  curves  are  of  the  same  kind  then  m  =  1, 
and  there  results,  as  before,  equation  (29),  which  in  the  most 
favorable  case,  for  r  =  Ti,  leads  back  to  the  C  a  r  n  0 1  cycle. 
The  cycle  just  discussed  was  first  fully  treated  by  L  o  r  e  n  z.^ 
In  all  of  the  preceding  investigations  there  were  only  consid- 
ered the  changes  of  state  of  the  mediating  body  (medium), 
for  example  the  air  enclosed  in  the  engine,  but  that  body  was 
not  considered  which  imparted  the  heat  during  the  heat  supply, 
and  just  as  little  was  the  body  considered  which  withdrew  the 
heat  during  the  withdrawal  of  heat.  The  first  body  we  will  call 
the  heating  body  and  the  other  the  cooling  body. 

Now  if  we  return  to  the  cycle  in  question  (Fig.  42)  we  find 
along  the  path  ab  a  rise  of  temperature  from  T  to  Ti.  If  we  sup- 
pose of  the  heating  body  in  a  unit  of  time,  for  example  in  an  hour, 
the  weight  Ki  to  flow  past  the  heating  surface,  and  that  its  specific 
heat  is  ci,  and  that  in  so  doing  it  cools  from  Ti  to  T,  then  the 
quantity  of  heat  Qi  which  it  thus  gives  off  is 

Qi-=ciKi{Ti-T) (37) 

Similarly  if  in  the  same  time  the  cooling  body  K2  flows  along 
the  cooling  surface,  and  if  its  specific  heat  is  02,  and  if  in  so  doing 

*  H.  Lo  ren  z,  ''Beitiagc  zur  Beurteilung  von  Kiihlmaschinen/'  Zeitschrift 
des  Vereins  deutscher  Ingenieure,  1894,  Vol.  38,  pp.  62,  98,  and  124. 
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this  body  is  heated  from  T2  to  ^3,  thus  absorbing  the  quantity  of 
heat  Q2,  we  have 

Q2=C2K2(Tz-T2) (38) 

From  the  combination  of  equations  (30)  and  (31)  there  conse- 
quently follows 

(/G^ciKi    and    c"G=C2/iC2, (39) 

where,  to  be  sure,  both  specific  heats  Ci  and  C2  must  be  regarded 
as  constants. 

In  equations  (39)  G  signifies  the  weight  of  the  mediating  body 
referred  to  the  same  unit  of  time,  i.e.,  the  hour,  which  is  also 
assumed  for  the  weights  Ki  of  the  heating  body  and  K2  of  the 
cooling  body.  If  we  consider  a  double-acting  engine,  and  if  G  kg. 
[lb.]  of  the  mediating  body  work  on  each  side  of  the  piston,  and 
if  the  engine  makes  u  revolutions  per  minute,  then  we  must  sub- 
stitute 120  Gu  in  place  of  G,  in  equations  (39). 

From  equations  (39)  with  the  help  of  equation  (34)  follows 

c'     ciKi  ,    , 

^=?^==^^' (^) 

if  the  separate  quantities  on  the  right  side  of  this  equation  are 
known,  and  if  the  temperatures  Ti,  7^2,  and  T  are  given,  then  m 
can  be  calculated  and  also,  from  equation  (35),  the  second  inter- 
mediate temperature  Tz,  and  thus  are  obtained  the  propositions 
of  L  o  r  e  n  z,  in  which  for  the  present  it  is  not  necessary  to  think 
of  the  mediating  body. 

Moreover,  if  there  is  known  for  the  mediating  body  in  the  cycle 
(Fig.  42),  even  for  one  vertex  of  the  curved  quadrilateral,  the  cor- 
responding pressure,  for  example  pi,  then  the  other  pressures  can 
easily  be  calculated,  as  soon  as  cf  and  c"  are  known  and  hence  as 
soon  as  the  corresponding  exponents  n'  and  n"  are  known  from 
equation  (19).  With  the  given  temperatures  T,  Ti,  etc.,  and 
with  G,  there  can  easily  be  calculated  the  volumes  Vi,  Yi,  F3, 
and  ^4,  according  to  the  earlier  propositions. 
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Example.*  In  the  engine  let  the  heating  body  consist  of  fire-gafies 
resulting  from  the  combustion  of  coal  (Steinkohlen)  which  flows  past  the 
heating  siuiace  and  gives  off  heat  to  the  mediating  body.  Let  the  tem- 
perature of  combustion  upon  the  grate  be  ti»1227^  C.  [2240.60^  F.l  and 
the  temperature  at  the  entrance  into  the  uptake  be  <— 227^  C.  [440.4°  F.], 
then  ri  -1500°  [2700°]  and  T  =500°  [900°];  let  the  specific  heat  at  constant 
pressure  be  Ci  «»0.24,  and  the  weight  per  hour  be  Xi  - 10500  kg.  [23069  lb.]. 
Let  the  cooUng  body  be  water,  having  the  initial  temperature  t,  —20°  [68°  F.], 
and  therefore  r,-293°  [527.4°],  whose  hourly  weight  is  X, -80000  kg. 
[176370  lb.],  and  let  its  specific  Jieat  be  c,-l. 

Here  there  is  found  from  equation  (40)  m— 0.0315,  and  then  according 
to  equation  (35)  the  final  temperature  of  the  cooling  water  is  T, -303.2° 
[545.76°]  or  <,  -30.3°  C.  [86.54°  F.l  and  consequently  the  rise  of  temperature 
^-t,-10.3°C.  [18.54°  F.]. 

From  equation  (36)  can  then  be  calculated  the  thermal  efficiency  (co- 
efficient of  work)  ^-0.673. 

L  o  r  e  n  z  wishes  to  substitute  the  here  discussed  cycle  in 
place  of  the  C  a  r  n  o  t  cycle,  and  thus  raises  anew  a  question 
which  has  been  so  often  discussed  since  the  laws  of  thermody- 
namics have  been  employed  in  judging  the  heat-engine;  he  seeks 
to  derive  a  so-called  perfect  cycle,  in  which  the  maximum  of 
work  is  produced. 

§  53.  THE  DISPOSABLE  WORK  OF  HEAT  ENGINES. 

This  is  the  most  suitable  place  to  discuss  somewhat  more 
thoroughly  the  question  indicated,  but  we  must  expressly  empha- 
size in  advance  that  for  the  present  we  will  consider  only  those 
engines  in  which  the  heat  imparted  to,  or  withdrawn  from,  the 
mediating  body  takes  place  through  walls,  as  is  the  case 
in  steam  and  air  engines.  The  circumstances  are  different  with 
engines  in  which  the  processes  of  combustion  and  work  take  place 
simultaneously  in  the  interior  of  the  engine,  as  is  the  case  in  gas 
and  internal-combustion  engines.  The  latter  engines  will  not  be 
considered  for  the  present. 

In  what  has  preceded  it  has  been  repeatedly  emphasized,  and 
very  specially  so,  when  deriving  the  fundamental  equations  of 
thermodynamics  in  Section  I,  p.  53,  and  in  §  50,  p.  288,  that 


^  See  L  o  r  e  n  z,  ibid.  p.  126. 
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the  maximum  of  work  is  produced  with  the  C  a  r  n  o  t  cycle,  but 
in  so  doing  it  was  expressly  provided  that  the  assumed  limiting 
temperatures  Ti  and  T2  should  refer  to  the  mediating 
body  (medium),  consequently,  in  the  air-engine,  to  the  air 
enclosed  in  the  engine,  and  so  Qi  is  the  quantity  of  heat 
which  the  air  during  its  expansion  under  the  constant  highest 
temperature  Ti  absorbs,  and  Q2  the  quantity  of  heat  which  it 
gives  off  during  compression  at  the  constant  lowest  tempera- 
ture T2.  The  maximum  Lm  of  work  produced  corresponds  to  a 
particular  prescribed  value  Qi  and  is  found  from  the  formula 

hn^-^{Ti-T2\ (41) 

and  the  entropy  P  for  both  passages  is 

^    ATi    AT2' ^    ^ 

and  accordingly  we  can  also  write 

L«  =  P(ri-r2) (42a) 

For  this  quantity  Lm  we  will  introduce  the  term  dispos- 
able work  commonly  employed  in  mechanical  engineering. 
Furthermore  we  will  consider  an  engine  describing  the  C  a  r  n  o  t 
cycle  as  a  theoretically  perfect  one.  Every  devia- 
tion of  the  required  cycle  leads,  for  the  same  value  Q\  and  for  the 
same  limiting  temperatures,  in  the  actually  described  cycle,  to  a 
smaller  value  of  the  work  L;  the  ratio  L:Lmi  designated  by  t)  and 
called  the  efficiency  (thermodynamic  efficiency),  will  serve 
as  a  measure  of  the  excellence  of  the  engine.    The  difference 

I  call  the  loss  of  work  which  corresponds  to 
the  imperfection  of  the  cycle,  the  quantities  them- 
selves being  referred  to  the  second  of  time,  as  is  generally  the 
practice  with  engines. 

If  we  divide  both  sides  of  the  preceding  equation  by  Lm,  we  get 
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where  C  will  hereafter  designate  the  loss  of  effi- 
ciency in  consequence  of  the  imperfection 
of  the  cycle. 

The  above  equation  (41)  shows  that  for  the  same  quantity  of 
heat  Qi  the  disposable  work  is  greater  the  further  the  tempera- 
ture limits  are  apart,  the  greater  therefore  the  fall  of  tem- 
perature Ti  —  T2f  and  equation  (42a)  makes  it  evident  that 
the  work  is  measured  by  the  product  of  this  fall  and  the  change 
of  entropy. 

With  respect  to  the  temperatures  Ti  and  T2  we  are  confined 
in  air  engines,  which  are  the  only  ones  considered  at  present, 
to  very  definite  limits;  as  regards  the  lower  temperature  limit 
T2  we  are  limited  in  this  particular,  in  engine  running,  to  the 
temperature  which  those  bodies  possess  that  are  used  for  cooling, 
to  those  bodies,  therefore,  to  which  the  working  body  imparts  its 
heat  during  compression;  as  here  cooling  water  of  atmospheric 
temperature  must  be  exclusively  considered,  the  lower  tempera- 
ture limit  must  be  the  mean  temperature  of  the  external  atmos- 
pheric air,  say  about  15^  C.  [59^  F.],  or  ^2  =  288°  [518.4°].  As 
regards  the  upper  limit  the  kind  of  construction  employed  in  the 
engine  must  be  considered;  at  first,  and  for  the  present,  it  is 
assumed  that  the  piston  moves  in  the  cylinder  with  the  ordinary 
packing;  we  cannot  raise  the  upper  temperature  limit  above 
350®  C.  [662®  F.]  as  experience  has  shown,  and  therefore  not  over 
ri=623®  [1121.4®],  with  respect  to  the  maintenance  of  the  lubri- 
cating and  packing  materials;  consequently,  according  to  the 
assumption  made,  the  fall  of  temperature  will  be  Ti  — 72  =  335° 
[603®]  and  the  maximum  value  of  the  coefficient  of  work  (thermal 
efficiency),  designated  by  ^m,  will  then  be,  according  to  equation 
(41), 

'rm'=~Q      =       7p         =0.538, 

or  with  A"! :424  [A  =  l :772.83]  the  maximum  work  is 

L„=228  Qi 
[L„ = 415.58  Oi]. 
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Hence  in  this  perfect  cycle  there  corresponds  to  every  unit  of 
heat  the  work  of  228  mkg.  [415.58  ft-lb.  per  B.t.u.]. 

If  we  consider  a  continuously  working  engine  and  express  the 
work  Nm  in  horse-powers,  then  equation  (41)  gives  the  quantity 
of  heat  Qi  which  must  be  absorbed  here  by  the  working  air  at 
constant  highest  temperature,  namely, 

^     3600x75Xiiri^, 
3&X)X550XATi 


r^     3600X550X^^1^,  1 


from  which  follows,  for  the  assumed  temperature  limits, 
Qi  =  1184  Nm  [Oi  =4764.6  Nm];  consequently  for  the  present  case 
the  absorbed  quantity  of  heat  will  be  1184  calories  [4764.6  B.t.u.] 
per  hour  per  horse  power,  while  the  quantity  of  heat 
Q2  which  according  to  equation  (42)  represents  the  quantity  of  heat 
which  is  taken  up  by  the  cooling  body,  Ukewise  per  hour  per  horse 
power,  is  given  by  ^2=547  [2202.6],  or  generally 

This  latter  quantity  of  heat  is  not,  as  was  assumed  in  the  older 
views,  to  be  regarded  as  a  loss,  whose  removal  is  to  be  expected 
by  the  discovery  of  another  cycle  and  by  another  engine  arrange- 
ment, but  this  quantity  of  heat  is  in  principle  technically  per- 
fectly worthless,  for  it  is  heat  of  the  lowest  temperature 
T2  which  cannot  be  transferred  to  other  bodies.  We  see  from  this 
that  the  technical  value,  i.e.,  the  working  value,  of  the 
heat  is  not  alone  to  be  measured  by  the  number  of  heat  units 
which  are  available,  but  also  according  to  the  temperature;  the 
working  value  of  certain  quantities  of  heat  is  greater  the  higher 
the  temperature  under  which  the  mediating  body  working  in  the 
engine  can  take  up  heat.  Clear  and  simple  as  the  whole  question 
in  itself  is  and  must  appear  to  the  mechanical  engineer,  particu- 
larly if  the  analogy  is  regarded  which  has  been  referred  to  at  sev- 
eral places  above,  nevertheless  one  still  meets  views,  even  at  the 
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present  day,  which  spring  from  a  complete  misunderstanding  of 
the  laws  of  the  mechanical  theory  of  heat  and  are  to  be  ranked 
with  views  which  still  cling  to  the  possibility  of  perpetual  motion. 

The  question  is  most  briefly  discussed  in  the  following  manner. 

During  the  combustion  of  one  kilogram  [pound]  of  coal 
(Steinkohlen)  there  is  set  free  on  the  average  7500  calories 
[13,500  B.t.u.]  of  heat;  now  since  424  mkg.  [772.83  ft-lb.]  of  work 
corresponds  to  a  unit  of  heat,  it  is  erroneously  concluded  that 
there  is  available  in  a  unit  of  weight  of  such  coal  a  work  of  424 
X  7500  =  3180000  mkg.  [10433230  ft-lb.]  of  work,  and  that  it  is 
simply  the  problem  of  the  mechanical  engineer  to  conceive  of 
an  engine  which  will  as  completely  as  possible  utilize  this  work. 
Now  in  the  construction  of  steam  engines  (Woolf  and  Compound- 
Receiver  Engines  with  jackets)  progress  has  been  made  which 
corresponds  with  the  progress  made  in  Watt's  time,  and  of 
which  mechanical  engineers  may  be  proud;  but  these  best  ei:gines 
do  not  even  give  one-tenth  of  the  work  just  calculated,  and  there- 
fore, it  is  said,  there  is  no  reason  for  viewing  with  satisfaction 
the  progress  mentioned. 

If,  for  comparison,  we  imagine  that  at  a  particular  place  on  a 
river  which  flows  from  the  mountains  of  the  interior  to  the  sea 
there  exists  an  hydraulic  plant  with  head-race  and  tail-race — the 
levels  of  the  two  races  lying  respectively  Ti  and  ^2^111.  [ft.]  above 
the  level  of  the  sea,  and  the  weight  of  water  supplied  per  second 
through  the  race  is  P  kg.  [lb.], — then  the  disposable  work  of  the 
hydraulic  motor  is 

and  is  therefore  to  be  determined  in  the  same  way  as  the  dispos- 
able work  of  the  heat  engine,  according  to  equations  (41)  and 
(42a).  For  the  owner  of  this  water  power,  the  two  water-marks, 
referred  to  the  level  of  the  sea  as  zero,  likewise  constitute  limiting 
values,  for  he  will  try  to  maintain,  by  damming,  as  high  a  level 
as  possible  in  the  head-race,  as  high  as  the  law  and  his  contracts 
with  his  neighbor  above  the  plant  will  permit.  On  the  other  hand, 
he  will  put  the  level  of  the  tail-race  as  low  as  possible,  but  will,  in 
so  doing,  be  likewise  limited,  for  of  course  the  water  must  be 
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able  to  flow  away,  and  besides  he  must  deliver  the  water  on  the 
tail-race  side  at  a  level  prescribed  by  the  rights  of  his  next  neigh- 
bor below. 

In  the  preceding  formula  the  product  PTi  designates  the  work 
delivered  from  above,  and  the  product  PT2  that  which  must  be 
given  off  on  the  tail-race  side,  the  difference  of  the  two  only  is 
available  for  use,  is  disposable;  now  it  would  be  absurd,  in  the 
present  case,  to  regard  the  quantity  of  work  PT2  as  a  loss  and  to 
estimate  the  excellence  of  the  erected  hydraulic  motor  by  the  part 
of  the  work  PTi  which  it  really  utilizes;  but  this  procedure  would 
be  exactly  like  said  mode  of  estimating  heat  engines  which  is  still 
maintained  by  a  few. 

If  we  introduce  the  value  of  A  into  equation  (41),  this  can  also 
be  written  in  the  following  form : 


L«=4240i 


i'-P) (««) 


•    [i.-772.83Q,(l-^)], 


and  from  it  we  recognize  that  the  said  erroneous  estimate  of  the 
disposable  work  only  has  a  meaning  when,  in  the  C  a  r  n  o  t 
cycle,  we  are  able  to  approach  the  lower  temperature  limit  T2  =  0, 
or,  measured  according  to  Celsius  [Fahrenheit],  (2 
=  —  273®  [—459.4°];  but  in  reality,  for  the  reasons  already  men- 
tioned, the  limit  lies  much  higher  and  will  have  to  be  put  in  air 
engines  ^2  =  15°  C.  [59^  F.]  or  ^2  =  288''  [518.4°];  on  the  other 
hand,  for  steam  engines  in  which  <2  represents  the  temperature 
in  the  condenser,  it  wiU,  on  the  average,  have  to  be  put  at  40°  C- 
[104°  F.],  i.e.,  72  =  313°  [563.4°].  (In  non-condensing  steam- 
engines  T2  must  even  be  taken  equal  to  373°  [671.4°],  because 
steam  of  atmospheric  pressure  has  the  temperature  ^2  =  100°  C. 
[212°  F.]. 

So  far  as  the  lower  limit  T2  is  concerned  we  are,  in  principle, 
tied  for  all  time  to  the  given  limit,  and  every  thought  of  bettering 
the  engine  by  changing  these  conditions  is  excluded  from  the 
beginning. 
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The  conditions  are,  however,  very  different  with  respect  to  the 
upper  limit  of  temperature  Ti;  a  glance  at  equation  (41a)  shows 
that,  with  a  prescribed  value  of  T2,  the  work  Lm  is  greater  the 
higher  the  temperature  Ti. 

Here  we  must  pay  strict  attention  to  the  hypotheses  under 
which  the  given  formula  for  the  disposable  work  of  heat  engines 
according  to  Carnot's  principle  is  developed;  it  has  already 
been  most  expressly  emphasized  that  the  temperature  limits  Ti 
and  T2  refer  to  the  mediating  body  (medium)  and 
therefore,  in  air  engines,  refer  to  the  air  working  i  n  t  h  e  engine; 
an  illustration  was  given  above  of  an  air  engine  with  the  upper 
temperature  limit  350°  C.  [662°  F.]  or  71=623°  [1121.4°],  and  it 
was  then  added  that  the  lubricating  and  packing  materials  in  the 
working  cylinder  of  the  engine  would  not  permit  any  higher  tem- 
perature. 

It  is  just  so  in  steam  engines  in  which  the  upper  temperature 
limit  (temperature  of  the  water  and  steam  in  the  boiler)  does  not, 
for  reasons  which  will  be  discussed  later,  even  reach  the  value 
assumed  in  the  foregoing  for  the  air  engine,  unless  indeed  the 
steam  is  used  in  a  highly  superheated  condition. 

Objections  have  been  repeatedly  made  to  the  here  discussed 
method  of  determining  the  maximum  work  and  the  disposable 
work,  by  considering  the  changes  of  state  of  the  mediating 
body  as  a  basis;  they  point  out  that  the  products  of  combustion 
of  our  heating  apparatus  possess  a  higher  temperature  than  the  just 
assumed  upper  temperature  limit  Ti,  and  that  therefore,  in  our 
fire  gases,  there  is  available  a  considerably  larger  amount  of  work 
than  is  indicated  in  the  value  Lm,  calculated  above.  This  objec- 
tion, at  first  glance,  seems  to  be  perfectly  justified,  for  it  is  very 
natural  to  directly  compare  the  work  produced  in  the  heat  engine 
with  the  quantity  of  fuel  consumed. 

If  for  this  purpose,  however,  we  should  consider  the  L  o  r  e  n  z 
cycle  discussed  in  §  52,  p.  296,  we  should  have  to  assume  that  the 
highest  temperature  Ti  occurring  within  the  engine  would  have  to 
be  approximately  like  the  temperature  of  combustion  on  the  grate, 
and  therefore  about  15(K)°  [2700°],  as  in  the  example  on  p.  300. 

Such  an  assumption  in  air  engines,  and  particularly  in  st^am- 
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engmes,  is  not  at  all  permissible;  always  remembering  the  hypoth- 
esis that  with  the  mediating  body  the  supply  and  withdrawal  of 
heat  takes  place  through  sohd  walls. 

If  we  consider  the  C  a  r  n  o  t  cycle  with  the  upper  tempera- 
ture limit  Ti,  then  the  fire  gases  which  flow  along  the  heating 
surface  will  possess  at  the  start  a  far  higher  temperature,  and 
during  the  heat  supply  the  heat,  in  a  certain  sense,  falls  unutilized 
from  a  higher  level  to  a  lower  one,  and  to  this  free  fall  there  will 
correspond  a  loss  of  work  which  will  be  greater  the  more  the  cycle 
of  the  mediating  body  differs  from  the  C  a  r  n  o  t  cycle.  Now 
if  we  compute  this  loss  of  work  the  question  will  arise  whether 
the  loss  should  be  charged  against  the  engine  proper,  i.e.,  against 
the  hot-air  engine,  or  steam  engine,  as  constructed  at  the  present 
day. 

This  question  might  be  answered  in  the  negative,  or,  rather, 
with  reference  to  the  engine  mentioned,  might  be  met  by  the  fol- 
lowing remarks. 

Let  Lobe  the  working  value  of  the  heat  in 
the  heating  body,  whose  value  will  be  determined  later, 
after  special  preliminary  investigations;  furthermore  let  L  be  the 
work  of  the  engine  and  Lm  its  disposable  work  determined  accord- 
ing to  C  a  r  n  o  t,  then  we  may  distinguish  between  two  different 
efficiencies  i?  and  i^o,  namely, 


yj^^    and    iio  =  r^, (43) 


of  which  the  former  refers  to  the  engine,  the  latter  to  the  heating 
plant. 

There  is  no  objection  to  directly  comparing  the  work  L  of  the 
engine  with  the  working  value  Lq  of  the  heating  body,  and  to 
designating  the  ratio  of  these  two  quantities  as  the  total 
efficiency;  the  two  preceding  expressions  give  for  this  ratio 


ii'  =  y)Vo—f-; (44) 
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in  what  follows  ij' will  represent  "the  efficiency  of  the 
whole  plant"  or  "total  efficiency." 

For  the  thorough  study  of  a  whole  plant  it  is  probably  more 
profitable  to  divide  the  discussion  in  the  manner  indicated  by 
equations  (43).  In  the  value  t)  there  is  mirrored  every  con- 
structive change  of  the  engine  and  every  change  in  its  cycle,  while 
the  magnitude  i^o  can  be  regarded  as  the  measure  of  the  excellence 
of  the  heating  plant  and  of  the  method  of  heating;  only  by  this 
separate  treatment  can  it  be  recognized  whether  the  next  effective 
improvement  of  a  plant,  i.e.,  the  raising  of  its  total  efficiency, 
should  be  attempted  in  the  one  or  in  the  other  direction,  in  the 
motor  itself  or  in  the  heating  plant. 

What  has  here  been  said  expressly  refers,  as  has  been  repeatedly 
emphasized,  to  a  particular  case  of  heat  engines;  it  includes  the 
steam  engines  which  work  with  saturated  vapors;  for  this  class, 
therefore,  the  further  discussions  will  only  consider  the  C  a  r  n  o  t 
cycle  as  the  most  profitable  one  described  by  the  mediating 
body,  or,  more  generally  still,  will  consider  only  the  cyclp  de- 
scribed by  this  body. 

In  the  heat  engines  here  discussed  the  temperatures  arising 
in  the  cycle  of  work  cannot  be  brought  into  harmony  with  the 
temperature  values  existing  in  the  heating  body. 

The  circumstances  are  very  different  in  refrigerating  machines, 
in  the  cold-air  and  the  cold-vapor  engines  which  will  be  discussed 
more  fully  later  on.  The  above-mentioned  investigations  of 
L  o  r  e  n  z  are  related  to  these,  and  his  cycle  is  here  in  fact  to  be 
substituted  for  the  C  a  r  n  o  t  cycle. 

Finally,  another  treatment  is  demanded  for  those  engines  in 
which  the  process  of  combustion  and  of  work  combined  takes 
place  in  the  interior  of  the  engine,  which  engines  will  receive  special 
consideration  below  as  internal-combustion  motors. 
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§  54.  AIR-ENGINE    CYCLE    BETWEEN   TWO    ISOTHER- 
MALS  AND  A  PAIR  OF  LIKE  POLYTROPIC  CURVES. 

(Reitlinger  Cycle.) 

The  cycle  of  an  ait  engine  represented  in  Fig,  43  consists  of 
two  isothermals,  ab  and  cd,  of  which  the  former  corresponds  to 
the  upper  temperature  limit  7*1  and  the  latter  to  the  lower  limit  T3, 


The  two  other  curves  da  and  be  are  two  polytropic  curves  of 
the  same  sort  obeying  the  law  pr'-conatant,  whose  exponent  n 
correspondB  to  the  specific  heat 

'    (n-1)'' 

and  for  the  present  is  to  remain  undetermined. 

This  cycle  was  first  investigated  by  Reitlinger^  in  order 
to  show  with  its  ud  under  what  circumstances  the  application  of 
a  "Regenerator"  is  possible;  this  will  be  discussed  later. 

If  we  use  the  notation  ^ven  in  Fig.  43a,  the  whole  quantity  of 
heat  absorbed  along  the  path  dab  is 


Qi  =  Qi'  +  Qi"=G 


[c{r,- 


■T2)  +  ABT, 


^<l 


(45) 


'Reitlinger,    " iJber  Kreisproxesse  mit  »wei  isothermischen  Kurven," 
Zeitschrift  des  aatarreiclUBchen  Ingenieur-  und  Architflkten-Vereins,  1873. 
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provided  we  consider  the  propositions  about  the  isothermal  curves 
given  on  p.  137.  In  like  manner  we  obtain  for  the  quantity  of 
heat  Q21  given  off  on  the  path  bed,  the  expression 

Q2  =  02'  +  Q2"=(?[c(ri-r2)  +  ABr2log.2iJ..      .      (46) 

But  for  the  polytropic  curves  there  exists  (p.  153)  the  relation 


P4     Pa     \T2/      ' 


and  therefore  it  follows  that 


Ci=(?[c(2'x-T2)+4B7',log,g(|-^)jr^i]  .     .  (45a) 


Pa 
and 


Qa-=(?[c(ri-r2)+ABI'2log,2l(^^)ii^],  .    .  (46a) 


Pa 
and  accordingly  from  the  formula 

AL=Qi-Q2 
we  get  the  work  produced  in  this  cycle: 


L=GB(ri-r2)lo&g(^)^ (47) 


In  the  perfect  cycle  th6  work 

-^  =  TjT  (^1  ~  ^2) 

is  produced,  and  hence,  for  the  present  type  of  engine  and  with 
the  help  of  equation  (45a)  and  of  the  known  relation 

i4B=-c^(ic-l), 
we  can  calculate  efficiency  19 : 

c(x-i)(ri-r2)iog.g(^)i^ 


ciTi  -  T2)  +  c,{k-  l)Ti  log.  g  (^^)^i 


.    .    .    (48) 
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According  to  the  assumed  values  of  n  and  c  there  exists  here 
an  infinite  number  of  cases;  for  the  particular  values  n=ic  and 
c=0  we  again  turn  to  the  C  a  r  n  o  t  cycle. 

If  the  engine  is  made  practical,  i.e.,  double-acting,  with 
u  revolutions  per  minute  and  developing  a  work  of  N  horse  powers, 
we  get,  by  making  use  of  equation  (IS),  p.  290,  in  the  preceding 
formula  (47),  the  expression 

GB(ri-r2)log.^(^^)^-30x76^,  [-30X650^],  (47a) 

from  which  can  be  calculated,  for  given  temperature  limits,  the 
weight  G  of  the  air  which  must  be  confined  in  the  engine,  provided 
we  also  assume  the  pressure  ratio  pi:p2]  this  ratio,  to  be  sure,  is 
arbitrary  but  must  not  sink  below  a  particular  value.  The  fore- 
going formulas  only  lead  to  real  values  when  the  expression  under 
the  logarithmic  sign  is  greater  than  unity,  and  therefore  the  relation 

^>m-' c«> 

must  be  observed  throughout.  If  of  the  four  pressures  only  one 
is  given,  say  pi,  then  p2  will  be  limited  by  the  chosen  value  of  the 
preceding  pressure  ratio,  and  the  other  values  ps  and  pt  will  be 
determined  from  the  already  used  relation 

^g-©"-^- (»> 

The  corresponding  volumes  then  follow  from  the  expression 

Vp^BGT, 

provided  we  substitute  the  corresponding  values  of  the  temperature 
and  pressure  belonging  to  the  four  vertices  of  the  indicator  dia- 
gram (Fig.  43a).  We  then  get  a  measure  of  the  size  of  the  engine 
cylinder  for  the  case  in  question,  provided  that  the  whole  cycle 
really  can  be  practically  carried  out  in  an  engme  with  a  single 
cylinder. 
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Moreover  there  will  be  opportunity  below  to  further  elucidate 
the  preceding  equations  by  numerical  examples. 

The  indicator  diagram,  assumed  in  Fig.  43a,  p.  309,  is  trans- 
formed in  Fig.  43b;  for  this  purpose  (3ee  Section  I,  p.  69)  the 
change  of  entropy 

is  laid  ofiF  as  abscissa  from  0  and  the  temperature  T  as  ordinate. 
The  transformations  of  the  two  isothermal  curves  db  and  cd  are 
here  given  by  the  horizontals  a'V  and  dd',  while  for  the  passage 
from  any  point  of  the  polytropic  curve  to  any  arbitrary  tempera- 
ture value  Tj  lying  between  the  chosen  temperature  limits,  there 
IS  found  the  change  of  entropy 

Gc 

(because  dQ^GcdT)^  where  Po  is  an  arbitrarily  chosen  constant. 
This  equation  represents  the  transformation  dV  of  the  polytropic 
curve  da  (Fig.  43a).    (Compare  p.  159.) 

Generally  speaking,  for  the  transformation  of  a  point  of  an 
indicator  diagram,  equations  (55),  p.  135,  will  hold,  provided  the 
mediating  body  is  a  gas.  If  we  here  use  the  particular  equation 
(55c),  in  the  form 

AP=APo+Cp  log.  !r-(cp-c.)  log.  p,     .    .    (51) 

there  will  follow,  for  the  change  ab,  the  length  of  the  portion  a'V 
in  Fig.  43b, 

o'6'-P,P3  =  (cp-c,)log,2l, 

and  for  the  change  dc  we  get  the  portion  dV 

dV  =  P4P2  =  (cp-c,)log.^, 

and  then,  because  of  the  relation  piP2  =  P3P4,  it  results  that  a'V 
^c^d']    the    transformations    of    the    two    poly- 
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tropic  curves  dV  and  6V  are  therefore  hori- 
zontally equidistant,  in  consequence  of  which  the  areas 
under  the  two  curves,  hatched  in  Fig.  43,  are  equally  great,  which 
is  a  proposition,  moreover,  that  directly  follows  from  the  theoreins 
on  transformation,  because  the  two  hatched  areas  represent  the 
heat  quantities  Qi'  and  Q2'  (Fig.  43,  p.  292)  measured  in  units  of 
work,  and  because  there  was  found  above 

In  like  manner  the  two  rectangular  areas  a'VP^Pi  and  i'dP^P^ 
represent  the  heat  quantities  Q"  and  Q/^  measured  in  units  of 
work,  and  the  curved  quadrilateral  a^Vcfd'  represents  the  produced 
work  L. 

If  the  curve  da  (Fig.  43a)  is  not  polytropic,  but  any  curve 
whatever,  we  still  can  easily  construct  for  this  case  a  second  curve 
ch,  under  the  assumption  that  the  transformations  of  the  two 
curves  are  horizontally  equidistant,  therefore  likewise  enclose 
equal  areas. 

If,  for  example,  T  is  the  temperature  and  p  the  pressure  for  a 
point  of  the  curve  (2a,  and  if  for  the  corresponding  point  of  the 
curve  d>  there  exists  the  same  temperature  T  but  the  pressure  7/, 
then  equation  (51)  will  hold  for  the  first  point,  and  for  the  second 

AF^APo+Cj,  loge  T-  (Cp-O  I0&  p'; 

the  difference  of  the  two  equations  is 

ilP-ilF=(Cp-Ol0ge2l, 

and  this  value  will  be  the  same  for  all  points  when 

■^  =  constant, 
P 

If  we  designate  this  constant  by  m,  refer  the  formulas  to  the 
unit  of  weight  of  gas,  and  designate  by  v  and  t/  the  volumes  which 
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belong  to  the  corresponding  points,  we  get,  for  the  point  of  the 
second  curve  corresponding  to  a  given  point  (pv),  the  relations 

j/-mp    and    r/  =  \ 

tn 

with  which  the  second  curve  can  easily  be  constructed  from  the 
first. 

Rankine^  calls  the  two  curves,  connected  in  the  manner 
indicated,  isodiabatic;  according  to  the  preceding  investigations 
the  polytropic  curves,  possessing  equal  exponents,  are  at  the  same 
time  always  isodiabatic,  i.e.,  their  transformations  are  horizontally 
equidistant.  These  curves  play  an  important  rdle  in  subsequent 
investigations  of  the  air  engines. 


§  55.    THEORY  OF  THE  REGENERATOR. 

In  the  cycle  represented  in  Fig.  43,  p.  309,  there  can  be  com- 
puted from  equation  (45a)  the  heat  quantity  Qi,  which  must  be 
supplied  on  the  path  dab  to  the  air  existing  in  the  engine : 

Qt^(^c{Ti-T2)+ABTi  log.  ^(^)=^} 

and  the  heat  quantity  Q2;  which  is  to  be  withdrawn  along  the 
path  bcdy  is  found  from  equation  (46a)  to  be 

In  the  first  equation,  the  first  term  Oc{Ti—T2)  represents  the 
quantity  of  heat  which  must  be  supplied  for  the  change  da 
from  one  isothermal  to  the  other,  and  the  same  term  in  the  second 
equation,  which  is  likewise  (jc(7'i— 7*2),  represents  the  quantity 
of  heat  which  must  be  withdrawn  along  the  path  be,  i.e.,  on 
the  return  from  the  second  isothermal  to  the  first. 

'  R  a  n  k  i  n  e,  ''A  Manual  of  the  Steam  Engine/'  1859,  p.  345. 
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Now  if  we  could  regularly  store  in  a  body  this  heat  quan- 
tity during  its  retiu*n  6c,  in  order  to  utilize  it  again  in 
the  subsequent  operation  along  the  forward  path  da,  then,  accord- 
ing to  both  the  preceding  equations,  there  would  result  for  the 
heat  quantity  Qi  to  be  supplied  from  the  outside,  i.e.,  from  the 
heatbg  body,  only  the  amount 


^%{m 


Qt~GABTi\og,^ljir)n-i, (52) 


and  for  the  heat  quantity  Q2,  to  be  ^ven  off  to  the  cooling  body  ed, 


Qa-GABTj  log.  g(^)  A 


(53) 


and  from  this  follows  the  ratio  of  the  two  heat  quantities, 


Qrr,'  •  • ^^^ 

But  for  the  cycle  before  us  the  work,  according  to  equation  (47),  b 


L-(7B(Ti-r2)lo&g(^^)«i^.       .    .    . 


If  we  divide  this  expression  by  equation  (52)  we  get  simply 


(55) 


L^§^{Tr^T2) (56) 

Equations  (54)  and  (56)  agree  exactly  with  the  formulas  which 
have  been  found  for  the  perfect  engine  describing  a  C  a  r  n  o  t 
cycle. 

When  therefore  definite,  limiting,  temperatures  are  prescribed 
for  the  mediating  body  (medium)  there  will  exist  an  infinite 
number    of    cycles    through    which    the    maxi- 
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mum  of  work  can  be  produced,  as  in  the  C a r n o t 
cycle,  provided  the  two  adiabatics  of  the  latter  are  replaced  by 
any  pair  of  polytropic  curves  whatever  and  the  possibDity  of  the 
assumed  heat  storage  exists;  yes,  the  polytropic  pair  of  curves  can 
be  of  any  type  whatever,  if  the  two  curves  are  only  isodiabatic. 
(See  closing  remark  in  §  54.)  But  with  this  all  difficulties  would 
disappear  which,  according  to  the  preceding  presentation,  p.  291, 
oppose  the  practical  realization  of  the  C  a  r  n  o  t  cycle  in  air 
engines;  the  partial  removal  of  these  difficulties  is  in  fact  ren- 
dered technically  possible  by  the  application  of  the  regenerator.^ 
Let  AB  (Fig.  44)  represent  the  regenerator,  i.e.,  a  prismatic 
vessel  which  is  filled  uniformly  with  a  dense  weave  of  wire  (which 
in  hot-air  engines  is  replaced  by  thin  or  perforated  sheets  of  metal) ; 
in  the  main,  it  is  filled  with  a  body  possessing  a  great  surface  which 
can  easily  absorb  and  reject  heat,  and  which  at  the  same  time 
offers  comparatively  little  resistance  to  the  passage  of  the  air; 

*  The  regenerator  was  invented  as  early  as  1816  by  Dr.  Robert  Stir- 
ling, and  it  was  not  until  later  that  James  Stirling  and  Ericsson 
made  use  of  it  in  their  hot-air  engines.  The  great  importance  which  the  regen- 
erator has  attained  in  other  parts  of  heat  technology,  through  the  brothers 
W  i  1  h  e  1  m  and  Friedrich  Siemens,  is  known  to  every  engineer. 

The  first  theoretical  treatment  of  the  question  as  to  the  mode  of  action  of 
the  regenerator  in  hot-air  engines  is  given  by  Macquorn  Rankine 
("A  Manual  of  the  Steam  Engine/'  1859,  p.  344,  etc.,  and  still  earlier  in  "Philo- 
sophical Transactions,"  1854).  Based  on  these  presentations  the  question  is 
again  touched  upon  by  Briot  ("Th^rie  m^canique  de  la  chaleur,"  Paris, 
1869,  p.  84,  in  German  by  Heinrich  Weber,  *'Lehrbuch  der  me- 
chanischen  Wftrmethrone,"  Leipsic,  1871,  p.  88),  also  by  de  Saint  Robert 
("Principes  de  Thermodynamique,"  2nd  Ed.,  Turin  and  Florence,  1870,  p.  287). 

In  the  second  edition  of  the  present  book  (1866)  I  did  not  know  of  R  a  n  - 
k  i  n  e '  s  presentations,  and  I  erroneously  combated  the  advantage  of  the 
regenerator  in  the  air  engine  because  1  had  only  investigated  cycles  between 
two  adiabatics,  for  which,  to  be  sure,  the  uselessness  of  the  regenerator  holds. 
But  if,  according  to  Reitlinger.  we  replace  the  adiabatics  by  isothermals, 
the  circumstances  change.  An  enlarged  theory  of  regenerator  action  is  given 
by  J.  H  i  r  8  c  h  ("Th^orie  des  machines  a^rothermiques,"  Annales  des  ponts 
et  chau8s6es,  1874,  p.  409),  and  ScbrOter,  making  use  of  the  propositions 
on  the  transformation  of  pressure  curves,  has  discussed  the  question  under  con- 
sideration C'Uber  die  Anwendung  von  Regeneratoren  bei  Heisluftmaschinen,'' 
Zeitschrift  des  Vereins  deutscher  Ingenieure,  1883).  The  investigations  in  the 
present  book  embrace  many  additions  and  applications  to  specially  practical 
cases. 
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at  the  left  end  A  there  is  a  vessel  K  which  is  filled  with  air  at  the 
lower  temperature  limit  T2,  and  at  the  right  there  is  a  vessel  H 
which  is  filled  with  air  at  the  higher  temperature  limit  Ti;  sup- 
pose a  certain  quantity  of  air  to  have  been  pushed  back  and  forth 
several  times  through  the  regenerator  from  the  cold  to  the  hot 
space;  th^n,  in  the  filling  of  the  regenerator,  in  the  wire  mesh,  there 
will  exist  a  distribution  of  temperature  whose  law  is  represented 
by  the  curve  CDE,  provided  we  lay  off  T  at  any  particular  place  P, 
i.e.,  at  the  cross-section  F  which  is  at 
the  distance  AF^OP^x  from  the  left 
end,  and  lay  off  at  P  the  ordinate  PD  = 
T  =  temperature,  above  the  horizontal 
axis  OX.  In  doing  this  let  us  assume 
that  the  temperature  curve  is  nearly 
horizontal  at  its  ends,  and  that  there- 
fore the  limiting  temperatures  T2  and 
Ti  each  extend  for  a  certain  distance  into  the  regenerator.  Now 
suppose  that  again  a  certain  quantity  of  air  has  been  driven  from 
the  cold  space  K  to  the  hot  space  H  through  the  regenerator, 
then  the  air  will  be  brought  from  the  temperature  T2  to  Ti,  but 
simultaneously  the  temperatiu-e  curve  CDE  will  be  changed  and 
will  now  be  represented  by  the  curve  C'lyE' ;  let  us  first  deter- 
mine the  connection  between  these  two  curves. 

Let  ac  (Fig.  45)  represent  the  curve  element  corresponding  to 
point  D  of  the  curve  CDE  in  Fig.  44;  the  point  P,  whose  abscissa 

is  X,  corresponds  to  the  temperature  T,  and 
♦    the  point  Q  is  at  the  distance  dx  from  P  and 
'I    possesses  the  temperature  T-¥dT. 

Let  Gq  be  the  weight  of  the  filling  (wire 
mesh)  of  the  regenerator  per  unit  of  length,  cq 
the  specific  heat  of  the  filling,  and  G  the  weight 
of  air  which  is  forced  through  the  regenerator 
per  second;  (we  at  first  suppose  a  continuous 
flow  of  air  to  take  place  lasting  for  some  time, 
and  that  the  regenerator  is  considerably  pro- 
longed to  the  right;)  then  the  filling  (?odx,  belonging  to  the  length 
dXj  must  experience  a  diminution  of  temperature  designated  by 


Fig.  45. 
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dT'  and  therefore  gives  off  an  amount  of  heat  dQ  which  is  deter- 
mined by  the  formula 

dQ=Cffi(4xdT. 

In  the  corresponding  time  di  there  passes,  through  the  cross-section 
F  at  the  point  P,  the  weight  Gdt  of  air  which  is  heated ;  let  the 
corresponding  rise  of  temperature  be  dT"  and  the  specific  heat  of 
the  air  be  c;  then  the  quantity  of  heat  which  the  air  has  absorbed 
along  the  path  dx  will  be 

dQ^dGdt.dT'. 
By  equating  the  last  two  expressions  we  get 

c^o^dT^dGdT'. 
at 

But  the  velocity  w  with  which  the  air  at  the  point  P  passes  the 
cross-section  F  is 

dx 

hence  the  preceding  formula  gives 

c^QXvdT'^dGdT' (57) 

The  two  changes  of  temperature  dT'  and  dT"  are  represented 
in  Fig.  45  by  the  distances  cd  and  bd,  and  here  we  also  have 

dT^dT+dT' (58) 

If  through  the  point  d  the  line  da'  is  drawn,  parallel  to  ac  and 
continued  until  it  cuts  the  horizontal  ab,  then  a'  will  be  that  point 
of  the  curve  C'lyW  (Fig.  44)  which  is  assumed  after  an  infinitesi- 
mal time  dt  by  the  point  D  possessing  the  temperature  T.  If  we 
designate  the  horizontal  displacement  aa'  (Fig.  45)  by  dxf,  then, 
from  the  similarity  of  the  triangles  aa'cf  and  a6c,  we  have  the 
relation 

d^^dT^ 
dx     dT 
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or 

dt     didT     ^dT' 

Now  the  left  member  of  this  equation  is  nothing  but  the  velocity 
of  the  horizontal  displacement  of  the  point  a  (Fig.  45)  or  of  the 
point  D  of  the  temperature  curve  CDE  in  Fig.  44;  if  we  designate 
it  by  u  there  follows 

dr 

and  we  get,  if  we  eliminate  dT'  from  the  two  equations  (57)  and 
(58),  for  this  velocity 

«=— ^ (59) 

Gc 

To  be  sure  the  velocity  w,  with  which  the  air  traverses  the 
different  cross-sections  of  the  regenerator,  is  variable  because 
changes  of  the  volume  of  the  air  occur  which  are  due  to  tempera- 
ture changes  and  eventually  to  the  simultaneously  occurring 
pressure  changes;  strictly  speaking,  therefore,  the  velocity  t/, 
with  which  the  difiFerent  points  of  the  curve  CDE  (Fig.  44)  progress, 
is  different;  but  this  difference  is  extraordinarily  small,  for  in  the 
first  place  the  velocity  w  of  the  air  in  the  regenerator  is  compara- 
tively large,  and  in  the  second  place  the  fraction  -^,  present 

in  equation  (59),  always  has  a  very  large  value;  hence  in  this 
equation  we  may  unhesitatingly  neglect  the  one  (1)  in  the  denomi- 
nator and  then  get  the  much  simpler  and  sufficiently  exact  relation 

«-^' <«» 

and  from  this  derive  the  proposition  that  all  points  of  the 
temperature  curve  CDE  move  with  the  same  velocity. 
Multiplying  both  sides  of  equation  (60)  by  the  differential  di  of 
the  time  and  integrating,  there  follows 
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where  L  represents  the  quantity  of  air  in  kilograms  [pounds]  which 
has  been  driven  through  the  regenerator  in  the  given  time,  and  ^ 
represents  the  displacement  of  the  temperature  curve  thus  occa- 
sioned; but  the  two  temperature  curves  CDE  and  C'lyE'  (Fig. 
44),  corresponding  to  the  beginning  and  the  end,  are  therefore 
horizontally  equidistant  in  the  direction  of  the  axis  of 
the  regenerator.  The  area  contained  between  the  two  curves  will 
be  designated  by  /  and  can  be  found  from 

or 

0=(?oco/, (61) 

because  Q—Lc{Tx—T^  represents  the  quantity  of  heat  which  the 
air  has  absorbed  in  its  passage  through  the  regenerator. 

Equation  (61)  may  be  derived  directly  as  follows.  The  initial 
temperature  T  in  the  cross-section  F  at  the  point  P  is  represented 
by  the  ordinate  PD,  and  at  the  end  it  is  T'  and  represented  by  the 
ordinate  PTy\  the  part  of  the  regenerator  filling  (jodx,  belonging 
to  the  length  dx,  has  therefore  experienced  a  temperature  diminu- 
tion T—  T  and  has  therefore  given  off  a  quantity  of  heat  which  is 

d0=(?ocodx(r^r0. 

Since  {T^T')dx  represents  the  strip  of  area  lying  between 
D  and  IX,  integration  will  give  the  whole  area  /,  and  the  preceding 
formula  will  thus  also  lead  to  equation  (61). 

If  the  air  is  forced  through  the  regenerator  in  the  reverse 
direction,  a  parallel  shifting  of  the  curve  CDE  takes  place  in  the 
other  direction;  consequently  if  the  same  quantity  of  air,  after  the 
change  of  direction,  again  passes  through  the  regenerator,  the 
fiurve  will  return  to  its  original  position.  To  be  sure  the  preced- 
ing investigation  gives  no  clue  as  to  the  course  of  the  curve  itself. 

The  determination  of  the  quantity  of  air  contained  in  the 
regenerator  is  of  importance;  it  varies,  but  can  be  graphically 
represented  for  a  particular  instant  and  for  a  particular  position 
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of  the  temperature  curve  CDE.  Let  F  represent  the  cross-eection 
of  the  air-filled  portion  of  the  free  space  of 
the  regenerator  at  the  distance  z  from  the  left  end  A  (Fig.  44), 
then  Fdx  ffves  the  volume  of  air  for  the  portion  dx  of  the  length; 
if  dG  is  the  weight  of  the  air  in  this  space  and  v  its  specific  volume 
there  will  exist  the  relation 

vdG'^'Fdx. 

Now  multiplying  both  sides  of  this  equation  by  the  pressure  p  of 
the  air,  and  making  use  of  the  equation  of  condition  pv » BT,  we 
get 

^     BT' 


and  this  equation  can  be  integrated  when  we  know  the  course 
T^f{x)  of  the  temperature  curve  CDE  (Fig.  44)  of  the  regenerator, 
for  the  pressure  p  is  everywhere  the  same.  In  the  lower  part  of 
the  following  figure  the  temperature  curve  CDE  of  Fig.  44  is  repre- 
sented and  repeated;  if  we  designate  the  reciprocal  value  of  T, 
i.e.,  1 :  r,  by  1/  ^d  lay  off  j/  in  the  upper  part  of  Fig.  46  as  an  ordi- 
nate P^d,  corresponding  to  the  abscissa  (/P'^x,  we  get  a  new 
curve  Cocdeeof  and  integration  of 
the  preceding  equation  gives 


Or-^fydx, 


FiQ.  46. 


where  Gr  represents  the  weight  of  a31  r 
the  air  in  the  regenerator. 

This  integral  is  represented  by  the 
hatched  areA  of  Fig.  46;  if  we  reduce 
this  area  to  a  rectangle  having  the  base  0'Z'=OX=Z,  the  axial 
length  of  the  regenerator,  and  if  j/o  is  the  height  of  the  rectangle, 
the  preceding  equation  will  give 


^  _Flpyo 


C62) 
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or,  if  we  designate  the  reciprocal  value  of  j/o  by  To  and  remember 
that  Fl  represents  the  whole  space  Vq  filled  with  air,  we  shall  get 

Gr=^, (62a) 

where  To  is  a  sort  of  mean  temperature  in  the  regen- 
erator; it  can  also  be  found  directly  if  we  reduce  the  area 
CqCDEEq  to  a  rectangle  with  the  base  OX  =  Z;  the  hatched  area, 
however,  has  the  advantage,  at  once  recognized,  of  showing  the 
law  according  to  which  the  weight  of  the  air  in  the  regenerator  is 
distributed. 

Let  us  again  suppose  that  L  kg.  [lb.]  of  air  are  forced  from  the 
cold  space,  through  the  regenerator,  to  the  hot  space,  then  the 
parallel  displacement  s  of  the  curve  CDE  corresponds  to  an  equally 
great  displacement  of  the  curve  cde  to  (/d'e^,  and  the  area  s(y2—  j/i) 
contained  between  the  two  curves  expresses  the  increment  of  the 
hatched  area  (Fig.  46);  accordingly,  after  the  passage  of  the  air 
there  will  be  a  larger  weight  (?/  of  air  in  the  regenerator  than  it 
originally  contained;  and  consequently  a  smaller  quantity  of  air 
will  enter  the  hot  space  than  was  furnished  by  the  cold  space, — 
always  assuming  that  the  pressure  p  remains  constant  when  the 
air  is  passing  through. 

With  the  help  of  equation  (62)  this  difference  is  found  to  be 

G/-(?.=^s(2/2-!/i), 

where  the  displacement  s  is  given  by  the  equation  (60a).  The 
mean  ordinate  j/o  is  increased  to  yo  after  the  passage  of  the  air, 
and  we  have 

yo=yo+j(y2-yi), 

from  the  reciprocal  value  of  which  we  find  the  temperature  To\ 
after  utilizing  equation  (60a) : 


,_^r        Lc  To(Ti-T2)'] 
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The  second  term  in  the  bracket  is  a  very  small  fraction  with 
hot-air  engines.  We  may  therefore  assume  that  the  mean  tem- 
perature in  the  regenerator  only  varies  between  narrow  limits,  and 
that  the  weight  G  of  the  air  enclosed  in  the  regenerator  is  principally 
dependent  upon^  the  pressure  p  and  nearly  proportional  to  it, 
according  to  equation  62a),  in  so  far  as  the  passage  of  the  air 
through  the  regenerator  is  accompanied  by  any  pressure  change. 


§  56.   CLOSED  HOT-AIR  ENQINE  WITHOUT 

REGENERATOR. 

First  Arrangement  (Rider  System). 

Following  the  above  theoretical  investigations  of  the  different 
cycles  of  hot-air  engines,  we  will  now  show  how  the  practical 
realization  of  these  cycles  is  possible. 

There  exists  in  this  direction  a  whole  series  of  exceedingly 
ingenious  suggestions  and  constructive  efforts,  for  example  by 
Stirling,  by  the  clever  Ericsson,  by  Laubereau- 
Schwartzkopf,  Rider,  Lehman n,  and  others;  with 
the  exception  of  perhaps  Lehmann's  engine  arrangement, 
not  one  of  the  proposed  constructions  has  been  extensively  used. 

The  lack  of  success  is  probably  partially  due  to  the  fact  that 
in  the  recent  suggestions  the  generator  either  does  not  exist  at  all, 
or  is  used  in  a  very  imperfect  manner;  but  it  may  also  be  due  to 
the  fact  that  real  theoretical  investigations  of  the  hot-air  engines, 
with  a  basis  of  practically  possible  constructions,  do  not  yet  exist. 
The  known  investigations  are  based  either  on  the  practically  im- 
possible assumption  that  all  parts  of  the  cycle  are  described  in  one 
and  the  same  space,  as  was  assumed  in  the  above  developments, 
or  an  effort  has  been  made  to  derive  the  indicator  diagrams  for 
a  certain  class  of  en^ne  and  thus  find  the  work  of  the  engine;  the 
equally  important  question  as  to  the  quantity  of  heat  which  must 
be  supplied  to,  or  withdrawn  from,  the  working  air  in  the  con- 
structed engines,  during  the  course  of  the  cycle,  has  not  been 
answered;  the  propositions  which  I  have  developed  on  pp.  197  to 
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225y  on  the  action  of  the  transfer-piston,  however,  do  furnish  the 
means  of*  pursuing  the  question  further. 

Let  us  try  to  solve  the  problem  of  realizing  the  cycle,  repre- 
sented in  Fig.  47,  which  consists  of  two  isothermals  7*23^2  and 
TiTi  and  of  the  two  poly  tropic  curves  T2TV  and  T1T2,  and 
which  has  already  been  investigated  above,  by  an  engine  which 
can  be  actually  constructed. 

Fig.  48a  gives  a  schematic  representation  of  such  an  engine 
without  a  regenerator,  an  arrangement,  moreover,  which  embraces 
several  cases  that  have  already  been  proposed  and  constructed. 

Two  cylinders  A  and  B  of  the  same  diameter  are  separated 
from  each  other  by  a  perforated  partition  ab. 

Piston  Ki  moves  in  cylinder  A,  piston  K2  in  cylinder  B;  the 
former  cylinder  is  open  at  the  left,  the  other  at  the  right,  so  that 
atmospheric  air  acts  from  the  outside  on  both  pistons. 

The  working  quantity  of  air  is  included  between  the  two  pis- 
tons K\  and  K2. 

A  jacket  C  surrounds  cylinder  A,  and  through  the  jacket  the 
heating  body  (fire  gases)  flows,  so  that  the  air  which  is  in  this 
cylinder,  or  flows  into  it,  is  either  kept  at  the  upper  temperature 
limit  Ti  or  is  at  once  brought  to  this  temperature. 

Let  the  cylinder  B,  on  the  other  hand,  be  provided  with  a 
jacket  D  through  which  the  cooling  body  (water)  flows,  so  that 
the  air,  existing  in  this  cyUnder,  is  kept  at  the  lower  temperature 
limit  T2,  and  the  air  coming  from  the  hot  cylinder  A  is  immediately 
cooled  to  the  temperature  T2*  The  two  cylinder  spaces  will,  in 
future,  be  distinguished  as  hot  space  and  cold  space. 

Fig.  486,  given  under  Fig.  48a,  represents  the  piston  diagram; 
the  vertical  line  OZ  represents  the  time  of  a  full  period  of  the 
engine  which  is  divided  into  four  parts,  M,  AT,  P,  and  Z. 

Let  us  first  suppose  the  pistons  Ki  and  K2  to  be  at  the  right 
end  of  the  stroke;  at  this  instant  all  the  air  is  in  the  cold  space 
and  possesses  the  volume  V2,  the  corresponding  pressure  p2,  and 
the  temperature  T2  (see  Fig.  47). 

The  working  of  the  engine  is  as  follows : 

In  the  first  time  interval  OM,  the  piston  Ki  is  held  fast 
and  the  piston  K2  is  shoved  from  right  to  left  till  the  air  volume 
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has  diminiahed  from  V3  to  V3;  in  so  doing  the  compresdon  takes 
place  at  constant  temperature  Tj  and  the  pressure  grows  from 
jJ2to^(8eeFig.47). 

The  asstuned  piston  motion  is  given,  in  the  piston  diagram, 
by  the  lines  1"2"  and  1'2',  and  in  the  adjacent  piston  force 
diagram    (Fig.  48c)  the  increase  of  pressure  from  pa  to  pa  is 
Fid.  48a.  Fio.  47. 


shown  by  the  portion  12  of  the  curve  corresponding  to  the  time 
interval  OM. 

In  the  second  time  interval  MN,  both  pistons  move  from 
right  to  left;  the  path  of  the  piston  K2  in  the  cold  space  is  repre- 
sented by  the  displacement  curve  2"3",  the  air  volume  V3  is  com- 
pletely crowded  out  of  the  cold  space  and  pushed  into  the  hot 
space,  where  the  piston  Ki  finally  limits  the  vohime  Vi  of  the  hot 
Mr;  line  2'3'  (Fig.  486)  is  the  displacement  curve  of  this  piston  in 
the  course  of  the  time  MN,  within  which  the  pressure  of  the  air 
grows  from  pa  to  pi  according  to  curve  23  (Fig.  48c). 

In  the  third  interval  NP,  piston  Kjis  held  fast  (displacement 
curve  is  3"4")  and  piston  Ki  travels  completely  to  the  left  end  of 
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the  stroke,  as  per  displacement  curve  3'4';  within  this  portion  of 
time  the  air,  which  is  now  wholly  collected  in  the  hot  space,  ex- 
pands under  the  constant,  highest  temperature  Ti  from  the  volume 
Vi  to  74,  and  in  so  doing  its  pressure  diminishes  from  pi  to  p^ 
according  to  curve  34  (Fig.  48c). 

Finally  in  the  fourth  time  interval  PZ  both  pistons 
are  brought  back  from  their  extreme  position  on  the  left  to  the 
right  end  of  their  stroke;  in  so  doing  the  whole  quantity  of  air  is 
pushed  out  of  the  hot  space  back  into  the  cold  space,  the  volume 
V4  returns  to  V29  the  pressure  p4  to  p2,  and  thus  one  period  is 
completed. 

In  the  lower  part  of  the  drawing,  namely  in  Fig.  48d,  there 
are  exhibited  the  indicator  curves  of  each  of  the  two  cylinders;  it 
is  easy  to  see  how  these  two  curves,  as  well  as  the  piston-force 
diagram  Fig.  48c,  can  be  derived  from  the  given  cycle  in  Fig.  47. 
According  to  Fig.  486,  the  air  volume  mn-^V  corresponds  to 
the  instant  of  time  i2;  if  we  lay  off  the  distance  OV  in  Fig.  47 
for  the  volimie  V,  we  shall  get  in  the  ordinate  VT  the  corre- 
sponding pressure  p;  this  value  is  laid  off  at  the  time  point  R  (Fig. 
48c)  as  ordinate  RSy  and  thus  gets  the  corresponding  point  S  on 
the  curved  line  of  the  piston-force  diagram. 

Finally  if  we  go  vertically  down  to  the  axis  O'X'  (Fig.  48d) 
from  the  two  points  m  and  n  (Fig.  486),  and  lay  off  the  correspond- 
ing pressure  p,  we  get  the  two  corresponding  points  aS'  and  jS"  in 
the  two  indicator  diagrams. 

In  the  engine  period  described  the  two  indicator  diagrams  are 
generated  in  the  direction  of  the  two  given  arrows;  the  diagram 
of  the  hot  space  corresponds  to  positive  work,  i.e.,  to  the  work 
production  of  a  single  cycle,  the  diagram  of  the  cold  space  corre- 
sponds to  negative  work,  to  work  consumption.  The  difference  of 
the  two  hatched  areas  gives  the  whole  work  delivered  by  this 
engine,  and  this  is  also  measured  by  the  hatched  area  of  the  fun- 
damental Fig.  47. 

It  is  worthy  of  note  that  the  engine  cycle  just  described  em- 
braces an  infinite  number  of  special  cases,  for  no  definite  assump- 
tion was  made  as  to  the  twin  polytropic  curves  ^23^1  and  T2Ti 
in  Fig.  47. 


CLOSED  HOT-AIR  ENGINE  WITHOUT  REGENERATOR.       327 

We  easily  see  that  a  perfectly  definite  piston  motion  in  the 
second  and  fourth  time  interval  {MN  and  PZ  in  Fig.  486)  must 
correspond  to  a  particular  value  n  of  the  exponent  in  the  equation 
of  the  polytropic  curve  ^1?**  =  constant.  For  example,  if  the 
two  displacement  curves  2'3'  and  2"3"  are  parallel  straight  lines, 
or  even  horizontally  equidistant  curves,  and  if  the  same  is 
true  of  4'r  and  4"1"  (Fig.  486),  then  the  air  volume  will 
remain  constant  both  during  the  transfer  from  the  cold  to 
the  hot  space,  and  during  the  return  motion;  in  this  case  the 
polytropic  curves  T2T1  and  T2T1  are  vertical  straight  lines  in 
Fig.  47,  and  the  cycle  of  the  engine  is  one  which  has  sometimes 
been  called  the  Stirling  cycle. 

In  another  special  case  the  displacement  of  the  air,  from  one 
space  into  the  other  and  back  again,  which  occurs  in  the  second 
and  fourth  time  intervals,  can  be  so  conducted  that  the  pressure 
remains  constant.  In  this  case  the  two  curves  T2T1  become 
horizontal  straight  lines  in  Fig.  47,  and  the  engine  cycle  is  one 
which  has  been  called  the  Ericsson  cycle. 


§  57.   CLOSED  HOT-AIR  ENGINE  WITHOUT 

REGENERATOR. 

Second  Arrangement  (Lehmann  System). 

The  cycle  of  a  feasible  air  engine  just  described  can  also  be 
realized  so  far  as  the  assumed  cycle  is  concerned  by  another  engine 
arrangement.  In  Fig.  49  let  AB  be  a  cylinder  in  which  two  pistons 
Ki  and  K2  move,  of  which  the  former  possesses  a  great  length  in 
the  horizontal  "direction,  and  does  not  hug  the  cylinder  wall  closely 
in  order  that  the  air  may  spread  itself  through  the  remaining 
annular  space;  it  is  called  the  transfer-piston,  while  the  other 
piston,  K2,  is  called  the  power-piston. 

Let  a  wall  06,  impenetrable  to  heat,  divide  a  cyUnder  exter- 
nally into  two  parts.  To  the  left  of  the  wall  let  the  cylinder  be 
surrounded  by  a  jacket  C  in  which  the  heating  body  circulates, 
and  to  the  right  of  the  wall  let  the  cooling  body  flow  through  the 
jacket  D,  and  let  all  this  take  place  in  such  a  way  that  when  the 
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lur  is  to  the  left  of  the  transfer-piston  Ki  it  will  be  maintained  at 
the  upper  temperature  limit  Ti,  while  the  Mr  to  the  right,  i.e., 
between  the  transfer-piston  Ki  and  the  power-piston  £2,  possesses 
the  lower  temperature  T3. 

The  cycle  of  Fig.  47  is  again  represented  in  the  upper  part  of 
Fig.  49,  and  is  to  be  executed  by  the  en^e  under  consideration. 

Let  the  whole  time  of  a  period  be  given  by  the  vertical  OZ; 
at  the  be^ning  both  pistons  assume  the  portions  in  which  they 


are  drawn  in  cylinder  AB.  The  working  of  the  piston  must  take 
place  as  follows: 

Time  interv^  OM.  The  transfer-piston  Ki  is  held  fast  and 
the  piston  K2  is  shoved  from  right  to  left,  so  that  the  air  in  the 
cold  space  is  compressed  at  constant  temperature  T3  from  the 
volume  V2  to  V3,  and  the  pressure  grows  from  pressure  pa  to  pa. 
The  displacement  curves  of  both  pistons  are  given  by  the  lines 
1'2'  and  1"2". 

Time  interval  MN.  Both  pistons  are  pushed  to  the  right  till 
they  nearly  touch  each  other,  the  displacement  curves  in  the 
piston  diagram  being  represented  by  the  hnes  2'3'  and  2"3";  in 
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SO  doing  the  total  quantity  of  air  is  pushed  from  the  cold  space 
into  the  hot  space,  which  possesses  the  volume  Vi  to  the  left  of 
transfer-piston  Ki,  and  its  temperature  is  raised  to  Ti;  the  pres- 
sure has  grown  from  pa  to  pi. 

Time  interval  NP.  Both  pistons  move,  nearly  touching  each 
other  during  the  whole  way,  i.e.,  move  together  from  left  to  right, 
the  two  displacement  curves  3'4'  and  3"4"  being  parallel.  The 
air,  which  is  all  in  the  hot  space,  expands  therefore  at  constant 
temperature  Ti  from  the  volume  Vi  to  the  volume  F4,  and  the 
pressure  sinks  from  pi  to  p^.    Finally  in  the  last 

Time  interval  PZ  both  pistons  move  from  right  to  left  back 
to  their  original  positions,  whereby  the  whole  quantity  of  air  is 
driven  from  the  hot  space  back  into  the  cold  space. 

It  is  moreover  evident  that  in  the  present  case,  as  in  the 
preceding  one,  the  length  of  the  separate  time  intervals  is  of  no 
further  consequence. 

If,  for  the  engine  arrangement  shown  in  Fig.  49,  we  suppose 
the  pipe  of  an  indicator  to  communicate  with  the  space  in  which 
the  working  air  exists,  and  suppose  the  indicator  drum  to  be 
driven  by  the  power-piston  ^2,  we  shall  get  directly  the  indicator 
diagram  (Fig.  49),  i.e.,  the  cycle  prescribed  for  the  engine.  If 
the  indicator  drum  is  connected  with  the  transfer-piston  Ki,  there 
will  be  obtained  an  indicator  diagram  of  the  form  found  in  Fig. 
48d  for  the  hot  space.  The  cycle  under  contemplation  also  en- 
closes an  infinite  number  of  special  cases,  according  to  the  manner 
in  which  the  piston  is  moved  in  the  second  and  fourth  time  inter- 
vals {MN  and  PZ,  Fig.  49). 

The  engine  arrangement  discussed  corresponds  to  the  general 
case  of  Lehmann's  hot-air  engine,  while  that  given  in  Fig. 
48  represents  Rider's  engine  working  without  a  regenerator. 
We  see  from  what  has  been  said  that  these  two  kinds  of  engines 
do  not  difiFer  in  principle,  but  only  in  constructive  particulars.  In 
the  actually  constructed  engine  of  Rider,  Lehman  n,  and 
others,  the  curved  lines  1'2'3'4'1'  and  1"2"3"4"1"  of  the  piston 
diagrams  (Figs.  48  and  49)  are  continuously  running  curves  and, 
indeed,  approximately  sinusoids,  for  the  pistons  are  driven  by 
crank  mechanisms,  a  matter  to  which  we  will  return  later. 
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§  58,    THEORY  OF  THE   ENGINE  ARRANGEMENTS  JUST 

DISCUSSED. 

The  following  calculations  are  simultaneously  true  for  the 
arrangements  given  in  Mg.  48  and  Fig.  49;  but  the  first  one 
will  be  made  the  basis  of  the  discussions.  As  regards  the  work  L 
produced  by  the  engine  in  one  period,  if  we  suppose  (Fig.  47,  p.  325) 
the  cycle  to  consist  of  two  isothermals  and  a  pair  of  polytropic 
curves,  then  we  will  have  at  once  equation  (47)  developed  in  §  54, 
p.  310,  namely, 

L-(?B(ri-r2)log,g(^^)A.    ...    (63) 

where  G  means  the  weight  of  the  air  enclosed  in  the  engine;  at 
the  same  time  n  is  the  exponent  belonging  to  the  members  of  the 
assumed  pair  of  polytropic  curves  T2T1.  However,  as  regards  the 
quantities  of  heat  Qi  and  Q2  which  must  be  absorbed  or  rejected 
respectively  during  a  period,  the  two  equations  (45a)  and  (46a), 
p.  310,  no  longer  hold  here.  We  must  instead  make  use  of  the 
propositions  which  were  developed  in  §  38,  p.  197,  for  the  action 
of  the  transfer-piston. 

Here  each  of  the  separate  time  intervals  of  Fig.  48  must  be 
specially  investigated. 

In  the  first  interval  OMj  air  is  compressed  at  constant 
temperature  T2  from  V2  to  Vz,  and  the  pressure  grows  from  p2 
to  j>z\  the  quantity  of  heat  which  must,  in  so  doing,  be  here 
withdrawn  from  the  air  in  the  cold  space,  whi.ch  is  designated 
by  Q2'i  is  found  from  equation  (566)  upon  p.  137, 


(22'  =  AB(?T2log,g (64) 

In  the  third  interval  all  the  air  in  the  hot  ^pace  expands 
at  constant  temperature  Ti  from  the  volume  Vi  to  the  volume  ^4, 
and  the  pressure  sinks  from  pi  to  p4;    the  quantity  of  heat  Qi 


THEORY  OF  THE  ENGINE  ARRANGEMENTS  JUST  DISCUSSED.  331 

which  must  hereby  be  supplied  to  ihe  hot  space,  according  to  the 
just  cited  formula,  is 

Qi'-4B(?r,log,— (65) 

We  must  now  specially  investigate  the  occurrences  in  the 

second  interval  MN  in  which  all  the  air  is  pushed  out  of  the 

cold  Bpace  into  the  hot  space;  at  the  beginning  the  volume  is  V3 

aod  the  pressure  p^;  at  the  instant  of  time  R  (Fig.  48&)  the  volume 

Fio.  48a.  Fio.  47. 


is  V  and  the  pressure  p,  and,  in  accordance  with  the  hypothesis, 
the  relation 

pV»".p3V8" (66) 

must  obtiun,  where  we  will  for  the  present  avoid  making  any 
definite  assumptions  as  to  the  constant  exponent  n.  The  differen- 
tiation of  this  equation  gives 

Vdp+npdV  =  0 (67) 
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Now  we  get  for  the  total  heat  quantity  Q  which  must  be  s  u  p  - 
plied  to  both  spaces,  to  the  hot  as  well  as  the  cold  space^ 
by  integration  of  equation  (46),  p.  200, 

dQ^^iVdp  +  KpdV), 
which,  after  the  utilization  of  the  preceding  equttuuu  vo/;,  oecomes 

dQ'^A'^pdV, 

and,  if  besides  we  determine  p  from  equation  (66),  we  get  the 
value 

Q-AB6T,^Jl;;'l^ll-{^y-'],     .    .    (68) 

or,  if  we  substitute  the  corresponding  pressure  limit,  according 
to  equation  (66) 

and,  finally,  if  we  consider  the  laws  concerning  the  polytropic 
curve  in  §  29,  p.  153,  equation  (5), 

^''^^(Jr)Tn^l)^(^^"^^)'      •    •    •    (686) 

But  this  heat  quantity  Q  is  made  up  of  two  parts,  namely,  the 
one,  Q2',  which  must  be  supplied  to  the  cold  space,  and 
the  one,  Qi^,  which  is  supplied  to  the  hot  space. 

The  first  quantity  of  heat  is  found  by  integration  of  equation 
(75a),  p.  221, 

Q^^^-fAV^p, (69) 

where  7«  is  the  instantaneous  volume  of  the  air  in  the  dis- 
charging space,  here  the  cold  space.  At  the  same  instant 
R  of  time  (F—  V^  is  the  volume  of  the  hot  space,  and  therefore, 
according  to  equation  (42),  p.  199,  we  have  the  relation 

BG    T%    V-V, 
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If  we  determine  Y z  from  this  and  substitute  its  value,  as  well 
as  the  value  of  Y  proceeding  from  equation  (66),  in  equation  (69), 
then,  by  integration  and  some  easily  followed  transformations, 
we  get  for  the  heat  quantity  Q2",  which  must  be  supplied  to  the 
air  when  it  is  forced  out  of  the  cold  space : 

On  the  other  hand  the  quantity  of  heat  Q\"  which  must  be  im- 
parted to  the  hot  space  at  the  same  time  is 

and,  combining  preceding  equation  with  equation  (686), 

Finally,  in  order  to  determine  Q\"  and  Q2" j  which  in  the 
fourth  time  interval  FZ  must  be  imparted  to  the  two  spaces, 
when  the  air  is  pushed  back  from  the  hot  space  to  the  cold  space, 
it  is  only  necessary  in  the  two  preceding  equations  to  interchange 
the  temperature  values  and  to  substitute  the  pressures  p2  and 
P4  for  the  pressures  pi  and  ^3;  we  then  get 

and 

Now  we  finally  get  the  total  heat  quantity  Q\  which  must  be 
imparted  by  the  heating  body  to  the  hot  space  during  one 
engine  period,  from  the  relation 

and  if  we  here  use  the  preceding  formulas  and,  at  the  same  time, 
utilize  the  relations  (Fig.  47) 

£i-.2^    and    ilB-Cp^, (74) 
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also  substitute 


P4      P2      P2\Tif 


P4       P2      P2\7'l/ 

we  get 


Furthermore  the  quantity  of  heat  Q2,  which  during  a  whole  period 
must  be  withdrawn  from  the  cold  space,  is  found  from 

02  =  Q2'-02"-Q2'", 

and  from  this,  with  the  utilization  of  the  preceding  formulas  and 
the  several  relations  last  given, 

Q2  =  G[cp(ri-r2)  +  .4Br2l0geg(^')^^].    .      .      (77) 

The  two  preceding  equations  (76)  and  (77)  now  conclude  the 

theory  of  the  two  engine  arrangements  given  in  §§  56  and  57,  pp.  325 

and  328,  and  are  distinguished  by  their  great  simplicity  in  spite 

of  the  very  complicated  occurrences  involved  in  the  action  of  the 

transfer-piston.    The  difference  Qi  — O2  leads  again,  as  it  ought, 

to  equation  (63),  which  gives  the  work  L  produced  by  this  engine; 

but  it  is  interesting  that  the  two  expressions,,  found  for  Qi  and 

Q2,  for  the  actually  feasible  hot-air  engines,  completely 

agree  in  structure  with  the  formulas  which  were  found  for  the 

purely  theoretical  cycle  in  §  54,  p.  310  (equations  45a  and  46a). 

In  place  of  the  specific  heat 

n—K 


c= 


n-'V^ 


there  corresponding  to  the  polytropic  curve  employed,  we  have 
here  in  the  feasible  engine  simply  the  specific  heat  Cp  of  the  air 
under  constant  pressure;  in  other  respects,  however,  according 
to  the  assumed  value  of  n,  the  foregoing  propositions  hold  for  an 
infinite  number  of  cycles,  and  it  is  only  a  question  as  to  the  kind 
of  motion  of  the  two  pistons  Ki  and  K2  (Fig.  486  and  49)  in  the 
second  and  fourth  time  intervals  {MN  and  PZ),  The  discussed 
feasible  engines  are  single-acting;  if  the  engine  in  question 
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has  u  periods  per  minute,  then  its  work  N  in  horse-powers  (indi- 
cated) according  to  equation  (63)  is 


N 


[- 


BGu 
60X75 


60X550 


(78) 


As  the  expression  under  the  logarithmic  sign  must  be  positive 
in  the  preceding  equations,  the  condition 

must  be  satisfied  (see  p.  311). 

§  59.    APPLICATIONS  AND  NUMERICAL  EXAMPLES. 

If  we  assume  that  the  cycle  at  the  base  of  the  preceding  engine 
arrangements  consists  of  two  isothermals  and  two  horizontal 
straight  lines,  as  indicated  in  Fig.  50, 
then  we  must  substitute  n=0  in  the 
given  equations  (this  cycle  may  be  called 
the  Ericsson  cycle,  although  no 
Ericsson  engine  ever  really  described 
thb  cycle  exactly) ;  let  the  ratio  of  the 
two  limiting  temperatures  Ti :  7*2  be  des- 
gnated  by  X,  then  equation  (78)  gives 

N     BGT2 
u 


El 

P2 


gOX75(^-l)l«g-f: (78a) 


Lu 


BGTj 
60X550 


(^-Diog.^:} 


On  the  other  hand  equations  (76)  and  (77)  give  the  quantities 
of  heat  which  must  be  respectively  supplied  and  withdrawn  during 
every  en^e  period: 

Q^^ABGT,[^^+Xlog,f^,      .    .    . 
Q^-ABGT,[^^+\og.f^ (77a) 


(76a) 
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If  we  consider  the    L  e  h  m  a  n  n   engine  arrangement  ^ven 

in  Fig.  49,  p.  328,  and  assume  that  the  corresponding  piston  motion 

in  the  second  and  fourth  time  intervals  is  arranged  in  accordance 

with  the  here  basal  indicator  diagram  (Fig.  50),  and  if  F  dedg- 

nates  the  cross-section  of  the  two  pistons,  8\  the  whole  stroke  of 

the  transfer-piston  K\,  and  sj  the  stroke  of  the  power-pston  K^, 

then  (Fig.  49) 

Vt-Fsi 
and 

V*-Vz~Fs2. 

According  to  the  equation  of  condition  of  gases  and  the  assump- 
tions of  Fig.  50  we  have 

F4p2='BG7'i    and    VzV\~BGT2, 
therefore 

FsiT)2''BGTi (79) 

Fs2f2-BG{T^-'^TX (80) 

from  which,  by  division,  follows 

si         p,  Ti ^^^' 

From  this,  according  to  preceding  equations, 

N     Fsipa  X-1         Pi 

u'Q0X75nr^°^r2' ^^^^ 

[5501 

Q,-il7?«,P2[jg^+log,g] (766) 

As  regards  the  value  of  the  ratio  A,  i.e.,  the  ratio  of  the  tem- 
peratures Ti  and  T2f  actual  observation  of  constructed  Leh- 
man n  engines  shows  X  to  lie  between  1.5  to  3;  these  engines, 
to  be  sure,  only  incompletely  describe  the  here  assumed  cycle. 

Example.  In  order  to  elucidate  the  preceding  formulas  by  numer* 
ical  example  let  ^  —2  and  pi  —  2p,,  then  from  equation  (786)  there  follows 

N 
Fsip,- 12980— 
u 


[Fa.p, =95217-]. 
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If  the  engine  makes  li  — 100  revolutions  (per  minute),  and  if  the  lower 
pressure  p,  amounts  to  just  one  atmosphere  (p— 10333  kg.  [2116.3  lb.]),  we 
get  for  i^^  —  2  horse  powers  (indicated) 

F«i  -0.025 
[Fax  -0.8998  cu.  h\ 

If  we  make  the  stroke  of  the  transfer*-piston  Sx  —0.250  m.  [0.821  ft.l 
the  necessary  piston  cross-section  becomes 

F-O.lOO  qm 
[F- 1.097  sq.ft.! 

and  accordingly  the  diameter  is 

d- 0.357  m. 
[d- 1.1819  ft.]. 

On  the  other  hand  the  stroke  of  the  power-piston,  according  to  equation 
(81),  can  be  taken  «, -0.187  m.  [0.614  ft.]. 

Under  the  assumptions  made,  equation  (766)  gives  the  heat  quantity 
that  must  here  be  supplied  per  minute  to  the  hot  space: 

Q,  - 147.72  caL 
[Qi  -594.35  B.t.u.], 

and  the  heat  quantity  which  must  be  withdrawn  from  the  cold 
space  in  the  meantime  is 

0,-126.50  cal. 
[Q, -508.97  B.t.u.]. 

If  the  cooling  is  effected  by  cold  water  which,  in  flowing  through  the 
cylinder  jacket  D  (Fig.  49,  p.  328),  is  heated,  say,  through  lO""  C.  [18""  ¥.\ 
then  the  quantity  of  cooling  water  necessary  per  minute  is  12.65  kg. 
(28.28  lb.].* 

The  computed  heat  quantity  Qi  would  give,  if  the  cycle  were  conducted 
in  a  perfect  engine  describing  the  C  a rn  o  t  cycle,  an  amount  which  ex- 
pressed in  horse  powers  is 

"*    60X75A7'/  *    ^'^    60X75A      ^    ' 
[60X550A7'i]  [60X550ill 

or,  after  substituting  the  corresponding  values, 

i^Tm— 6.959  horse  powers, 
[Nm'^  6.86  horse  powers,] 

^  For  comparison,  with  observations  on  a  really  constructed  L  e  h  m  a  n  n 
engine,  those  experimental  results  will  serve  which  were  published  by  E  c  k  - 
erth  in  the  "Technischen  Biftttern"  (Prague,  1869,  Vol.  I,  p.  104).  The 
general  agreement  of  my  theoretical  results  with  the  dimensions  and  experimen- 
tal results  there  given  seems  to  be  a  very  satisfactory  one. 
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and  accordingly  the  efficiency  of  tins  engine,  in  the  fonnerly  given  sensei  is 

9  -  vr-  -0.287. 

iVii» 

The  two  equations  (76&)  and  (776)  for  this  efficiency  lead  to  a 
formula  from  which  we  see  that  it  approaches  unity  more  nearly, 
the  larger  A  and  the  pressure  ratio  pi  :p2  are  taken.  In  the  pre- 
ceding example  the  efficiency  is  very  small  because  the  pressure 
ratio  is  comparatively  small  and  because  the  difference  of  the 
Umiting  temperatures  is  assumed  small. 

It  is  moreover  worth  noting  that  the  Ericsson  cycle, 
assumed  in  the  preceding,  gives  formulas  for  the  work  and  for  the 
heat  quantities  Qi  and  Q2,  which  are  identical  with  those  which 
result  from  formulas  (47),  (45a),  and  (46a),  p.  310,  under  the  sup- 
position that  c^Cp  and  n  =  0  for  the  theoretical  cycle  assumed  in 
Fig.  43.  The  identity  of  these  equations  with  the  preceding 
equations  (76),  (77),  and  (78)  disappears  when  the  L  e  h  m  a  n  n 
engine  describes  a  cycle  which  is  different  from  the  Ericsson 
cycle. 

When  we  consider  the  Stirling  cycle,  that  is,  when  we 
consider  the  transfer-piston  Ki  (Fig.  49,  p.  328)  moved  in  such  a 
way  that  the  displacement  of  the  air  takes 
place  at  constant  volume,  and  accordingly  the 
contemplated  cycle  is  represented  by  Fig.  51, 
then  we  must  substitute  n  =  00  in  equations 
(76),  (77),  and  (78).  We  will  here  employ  the 
same  method  of  transformation  previously  used 
with  the  Stirling  cycle,  and  again  repre-  0 
sent  the  stroke  of  the  transfer-piston  by  Si  and 
the  stroke  of  the  power-piston  by  Sg.    Here 


^-5 

FiQ.  51. 


15-^ 


and 


Vi^Vs    and    Fa-74-F«i, 
Fs2- 1^4-^2-^2- Ft 


(see  Fig.  49) ;  we  also  have  the  relations 


V2V2-BGT2    and    ViTpi^BGTi. 
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From  the  combination  of  these  equations  we  get 

si         P1T2 ^    ' 

As  can  easily  be  seen  we  furthermore  get 

N     Fsipa,.     ,.,       P1T2  -„  , 

[60X550] 

<?i-^i^*iPi[^+Alog.g^^],     .    .    .  (76c) 

(?,-AF3xp.[*-^+log,|f^],  ....  (77c) 

where  both  quantities  of  heat  apply  to  one  period. 

Example.  In  order  to  add  here  also  a  numerical  example,  we  will 
assume  a  Lehmann  engine  which  describes  the  assiuned  Stirling 
cycle;  here  again  let  the  temperature  ratio  ^-2;  on  the  other  hand  let 
pi  »4ps,  that  is,  if  the  lower  pressure  p,  is  again  one  atmosphere,  p,^  10333 
kg.  [2116.31  lb.],  a  compression  to  four  atmospheres  will  take  place.  If 
this  engine  also  is  to  have  an  indicated  performance  of  i^— 2  horse  powers 
with  tt— 100  periods  per  minute,  we  calculate,  from  equation  (78c), 

F«i -0.0125  cbm.  [0.4414  cu.  ft.]. 

for  the  space  displaced  by  the  transfer-piston  per  stroke;  according  to 
equation  (82)  for  the  power-piston  the  space  in  question  becomes  ' 

F«,«0.00625  [0.2207  cu.  ft.]. 

The  same  values  as  in  the  preceding  example  are  obtained  for  the  heat 
quantities  Qi  and  Qi  and  for  Nm  and  9  as  well  (in  consequence  of  the  assump- 
tions here  specially  made  for  X,  pi,  and  p»);  this  is  in  accord  with  the  equa- 
tions (76c)  and  (77c). 

If  in  these  two  preceding  examples  we  had  substituted  the 
engine  arrangement  prescribed  by  Fig.  48  instead  of  the  Leh- 
mann arrangement  (Fig.  49),  then  the  volume  swept  through 
per  stroke  by  the  piston  Ki  in  the  hot  space  would  be  V^^FiSi 


340  TECHNICAL  THERMODYNAMICS. 

and  the  corresponding  volume  for  the  piston  in  the  cold  space 
ya=»F2«2*  in  case  the  piston  crossHsections  Fi  and  F2  were  different. 
According  to  the  propositions  concerning  the  polytropic  curve 
(see  Rg.  47,  p.  326), 

.     V2    \Tj      ' 
hence  follows 

F282P2^BGT2 

and 

If  the  engine  has  the  Ericsson  cycle,  then  n—O,  and  there- 
fore the  ratio  of  the  two  cylinder  volumes  is 

FiSiTi 

P2S2        T2 

When  the  Stirling  cycle  is  assumed n—  00,  and  therefore 

F\8\  —  F2S2 

must  be  assumed.  In  the  actually  constructed  Rider  en^es, 
which  to  be  sure  are  provided  with  a  regenerator,  the  cylinders 
are  in  fact  of  nearly  equal  capacity. 

§  60.   CLOSED  HOT-AIR  ENGINE  WITHOUT 

REGENERATOR. 

Third    Arrangement     (Laubereau-Schwartz- 

kopff  System). 

Cylinder  AA  (see  schematic  Fig.  52)  is  closed  at  both  ends  and 
is  divided  into  two  parts  by  the  partition  cd;  the  left  half  is  sur- 
rounded by  a  jacket  C  through  which  the  heating  body  flows,  the 
right  half  is  surrounded  by  the  jacket  D  in  which  the  cooling  body 
(cold  water)  circulates. 

In  the  cylinder  there  is  a  transfer-piston  Ki,  whose 
length  is  half  that  of  the  cylinder;   if  the  piston  is  at  the  right 
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end  of  its  stroke  (as  in  the  figure),  the  v/bole  enclosed  ur  is  to 
the  left  of  the  transfer-piaton  and  then  has  the  highest  tempera- 
ture Ti;  if  the  transfer-piston  Ki  is  pushed  to  the  left  end,  all  the 
air  is  forced  to  the  right  through  the  annular  space  between  the 
transfer-piston  and  the  cylinder  surface,  where  it  is  now  brought 
down  to  the  lower  temperature  hmit  7*3-  By  suitable  heat  supply 
and  heat  withdrawal  on  the  part  of  the  jacket  fluids,  the  enclosed 
air,  to  the  left  of  the  transfer-piaton,  is  kept  at  the  temperature  Ti, 


and  to  the  right  of  it,  at  the  temperature  T2,  wherever  the  transfer- 
piston  may  stand. 

To  the  left  of  cylinder  AA  there  is  a  second  cylinder  B,  the 
power-cylinder,  in  which  moves  the  power-piston  K2',  this  cylinder 
is  open  on  the  left  so  that  the  atmospheric  pressure  rests  on  the 
left  side  of  the  piston  ^^2;  on  the  other  hand,  the  space  to  the 
right  of  piston  K2  is  connected  with  the  cylinder  AA  by  the  pipe 
ab;  the  pipe  opens  into  this  cylinder  at  the  middle  of  its  length. 

The  working  of  this  engine  (the  normal  cycle  of  the 
Laubereau-Schwartzkopff  engine)  takes  place  as 
follows,  provided  we  take  into  conaderation  the  lower  part  of 
Fig.  52,  the  piston  diagram,  and  the  upper  left  part  of  Fig.  52,  the 
corresponding  indicator  diagram;  the  time  of  a  period  is  given  by 
the  vertical  distance  OZ,  and  is  divided  into  four  parts. 
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In  the  begiDQing  both  pistons  stand  at  the  right  end  of  their 
stroke,  as  shown  in  the  figure;  all  the  air  weight  G  enclosed  in  the 
engine  (disregarding  the  clearance  space)  is  here  in  the  hot  space, 
possessing  the  volume  Vy  and  the  highest  pressure  pi. 

In  the  first  time  interval  OM,  the  transfer-piston  Ki  is 
held  fast  and  the  piston  K2  is  pushed  from  right  to  left ;  in  so  doing 
the  air  expands  from  the  volume  Vi  of  the  hot  space  to  the  volume 
Vi  +  V2,  and  indeed  the  expansion  then  takes  place  in  the  hot 
space,  receiving  heat  at  the  constant  temperature  Ti,  but  in  the 
power-cylinder  expansion  takes  place  without  the  absorption  or 
rejection  of  heat.  Here  we  have  before  us  the  special  case  c  of 
problem  2,  treated  in  §  39,  p.  217,  and  accordingly  there  follows 
from  equation  (65),  p.  217,  the  equation  of  the  pressure  curve 
P1PP4  (Fig.  52) : 


(83) 


and  therefore  the  terminal  pressure  p4  of  the  expansion  in  the 
power-cylinder  is 

^Mt^)'-  •  •  •  •  •  <8<' 

The  work  Li  herewith  transmitted  to  the  power-piston  is 

''-/'««'-.4l''.!"[l-(.T^j'"'].  •    •    (85) 

0 

or,  utilizing  equation  (84), 

Li^'^A'cVi(pi-p;)''V2P4] (85a) 

The  final  temperature  2*4  in  the  power-cylinder  is  found  from 
the  relation 

BTy      BTi     BTt' 
Ti    K,(p,-p4) ^^' 
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Finally  the  heat  quantity  Q/,  to  be  supplied  to  the  hot  space 
in  the  first  time  interval,  is  found  from  equation  (64),  p.  217 

Qi'  =  i4yi(pi-p4) (37) 

Occurrences  in  the  sec  on  d  time  interval  MN  (Fig.  52):  The 
power-piston  K2  is  held  fast  at  the  left  end  of  the  stroke,  and  the 
transfer-piston  Ki  b  pushed  from  right  to  left;  the  total  volume 
Vx  +  V2  of  the  enclosed  air  herewith  remains  constant  and  all  the 
air  is  forced  out  of  the  hot  space;  in  so  doing  work  is  neither  pro- 
duced nor  consumed,  but  the  pressure  sinks  from  p4  to  pa  and  the 
temperature  of  the  air  in  the  power-cylinder  from  T4  to  T^ 

With  this 

Ti        T2        Tz' 


from  which  is  found 


8 


V^. 


\P2     Tj 


(88) 


During  this  motion  of  the  transfer-pteton,  the  air  is  distributed 
through  three  spaces;  the  total  volume  Vi  +  72  is  invariable, 
and  consequently  the  heat  quantity  dQ  which,  altogether,  at  the 
instant  of  time  R  (Fig.  52),  is  suppUed  to  the  three  spaces,  is  given 
by  equation  (46),  p.  200: 

or  if  we  integrate,  and  consider  that,  during  the  whole  time  inter- 
val MN,  heat  is  neither  supplied  to,  nor  withdrawn  from,  the 
power-cylinder,  and  also  assume  that  Qi"  and  QJ  are  the  quan- 
tities  of  heat  which  are  respectively  supplied  to  the  hot  and 
the  cold  space,  we  get 


«i"+e3'-^4i^(V,  +  F2)(jt,a-pO. 


(89) 
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Accordingly  this  determines  the  sum  of  the  two  quantities 
of  heat;  but  as  regards  the  determination  of  the  separate 
heat  quantities  d"  and  Q2  we  here  encounter  a  problem  demand- 
ing an  essential  extension  of  the  theory  of  the  action  of  the  transfer- 
piston,  developed  above  in  §  38.  Considering  the  subordinate  im- 
portance of  this  special  problem  we  will  only  make  an  approxi- 
mate determination  of  these  two  heat  quantities,  after  we  have 
presented  the  investigation  of  the  whole  cycle. 

In  the  third  time  interval  NP  (Fig.  62),  the  transfer-piston 
Ki  is  held  fast  at  the  left  end  of  its  stroke,  and  the  power-piston 
K2  is  pushed  from  left  to  right,  and  thus  the  air  contained  in  the 
power-cylinder  B  is  brought  entirely  into  the  cold  space.  In  so 
doing  the  pressure  grows  according  to  the  curve  p^Vzi  <^d  a  certain 
amount  of  compression  work  L2  is  consumed. 

Let  us  designate  the  variable  values  of  pressure  and  tempera- 
ture by  p  and  T  and  consider  that  here  the  cylinder  B  is  the  dis- 
charging space,  and  that  it  receives  no  heat  while  the  air  is  being 
forced  out,  so  that  we  must  substitute  dOa.=0,  and  T  in  place  of 
Tzi  in  equation  (47),  p.  203,  thus  getting  by  integration 

and 

R-(g)  ■'• <-' 

from  which  can  be  determined  how  the  temperature  varies  with 
the  pressure,  and  what  pressure  pa  exists  at  the  end. 

If  V  is  the  volume  of  the  air  in  the  power-cylinder  at  the  instant 
when  the  pressure  p  prevails  there,  we  have  the  relation 

Combination  with  the  preceding  two  equations  then  gives  the 
equation  of  the  compression  curve  P2P3  (Fig.  52) 

''(s)'^'''(^)-''' '^^ 
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and  then  follows,  as  is  easily  seen,  the  compression  work 

Vt 

L2=fpdV 

0 

Now  follows  the  heat  quantity  $2'^,  which  in  this  time  interval 
is  supplied  to  the  cold  space,  because  n  o  heat  is  imparted 
to  the  power-cylinder  during  compression,  namely,  according  to 
equation  (46),  p.  200, 

dO  -  ^j{Fdp+ icpdF) -^d(Fp)  -  ilpdF, 

whose  integration  gives 

Q2''-;^[Fxp8-(yi+72)p2j-AL2 (94) 

Finally  in  the  fourth  time  interval  PZ  (Fig.  52)  the  power- 
piston  K2  is  held  fast,  and  the  transfer-piston  Ki  is  pushed  from 
left  to  right. 

The  pressure  herewith  grows  from  pa  to  pi  and  the  relation 

TT"^  T2  ' 


obtains,  according  to  which 


T2 
Pa^jTPi (95) 


The  total  volume  is  constant,  the  external  work  is  zero,  and 
the  quantity  of  heat  which  is  to  be  supplied  to  both  spaces  follows 
from  equation  (46),  p.  200*. 

ei'"+Q2"'=;fj(p-P3) (96) 
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Here  the  cold  space  is  the  dischar^ng  space  and  therefore, 
from  the  propositions  on  p.  210,  the  heat  which  must  be  im- 
parted to  it  is 

Q3"'-^;(pi-p»)-^Mog.g.     .    .    .    (97) 

if  we  again  designate  the  temperature  ratio  Ti:T2  by  A;  the  heat 
quantity  Qi'",  which  must  herewith  be  supplied  to  the  hot  space, 
can  then  be  found  from  the  combination  of  equations  (96)  and  (97). 

Only  the  question  raised  with  equation  (89),  p.  343,  is  still 
undecided. 

As  the  hot  space  is  the  discharging  space  in  the  second  time 
interval  MN  (Fig.  52),  we  can  express  the  heat  quantity  Qi" 
approximately  by  equation  (52a),  p.  210,  namely, 

where  V  is  the' voltime  of  the  hot  space  at  the  instant;  during  the 
time  interval  MN  the  temperature  in  the  power-cylinder  sinks 
from  Ta  to  Tz;  if  we  assume  for  this  a  certain  constant  mean 
temperature  To  there  will  obtain  for  the  instant  of  time  R 

j,r    y2VVvAVi-V)v    ViVi 
If  we  substitute  in  this  formula 


we  derive 


=ir  =  ^    and    «r  =  ^> 

i  2  -« 0 


(A-l)7  =  AoF2+A7i-^. 


Substitution  in  the  preceding  differential  formula  and  the 
subsequent  integration  then  give  an  approximate  expression  for 


CLOSED  HOT-AIR  ENGINE  WITHOUT  REGENERATOR       347 

the  heat  quantity  Qi^,  which  must  be  supplied  to  the  hot  space 
during  the  second  time  interval : 

Qi JZTi (P4-  P2)  — jzY  ^^fc  ^'  •    •    (98) 

and  thus  there  will  also  be  determined,  according  to  equation  (89), 
the  heat  quantity  Q2  which  must  be  supplied  to  the  cold  space 
in  the  assumed  time  interval. 

All  the  separate  formulas  are  now  to  be  grouped  in  the  follow- 
ing manner.  First  there  results  the  work  L  which  is  produced  by 
this  engine  per  period,  L  =  Li  —  L2,  where  equations  (85a)  and  (93) 
come  into  use;  furthermore,  the  heat  quantity  Qi,  which  is  to  be 
imparted  per  period  to  the  hot  space,  is 

and  the  heat  quantity  to  the  cold  space 

The  latter  value  naturally  turns  out  to  be  negative,  and  by 
change  of  sign  gives  the  quantity  of  heat  which  the  cooling  body 
must  withdraw  from  the  cold  space  per  period. 

The  separate  terms  of  the  right  sides  of  the  equations  involved 
are  given  above  and  substitution  then  gives  the  relation  AL  = 
Q1  —  Q2,  as  it  ought;  but  the  substitution  leads  to  very  compli- 
cated expressions  which  we  will  therefore  avoid  reproducing  here; 
what  has  been  given  enables  one  to  follow  all  the  separate  phases  of 
the  normal  cycle  of  the  Laubereau-Schwartzkopff 
engine. 

For  the  sake  of  completeness  I  wished  to  insert  the  investigation 
of  this  engine,  although  it  shows  an  evident  defect  namely,  that 
the  hot  air  during  its  expansion  in  the  power-cylinder  acts  on 
the  power-piston,  while  usually  it  is  a  rule  (followed  also  in  the 
Rider  and  L  e  h  m  a  n  n  systems)  that  the  power-piston  is 
exposed  to  the  pressure  of  the  cold  air. 
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The  engine,  in  the  form  applied  by  Schwartzkopff, 
has  been  beautifully  thought  out  and  was  subjected  by  Tresca^ 
to  thorough  tests;  moreover  there  have  subsequently  arisen 
propositions  concerning  the  construction  of  hot-air  engines  which 
in  principle  return  to  the  arrangement  of  Laubereau- 
Schwartzkopff  ;  this  also  may  justify  us  in  here  investigat- 
ing this  arrangement  more  fully.- 

Numerical  Example.  For  an  engine  of  the  character  under 
consideration  the  following  ratios  are  given: 

r— "A— 2;    ""■■4;    ——1.25. 
t  Pi  Vt 

Then  by  Ilg.  (52)  are  found  from  equations  (84)  and  (95): 

^-2.1224    and    ^-2. 
pi  p. 

Furthermore,  according  to  equations  (86)  and  (88): 

^-0.9044,     ^-0.4000. 

The  expanmon-  and  compression-work,  according  to  equation  (85a)  and  (93): 

Li -2.8946  y,p,;    L, - 1.4457  F||)„ 

and  therefore  the  engine  work  per  period  is 

L -Li -L,- 1.4489  7,P,. 

The  separate  heat  quantities  moreover  are: 

Qi'   -2.3470  A  F,p„  equation  (87), 

Q,"  -0.7269  AV^pt,  equation  (98), 

<?/" -7.0631  AV^p^,  equations  (96)  and  (97), 

0/   -  -6.8864  A  F,p„  equations  (89)  and  (98), 

Q,"  -  -0.8360  AV^Pt,  equation  (94), 

g/"-  -0.9657  47,p„  equation  (97). 


'Tresca.   "Annates  du  Conservatoire  des  arts  et  metiers/'  IV,  p.  113; 
D  e  1  a  b  a  r,  Dingier's  Polytechn.  Journal.  1864,  Vol.  172,  p.  81. 
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Accordingly  the  first  three  values  give  for  the  total  heat  Qi,  which  must 
be  supplied  per  period  to  the  hot  space, 

Qi -10.1370  A  F,p,. 

The  last  three  values  give  the  heat  quantity  Qt  which  must  be  withdrawn 
from  the  cold  space  per  period: 

0,-8.6881  A7^,. 

At  the  end  of  the  expansion  in  the  power-cylinder  there  prevails  there 
a  temperature  Tg  which  lies  even  below  the  temperature  7,  in  the  cold 
space,  and  indeed  here  Ti— 0.8  7,;  in  this  cylinder  therefore  a  very  con- 
siderable lowering  of  temperature  occurs  during  expansion. 

Let  us  further  assume  that  the  engine  works  between  the  pressures  of 
2  and  0.5  atmospheres,  consequently  p -0.5x10333  kg.  [1008.16  lb.],  and 
the  diameter  of  the  power-cylinder  d-0.5  m.  [1.64  ft.],  and  the  stroke 
«— 0.40  m.  [1.312  ft.],  then  calculation  gives 

Ar,p, -0.9570. 

From  this  follows  the  indicated  work  per  period  of  the  engine 

L-588mkg. 
[L-4253ft-lb.l 

and  the  corresponding  heat  quantities 

Qi  -  9.701    and    Q,  -  8.314  Cal. 
[Qi  -38.497    and    Q,  -32.993  B.t.u. 

If  the  engine  makes  i^-36  revolutions  (periods)  per  minute,  then  the 
(indicated)  work  in  horse-powers  is 

Lu 
i\r-^^y^-4.70  horse  power 

Lu 


[^"6o3^"'^-^*'^''^P^''"0- 

If  the  cooling  water  is  heated  through  15^  C.  [27^  F.X  then  the  water 
per  minute  necessary  is  20  kg.  [44  lb.]  or  per  hour  1200 1.  [about  3(X)  gallons]. 

Now,  to  be  sure,  the  above-mentioned  experiments  by  T  r  e  s  c  a 
on  an  engine  of  the  dimensions  here  assumed  gave  results  which 
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differed  considerably  from  the  preceding,  computed,  ones;  the 
indicated  work  was  only  0.4  of  that  here  calculated,  and  the  effec- 
tive  performance  measured  at  the  brake  amounted  to  only  about 
0.8  horse-power;  the  indicator  diagrams  also  have  a  very  different 
form  from  that  indicated  in  Fig.  52.  To  be  sure  the  greatest 
pressure  was  1 .45  and  the  least  0.85  atmospheres,  instead  of  2  and 
0.5  atmospheres  as  was  here  assumed. 

The  deviation  is  due  to  the  fact  that  the  cycle  of  the  actually 
constructed  engine  is  far  from  approaching  the  normal  cycle.  We 
may  well  say  that,  on  the  whole,  the  separation  of  the  power- 
cylinder  from  the  heating  and  cooling  space  is  not  to  be  recom- 
mended. Accordingly  the  Rider  and  L  e  h  m  a  n  n  arrange- 
ment is  to  be  preferred,  and  for  the  additional  reason  that  here 
the  regenerator  can  be  employed  without  difficulty. 


§  61.  CLOSED   HOT-AIR  ENGINE  WITH  REGENERATOR. 

First  Arrangement   (Rider  System). 

The  schematic  representation  of  the  engine  here  given  in  Fig. 
53a  is  only  distinguished  from  that  in  Fig.  48  by  regenerator  R 
being  inserted  between  the  two  cylinders  A  and  B;  the  interior 
of  the  regenerator  is  in  free  communication  with  these  two  spaces 
A  and  B.  The  piston  diagram.  Fig.  536,  the  piston-force  diagram, 
Fig;  53d,  and  the  indicator  diagram,  Fig.  53c,  do  not  differ  in 
general  character  from  the  assumed  diagrams  in  Fig.  48. 

Let  the  cycle  which  the  engine  before  us  is  to  execute  be  pre- 
scribed by  the  diagram,  Fig.  53e,  and  let  it  again  take  place  between 
the  two  isothermals  T\Ti  and  T2T2  and  the  two  polytropic  curves 
T2T1  and  again  T2T1,  which  obey  the  law 

pV^  =  constant, 

where  V  represents  at  any  instant  the  combined  volumes  of  the 
air  in  the  hot  space  and  the  cold  space  (with  the  exclusion 
of  the  volume  Vo  of  the  air  in  the  regenerator). 
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For  the  four  varieties  of  the  cycle  we  therefore  have  the  tela* 
taons 

PsV^s'-PiV^i"    and    p4V4"  =  p2Va", 

from  which  we  can  also  derive 

/P3\^^^    ^d    (Pi)'^'-^  ...    (99) 


Now,  as  regards  the  course  of  the  two  isothermals,  we  get  for  the 
point  1  of  the  first  isothermal  TjTa  the  equation 

or 

SGra-(i+|!'^)v3P3, 

when  To  represents  the  mean  temperature  in  the  regenerator  (in 
the  sense  indicated  above)  at  this  instant.  For  any 
other  point  of  the  same  isothermal  for  which  F  is  the  instantane- 


or 
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ous  volume,  and  p  the  pressure,  and  for  which  T  is  a  corresponding 
mean  temperature  in  the  regenerator,  we  find 

I  now  set  up  the  hypothesis  that  during  the  isothermal  changes 
the  mean  temperature  in  the  regenerator 
varies  in  such  a  way  that  the  product  TV 
remains  invariable,  so  that  we  can  write 

If,  for  the  sake  of  simplicity,  we  make  in  what  follows 

^«m, (100) 

then  the  last  of  the  preceding  equations  gives 

BGT2  =  (l+m)Vp. 

In  the  same  way,  for  any  point  of  the  second  isothermal 
TiTi  we  get  the  relation 

BGTi^{l  +  hn)Vp 

when  the  ratio  Ti:T2  of  the  limiting  temperatures  is  again  repre- 
sented by  A.  For  the  four  vertices  of  the  cycle  assumed  in  Fig. 
53e  there  follow  the  relations 

B(?r2-(l+m)F2P2=(l+m)F8P8,    } 
ABGr2=(l+Am)7ipi  =  (l+Am)F4P4J*     '    *    ^      ^ 
From  this  results 

V8P8  =  V2P2    and    VaPa^ViPu     .    .    .    (102) 
and  in  combination  with  equation  (99) 

Pi=Pl        and       p  =  Z-*.    ....    (103) 
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If  we  regard  the  limiting  pressures  pi  and  p2  as  given,  likewise 
X  and  the  value  m  according  to  equation  (100),  we  shall  get 

y^Jl±rn)Xp,        

l+mX  Pi 

and  when  the  exponent  n  of  the  polytropic  ciirve  is  given,  we  can 
also  determine,  according  to  equations  (99)  and  (102),  the  values 
Vz  and  ¥4,  ps  and  p4,  as  follows : 

V2    U(l+m)J  p2    L  1+mX  J  ^ 

Here  V^  is  the  volume  of  the  hot  cylinder;  Vz  and  pz  can  be  found 
from  equations  (103). 

The  application  of  the  formulas  developed  and  also  of  the 
following  propositions  of  course  assumes  the  reliability  of  the 
hypothesis  just  set  up,  concerning  the  variability  of  the  tempera- 
ture in  the  regenerator;  but  the  assumption  made  appears  to  me 
thoroughly  reliable;  the  variability  always  falls  on  the  side  ex- 
pected and  is  always  confined  between  comparatively  narrow 
limits,  because  it  always  happens  that  only  a  part  of  the  air 
enclosed  in  the  engine  fills  the  regenerator.  At  any  rate  we  must 
take  refuge  in  an  hypothesis,  for  an  exact  theory  of  the  regenerator, 
closely  fitting  the  facts,  is  hardly  possible.  At  the  first  glance  it 
seems  more  natural  to  regard  the  mean  temperature  in  the  regen- 
erator, during  the  whole  course  of  the  cycle,  as  constant,  and  this 
assumption  has  in  fact  been  made  by  Gustav  Schmidt,^ 
Slaby,^and  Schottler*;  but  if  we  test  this  hypothesis 
by  the  propositions  developed  above  on  pp.  197  to  225,  concerning 
the  action  of  the  transfer-piston,  we  get  the  absurd  result  that  the 
regenerator,  during  a  period  of  the  engine,  delivers  more  heat 
to  the  air  flowing  through  it  than  it  has  absorbed  in  the  same  time 

'Gustav  Schmidt,  "  Theorie  der  geschlossenen  kalorischen  Maschinen," 
Civilingenieur,  Vol.  8,  1862,  p.  285. 

'Slaby,  ''Beitrflge  zur  Theorie  der  geschlossenen  Luftmaschmen,"  Ver- 
handlungen  des  Vereins  zur  BefOrderung  des  Gewerbefleisses,  Berlin,  1878. 

'Schdttler,  '' Uber  die  Heisluftmaschine  von  Ride r,"  Zeitschrift 
des  Vereins  deutscher  Ingenieure,  1881,  Vol.  25,  p.  633. 
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in  the  corresponding  part  of  a  period,  i.e.,  has  stored  up  for  sub- 
sequent utilization.  The  authors  mentioned  could  not  recognize 
the  unreliability  of  their  hypothesis,  for  they  confined  themselves 
to  the  determination  of  the  engine  work  and  to  the  investigation 
of  the  indicator  diagrams;  they  left  out  of  consideration  just  the 
most  important  part  of  the  problem,  namely,  the  determination 
of  the  heat  quantities  which  must  be  supplied  to,  and  withdrawn 
from,  the  engine  per  period;  for  up  to  that  time  the  action  of  the 
transfer-piston  had  not  been  closely  examined. 

With  the  help  of  the  presentations  in  §  38,  p.  197,  we  can 
approach  the  investigation  of  the  cycle  described  by  the  engine 
arrangement  assumed  in  Fig.  53,  p.  351;  in  so  doing,  however, 
it  will  be  assumed  that  the  air  coming  from  the 
regenerator  always  attains  there  that  tem- 
perature which  prevails  in  the  space  into 
which  the  air  enters. 

(a)  Occurrences  in  the  first  time  interoal  (/),  Fig.  53.  The 
piston  Ki  is  held  fast  and  the  piston  K2  is  pushed  from  right  to 
left;  at  the  instant  in  which  the  volume  of  the  cold  space  has 
decreased  from  1^2  to  F  and  for  which  the  pressure  is  p,  there 
exists  the  relation 

BGT2-{l+m)Vp, 

which  was  given  on  p.  352.  The  work  L2'  during  the  whole  time 
interval  I  is  therefore  found  by  integrating  the  equation  dL2'  =  pdV, 
with  the  help  of  the  preceding  formula, 

^«'=-S'^°g-? ^i<^> 

1-f-m         P2 

The  heat  quantity  Q2'  herewith  supplied  to  the  cold 
space  B  can  be  found  by  integrating  the  formula: 

dQ/  =-AVdp=-  Ad{Vp)  +  ApdV, 

because  the  space  B  is  here  the  discharging  space  and  a  part  of 
the  air  is  forced  into  the  regenerator  (see  equation  (47o),  p.  203), 
in  which  also  Tx^  7^2  is  constant;  hence  we  get 

Q2'=AL2'+AV2P2-AV3pz (106) 
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(6)  Occurrences  in  the  second  time  interval  {11).  The  piston  K2 
goes  to  the  very  end  of  the  left  stroke  and  piston  K\  sweeps  through 
the  volume  Vi  in  the  hot  space;  in  so  doing  the  air  is  forced  through 
the  regenerator  from  the  cold  to  the  hot  space. 

At  a  certain  moment  when  the  volume  of  air  in  the  hot  space 
is  Vx,  and  in  the  cold  space  Vy,  and  the  mean  temperature  in  the 
regenerator  is  T  for  the  instant,  the  pressure  p  can  be  found  from 
the  relation 


^-  (?f+ft+r)p- 


If  we  make  Fx+7y  =  7  and  corresponding  to  our  hypothesis 
VT^V2To,  there  will  follow,  with  the  use  of  equation  (100), 

y      X{l+m)^^_       X    BGT2 
and  from  this,  provided  we  differentiate  and  multiply  by  p, 

X— 1  p  X— 1 

But  in  general  we  have  for  the  polytropic  curve  (p.  152) 

n—  i 
and  because 

pdVy^pdV-pdV:, 
there  follows 

^..-^^Bar^-^^^^^vp)   .  (107.) 

and 

pdy,- +^^567,1+ ^-jJ^d(Fp).    .    (108«) 

Integration  of  the  first  equation  gives  the  work  Li,  and  in- 
tegration of  the  other  equation  the  work  L2",  which  is  respect- 
ively produced  in  the  hot  space  and  in  the  cold  space : 
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i..-jAj«7i-,iog.a-^.ji^^(r.p.-v.^),.    (107) 

Here  the  hot  space  is  the  discharging  space,  for  which  equation 
(46a),  p.  202,  will  give  the  heat  &^  to  be  imparted,  and  we  must 
there  substitute  Tg^^^T^^Ti  because  the  air  coming  from  the 
regenerator  already  possesses  the  temperature  Ti ;  therefore 

dC — AVJtp ild(y,p)+Apd7..     .    .    (109a) 

The  heat  quantity  dQ^'  for  the  discharging  space  is,  according  to 
equation  (47a),  p.  203, 

dQ''  =  -AV^p^-Ad{Vyp)  +  ApdVy.    .    .    (110a) 

The  integration  of  the  first  equation  gives  the  quantity  of  heat 
Qi  for  the  hot  space,  and  the  second  equation  the  heat  quantity 
Q2''  which  must  be  supplied  to  the  cold  space: 

Qi'  ^AW^AVipi (109) 

and 

Q2"^AL2''+AVzpz (110) 

(c)  Occurrences  in  the  third  time  interval  (III),  Pig.  63,  p.  351. 
Here  the  piston  K2  stands  at  the  left  end  of  its  stroke,  piston  Ki 
goes  completely  to  the  left  end  of  the  stroke. 

If  p  is  the  pressure  and  V  the  variable  volume  of  the  hot  space, 
then  according  to  p.  343  there  will  obtain  the  relation 

XBGT2--(l  +  Xm)Vp. 

The  produced  work  Li"  is  found  by  integrating  the  equation 
for  pdV,  and  the  h(?.at  quantity  Qi"  by  integrating  the  expression 

-AVdp=-Ad{Vp)  +  ApdV. 
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Utilizing  the  preceding  relation  there  follows 

and 

Qi"-i4Li"+il(7ipi-74P4).     .    .    .    (112) 

(d)  Occurrences  in  the  faiarth  time  irUerval  {IV) ,  Fig.  53.  Both 
pistons  go  back  from  the  left  to  the  right  end  of  the  stroke;  the 
quantities  of  work  can  evidently  be  determined  by  the  integration 
of  the  two  equations  (107a)  and  (108a).  We  get  for  the  work 
Li'"  in  the  hot  space 

Ii"'--^BG2'alog.g-^i^^j(F,p8-F4P4),  (113) 
and  for  the  work  L2'"  in  the  cold  space 

W"  -  +  ]^iBGT2  log,  g+  (;t_\^^i  i)(V2P2-  V^Pi),     (114) 

and  finally  the  heat  quantities  Qi"  and  Q2'"  are  determined  by 
the  integration  of  equations  (109a)  and  (llOa) : 

Qi'''^AW''+AV4P4 (115) 

and 

Q2'"  =  ilL2'"-A72P2 (116) 

With  the  help  of  the  preceding  formulas,  which  embrace  an 
infinite  number  of  special  cases  according  to  the  values  assumed 
for  n,  the  main  questions  can  now  be  answered. 

The  whole  work  Li,  which  can  be  produced  in  the  hot 
cylinder  during  one  period,  is  found  from  the  expression 

Li  =  Li  +  L/' + Li'", 

and  the  work  L2,  which  is  consumed  in  the  cold  cylinder,  is 
given  by 

2/2  —  ^2  +-^2      +■£'2     • 
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If  in  the  last  equation  but  one  we  utilize  equations  (107),  (111), 
and  (113),  and  utilize  in  the  last  equation  formulas  (105),  (108), 
and  (114),  and  consider  besides  the  relation  (101)  to  (104),  pp.  352 
and  353,  we  obtain  the  remarkably  simple  formulas 


and 


Pi 
Li  =  Vipi  log,  — 


P2 


If  in  addition  we  employ  equation  (104)  and  consider  the  relation 
P8P4=PiPa  from  equation  (103),  we  also  have 

^-w^'^'^g- '»') 

L2«F2P2l0&^ (118) 

The  difference  of  the  two  values  gives  the  work  L  of  the  engine 
per  period 

in  which,  with  the  help  of  equation  (104a),  p4  b  determined: 

and  the  auxiliary  quantity  m  is  to  be  chosen  in  accordance  with 
equation  (100). 

Now,  as  regards  the  important  question  of  the  heat  quantities, 
we  can  find  the  quantity  of  heat  Qi  which  istobe  imparted 
to  the  hot  space  per  period  from  the  expression 

Oi=Qi'+Qi"+Oi'", 

and  the  quantity  of  heat  Q2>  which  is  to  be  withdrawn  from 
the  cold  space,  is  given  by 
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if  we  substitute  in  the  first  expression  equations  (109),  (112),  and 
(115),  and  in  the  last  expression  use  equations  (106),  (110),  and 
(116),  we  get  the  surprisingly  sunple  propositions 

Qi=ALi    and    02=i4L2, 

where  Li  and  L2  are  determined  by  equations  (117)  and  (118). 
From  the  foregoing  follow  the  ratios 


Li    A(l+m)      Lx    A(l+m)      L2    1  +  im 


and 


also 


L2 

l+hn'    L       X-1 

Q2     l  +  knt 

m 

AL       X-1 

(123) 


Qi     A(l+m) 


(124) 


If  the  same  heat  quantity  Qi  were  utilized  in  a  theoretically 
perfect  en^e,  the  work  L^  would  have  to  be  estimated  from 
equation 

AL„    Tr-T2    X-1 
Qi  ~     Ti    ~    X   ' 

accordingly,  by  dividing  the  last  two  formulas  there  follows  the 
efficiency  for  the  here  investigated  hot-air  engine, 

'-£=1T^ (125) 

The  quantity  m,  according  to  equation  (100),  is  directly  pro- 
portional to  the  air  capacity  Vq  of  the  regenerator;  therefore  if  the 
metallic  filling,  or  the  wire  mesh,  is  so  dense  in  the  regenerator 
that  its  air  capacity  Vq  can  be  neglected  as  too  small,  then, 
in  all  the  preceding  formulas,  we  must  substitute  m=0;  but 
then  we  get  exactly  the  same  formulas  as  were  found  before 
when  considering  the  purely  theoretical  cycle  on  p.  288;  the  hot- 
air  engine,  with  a  regenerator  of  the  assumed  arrangement,  there- 
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fore  approaches  more  closely  the  perfect  engine  in  its  action,  the 
smaller  the  volume  Vq  of  the  air  confined  in  the  regenerator;  we 
see  from  this  that  this  air  volume,  as  was  to  be  expected,  has 
exactly  the  action  of  a  hurtful  space  (clearance), 
and  that  the  whole  advantage  of  the  regenera- 
tor disappears  for  a  particular  size  of  this 
space. 

Therefore  these  practical  rules  result: 

1.  Hot-air  engines  are  always  to  be  provided  with  a  regen- 

erator ; 

2.  the  free  (air)  space  Vq  of  the  regenerator  is  to  be  kept 

as  small  as  possible,  relatively  to  the  capacity  of  the 
cylinder. 

Since  the  assumed  regenerator  action  demands  a  certain,  and 
not  too  small,  volume  of  metallic  filling,  we  must  be  sure  that  its 
intermediate  spaces  are  kept  as  small  as  possible.  Definite  ex- 
periences on  this  point  are  not  recorded,  for  just  those  systems  of 
hot-air  engines  which  are  in  vogue  possess  no  regenerator,  except 
the  Rider  engine.  I  only  know  of  observations  on  the  regen- 
erator of  hot-air  engines,  from  some  remarks  of  Combes  (Moni- 
teur  industriel,  1853,  No.  1788),  that  experiments  in  Havre  showed 
that  the  resistance  offered  by  the  wire  mesh  in  the  regenerator  to 
the  passage  of  the  air  was  extraordinarily  small,  and  that  the 
action  of  the  regenerator  was  almost  perfect.  The  cold  air  passing 
through  the  regenerator  was  brought  almost  completely  to  the 
upper  temperature,  and  the  air  on  its  return  gave  its  heat  back 
completely  to  the  regenerator,  the  engine  in  so  doing  making  50 
periods  per  minute. 

The  theoretical  investigations  presented  above  speak  for  the 
view  that  success  may  be  expected  in  the  construction  of  hot-air 
engines  with  the  regenerator.  It  will  therefore  be  appropriate  to 
illustrate  more  fully  the  propositions  established  by  numerical 
examples. 


CLOSED  HOT-AIR  ENGINES   WITH  REGENERATOR.         361 


§  62,   CLOSED  HOT-AIR  ENGINES  WITH  REGENERATOR. 

Second  Arrangement. 

Before  we  enter  into  the  special  investigation  just  mentioned, 
let  us  discuss  an  engine  arrangement  describing  exactly  the  same 
cycle  as  the  one  before  subjected  to  discussion  in  Fig.  53,  p.  351. 

Fig.  54  is  a  schematic  representation  of  the  engine  in  question 
which  we  recognize  as  identical  with  the  L  e  h  m  a  n  n  engine, 
Fig.  49,  p.  328,  only  it  has  this  modification  that  the  transfer- 
piston  Ki  is  hollow,  and  its  cavity  is  filled  with  wire  mesh,  thus 
constituting  the  regenerator  R,  through  which  the  air  flows  when 
the  transfer-piston  is  shifted,  because  the  interior  of  the  regen- 
erator is  in  free  communication  with  both  ends  of  the  cylinder. 

Concerning  the  working  cycle  of  the  engine  and  the  piston 
motion,  there  holds  here  what  was  already  said  in  §  57  when  con- 
sidering Fig.  49,  p.  328.  The  idea  of  putting  the  regenerator  into 
the  interior  of  the  transfer-piston  is  due  to  Dr.  Robert  Stir- 
ling; but  the  engine  proposed  by  him  (1832)  had  a  special  power- 
cylinder  like  the  Laubereau-Schwartzkopff  (Pig.  52, 
p.  341);  the  latter  is  therefore  identical  in  principle  with  the 
Stirling  engine,  only  with  the  difference  that  the  regenerator 
is  left  o  u  t.^ 

The  engine  sketched  in  Fig.  54  has  not  been  built  so  far  as  I 
know;  if  the  introduction  of  the  regenerator  is  an  improvement 
as  was  proved  above  to  be  really  the  case  to  the  highest  degree, 
then  an  attempt  at  practical  construction  is  to  be  recommended. 

Let  us  now  enter  upon  the  special  investigation  promised ;  the 
results  of  the  calculations  will  simultaneously  hold  for  both  the 
engine  arrangements  Fig.  53  and  Fig.  54. 

Special  case  1.  A  hot-air  engine  with  a  regenerator,  with  the 
arrangement  shown  in  Fig.  53  or  Fig.  54,  is  supposed  to  describe 
the  Ericsson  cycle,  and  therefore  the  cycle  given  in  Fig. 
50,  p.  335,  is  taken  as  a  basis.    Here  the  curve  portions  1-4  and 


» Compare  Civilingenieur,  Vol.  I,  1854,  p.  92,  Table  11,  Fig.  1. 
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2-3  are  horizontal  straight  lines  in  the  indicator  diagrams,  Figs. 
53  and  M;  therefore  we  must  put 

p3  =  pi,    P4  =  P3,    and    n=0. 

Concerning  the  hmiting  values  of  the  temperatures  and  of  the 
pressures,  we  assume  the  following: 

X~^  =  2    and    ^  =  2.5. 


Furthermore  let  the  regenerator  volume  Vo  =  0.7  7i  and  the 
mean  temperature  To  of  the  air  in  the  regenerator  at  the  initial 
position,  i.e.,  when  all  the  air  is  crowded  into  the  cold  space  and 
regenerator,  has  the  value 

7'o  =  "v/r^  =  7'3v'X=1.414rz; 

then,  according  to  equation  (100),  the  auxiliary  quantity  m  becomes 

VoT'i 
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Now  according  to  equation  (119)  we  have  for  the  work  L  of 
the  engine  per  period, 

L= 0.4600  F2P2. 

If  we  assume  the  Rider  arrangement,  Fig.  53,  then,  accord- 
ing to  equations  (122),  the  indicated  work  in  the  hot  and  cold 
cylinders  respectively  will  be 

Li  =  1.3754  F2P2;    L2 - 0.9154  72P2. 

If  we  substitute  the  lower  pressure  j>2  =  10333  kg.  [2116.3  lb.], 
i.e.,  one  atmosphere,  there  follows 

L-4753  V2  [L- 973.5  V^l 

and  the  heat  quantities  per  period : 

Qi= 33.518  72    and    ©2=22.301  Fg 
[01-3.7664  72    and    Q2  =  2.5067  Vg]. 

The  efficiency  of  this  engine,  according  to  equation  (125) ,  is 

1^=0.669. 

Moreover  we  find  from  equations  (104)  and  (102) 

7i=  0.6010  72,     73=0.4000  72,    and    74=1.5025  72. 

If  both  pistons  have  the  same  cross-section  F,  if  si  is  the  stroke 
of  the  piston  in  the  hot  space,  and  52  for  the  Rider  arrange- 
ment. Fig.  53,  the  stroke  of  the  piston  in  the  cold  space,  then 
because  V^^Fsi  and  72=^S2  we  have  from  the  preceding 

52=0.665  si. 

In  the  Lehmann  arrangement  (Fig.  54)  the  volume  de- 
scribed by  the  piston  in  the  cold  space  (power-piston)  is  F52— 
V^-  73  =  1.1025  72,  from  which  we  get 

52  =  0.734  si. 

If  this  engine  had  no  regenerator,  it  would,  according  to  equa- 
tions (65)  and  (76),  pp.  331  and  334,  for  an  equal  value  of  X  and 
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pi  :p2,  only  possess  an  efficiency  17 « 0.347,  so  that  here  the  advan* 
tage  of  the  regenerator  is  measurable  and  stands  forth  distinctly. 

Special  case  2.  A  hot-air  engine  with  a  regenerator  of  the 
arrangement  Figs.  53  and  54,  describes  a  Stirling  cycle  and 
therefore  the  cycle  ^ven  in  Fig.  51,  p.  338,  is  taken  as  a  base; 
here  we  make  Vz^Vi,  Va^V2,  and  n«  00,  and  from  equation 
(102)  we  get  the  intermediate  pressures 

Pa  —  prp2    and    p4 = y-Pi> 

and  V\  again  follows  from  equation  (104). 
If  we  assume,  as  in  the  preceding  case, 

A-=2,    2l«2.5,    and    w-0.495, 

for  the  present  cycle,  we  again  have 

Fi=  0.6010  72, 

and  in  like  manner  the  work  quantities  Li,  L2,  and  L,  the  heat 
quantities  Q\  and  Q2,  as  well  as  the  efficiency,  are  of  the  same 
magnitude.     The  intermediate  pressures  are  foimd  to  be 

Ps  =  1 .664  p2    and    p4  =  1 .502  p2. 

If  we  assume  the  same  cross-section  F  for  both  pistons,  and 
let  5i  be  the  stroke  of  the  piston  in  the  hot  space,  and  ^2  that  of 
the  piston  in  the  cold  space,  then  with  the  Rider  arrangement 
we  have 

«2  =  «1, 

because  V4,  and  V2  are  equal,  and  represent  the  spaces  swept 
through  by  the  pistons  per  period. 

On  the  other  hand,  if  the  L  e  h  m  a  n  n  arrangement  (Fig.  54) 
is  taken  as  a  base,  then  the  space  which  is  swept  through  by  the 
power-piston  per  stroke  is 


CLOSED  HOT-AIR  ENGINES  WITH  REGENERATOR.        366 

from  which  follows 

52  =  0.299  51. 

The  practical  construction  of  the  Rider  engine  in  fact 
shows  1^4= V'2  and  52=5i  approximately;  it  would  also  describe 
the  Stirling  cycle  if  its  piston  motion  were  that  assumed  in 
Fig.  53. 

If  for  such  an  engine  the  diameter  of  each  of  the  two  pistons 
is  cl  =  250  mm.  [10  in.]  and  the  stroke  of  each  of  the  two  pistons 
is  si  =  52  =  300  mm.  [12  in.],  and  if  moreover  the  limiting  pressures 
are  p2  =  10333  kg.  [2116.3  lb.]  and  pi  =  2.5  p2  =  25833"  kg.  [5290 
lb.],  and  if  the  engine  makes  per  minute  i^=140  periods  (revolu- 
tions), then,  if  N  represents  the  indicated  work  in  horse  powers, 
we  get  the  relation 

60X75  N  =  Lu  [60X550  N^Lul 

and  therefore  if  in  the  preceding  example  we  utilize  L=4753  V2 
[L«  973.5  V2]  and  substitute 

72=^52=0.014726  cbm.  [^2= 0.62006  cu.  ft.] 

we  get  for  the  work  of  the  engine  in  horse  powers 

iV= 2.177  [iV  =  2.148]. 

The  heat  quantities  per  period  follow  from  the  calculated  results 
of  the  preceding  example : 

Qi  =0.4936  Cal.       and    02=0.3285  0*1. 
[Qi  =  1.9588  B.t.u.    and    02= 1.3036  B.t.u.]. 

The  quantity  of  heat  which  must  therefore  be  withdrawn  per 
hour  from  the  cold  space  is  given  by  60  Q2U,  and  consequently  the 
quantity  of  cooling  water  needed  hourly,  if  it  is  heated  through 
10^  C.  [18°  F.],  is  given  by 

276  kg.  [608.35  lb.]. 

The  found  values  are  of  course  theoretical  ones^  because  they 
were  found  by  neglecting  the  clearance  spaces  and  all  other  losses 
of  work,  and  by  assuming  complete  action  of  the  regenerator. 
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§  63.  HOT-AIR  ENGINE  WITH  A  REGENERATOR,  AND 
WITH  CONTINUOUS  PISTON  MOTION  GENERATED 
BY  CRANKS. 

The  kind  of  piston-motion  assumed  for  the  investigations  con- 
nected with  Figs.  48  to  54  rendered  possible  very  different 
cycles  for  one  and  the  same  engine  arrangement,  according  to  the 
choice  of  the  poly  tropic  curve  in  question ;  but  the  assimied  piston 
motion  is  not  employed  in  the  actually  constructed  engines; 
instead  of  a  jerky,  discontinuous,  motion  there  are  employed 
motions  which  are  attainable  by  cranks,  occasionally  modified  by 
intermediate  leverage.  We  will  therefore  more  fully  discuss  the 
hot-air  en^es,  and  particularly  the  Rider  and  L  e  h  m  a  n  n 
engines,  under  the  hypothesis  that  they  are  provided  with  the 
regenerator,  and  that  each  of  the  two  pistons  is  moved  by 
a  crank,  but,  for  the  sake  of  simplicity,  it  is  assumed  that  very 
long  connecting-rods  are  used. 

First  the  Rider  engine. 

Here  the  two  lines  which  prescribe  the  law  of  piston-motion  in 
the  piston  diagram.  Fig.  53,  p.  351,  are  represented  by  sinusoids. 

Let  Vi  be  the  volume  swept  through  by  the  piston  in  the  hot 
space,  V2  that  for  the  piston  in  the  cold  space,  and  Vq  the  air 
volume  in  the  regenerator.  Lay  off  (Fig.  55)  the  values  Fi,  V©, 
and  V2  on  a  straight  line;  bisect  the  distances  Vi  and  V2  at  the 
points  0\  and  O2  respectively;  with  these  points  as  centers  describe 
semicircles  with  the  radii  Oii2i  =  J7i,  and  02/22  =  ^^2,  then 
these  radii  can  be  regarded  as  the  corresponding  crank  radii. 

If  the  piston  in  the  hot  space  stands  at  the  right  end  of  the 
stroke  in  the  beginning,  then  its  crank  OiRi  will  be  at  the  right 
dead-center;  but  at  this  instant  the  crank  O2R2  of  the  piston  in 
the  cold  space  may  already  be  at  a  given  angular  distance  d  (in 
the  .figure  5=90^  is  assumed)  from  its  own  right  dead  point;  in 
short,  let  d  be  the  angle  of  advance  of  the  crank  O2R2  relatively 
to  the  crank  OiiZi,  the  direction  of  motion  of  the  two  cranks  being 
determined  by  the  given  arrows.  In  place  of  the  time  for  a  full 
period,  and  for  a  part  of  it,  we  can  substitute  on  the  vertical 
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OZ  the  angle  of  turning  (crank  angle)  cj,  through  which  both 
cranks  have  moved  from  their  initial  position;  for  a  full  turn  we 
must  substitute  2;r  =  OZ  for  (o. 


&»ii  I  .III 


^"^  ..yyj'^^L^^ 


Yf ^— -t — ->* Yr 


< Ys ► 


Fig.  55. 


There  is  now  no  difficulty  in  determining,  for  a  turning  angle 
it)  of  the  cranks,  the  corresponding  volume  7,  of  the  air  in  the 
hot  space,  and  the  instantaneous  volume  Yy  of  the  air  in  the  cold 
space;  we  get  at  once 

Vx  =  i7i(l-cos6;) (126) 

and 

^v  =  i^2[l  +  cos(w+*)], (127) 

and  accordingly  for  the  crank  angle  o)  we  get  the  corresponding 
total  volume  of  the  air  in  the  engine  and,  designating  it  by  7^, 
writeity.-7o+7,+  yy. 

If  G  is  again  the  weight  of  the  air  enclosed  in  the  engine,  T\ 
the  temperature  in  the  hot  space,  T2  that  in  the  cold  space,  and 
T  the  instantaneous  mean  temperature  in  the  regenerator,  in  the 
sense  given  above,  then  we  have  the  relation 

where  p  is  the  instantaneous  pressure  of  the  air. 
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Again  represent  the  temperature  ratio  7*1:7*3  by  X  and  sub- 
stitute 7-7. +7,,,  then 

BGT2-[^+Vy+^iV,+Vy)jp.     .     .    (128) 

I  now  start  from  the  hypothesis  that  the  mean  temperature 
in  the  regenerator  varies,  according  to  the  law  FT  =»  constant, 
and  therefore  we  may  write 

where  m,  for  the  engine  in  question,  can  be  regarded  as  a  given, 
constant  quantity  which  can  be  determined  with  sufficient  accuracy 
by  assuming  that  the  mean  temperature  is  VT\T2=^T2^i^,  cor- 
responding to  the  mean  value  of  7,;  therefore,  according  to  equa- 
tions (126)  and  (127),  we  assume 

and  thus  determine  m. 

From  equation  (128)  we  get 

^^^^=(l+mA)7,+A(l+m)7^.      .     .    .    (129) 
P 

Differentiating  this  expression  and  then  multiplsdng  it  on  both 
sides  by  p  we  get 

-  AB(?r2^=  (H-;im)pd7x+;i(l+m)pd7y. 

We  integrate  the  expression  for  a  full  turn  and  substitute 

Li  =  jv^Vx    and    L2 = fpdVy, 

where  Li  represents  the  total  work  produced  in  the  hot  cylinder 
and  L2  that  in  the  cold  cylinder,  which  work  moreover  is  given 
by  the  indicator  diagrams  I  and  II,  Fig.  55.  As  the  pressure  has 
one  and  the  same  value  for  the  two  limits  of  integration,  it  follows 
from  the  last  equation  that 

(1 + mX)Li  +  X{1  +  m)L2 = 0. 
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Furthermore  the  whole  work  L,  produced  by  the  engine  per 
revolution,  is 

The  combination  of  the  two  formulas  then  gives  also 

L^^^^±J^L    and    L,^-l+^L.  .    .    .    (130) 

Therefore  if  only  one  of  the  three  quantities  of  work  is  known, 
the  other  two  can  at  once  be  determined. 

In  hot-air  engines  the  work  L  is  positive,  i.e.,  work  is  pro- 
duced ;  consequently  the  work  Li  is  produced  by  the  piston  in 
the  hot  space,  while  the  piston  in  the  cold  space  consumes 
work. 

As  regards  the  heat  quantity  dQ  which,  for  example,  is  to  be 
imparted  to  the  hot  space,  we  can  find  it  from  equation  (47a),  p. 
203,  in  case  this  space  is  the  discharging  space,  otherwise  it  is 
found  from  equation  (48a),  p.  204.  As  we  may  assume  that  the 
air  from  the  regenerator  enters  with  the  temperature  which  exists 
in  the  receiving  space,  i.e.,  may  insert  T^^^Ty  in  the  last  equation, 
then  the  term  Cp{Ty—Tx)dGy  disappears  and  the  two  equations 
(47a)  and  (48a)  become  identical ;  the  difference  between  receiving 
and  discharging  space  disappears  therefore  as  soon  as  the  regen- 
erator is  on  hand. 

The  heat  quantity  Qi  which  is  to  be  supplied  to  the  heating 
space  accordingly  follows  from  the  integration  of  the  equation 

^AV,dp Ad{V:,p)+ApdV., 

and  the  heat  quantity  Q2  for  the  cold  space  by  the  integration  of 

For  a  complete  turn  the  initial  and  final  values  of  the  products 
Vfgp  and  Vyp  are  the  same,  consequently  the  two  heat  quantities 
per  turn  are 

Qi-ALi-^^J^ilL (131) 

and 

e,-AL2--^±^ilL (132) 
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Therefore  both  these  quantities  can  be  directly  determined 
from  the  indicator  diagrams  of  the  two  cylinders,  always  provided 
that  the  regenerator  is  on  hand. 

We  recognize  that  the  preceding  propositions  completely  agree 
with  those  already  found  on  p.  359,  a  very  important  result  which 
will  be  discussed  more  fully  later. 

Only  one  question  is  still  to  be  settled,  namely,  the  determina- 
tion of  at  least  one  of  the  three  quantities  of  work  L,  Li,  or  L2. 

For  this  purpose  we  must  first  determine  the  law  according  to 
which  the  pressure  p  varies  with  the  crank  angle  a;;  if  we  utilize 
equations  (126)  and  (127)  in  equation  (129)  there  will  follow 

^==(l+mA)Fi(l-cos  (o)  +Xa+m)V2  (l  +  cos  (a^+d)). 
V 

Or  if,  for  the  purpose  of  simplification,  we  substitute 

'■'"'P-a (133) 


k{X+m)V2 
we  can  also  write 


2BGT2 


p(l+m)72(l  + 


-     /a— cos  i  ,  sm*  .         \ 

-v-=l-( -t;— cosci;+-— am  «.  ) 

a)  \    a+l  0+1  / 


Furthermore  if  we  introduce  the  abbreviations  c,  r,  and  a, 
according  to  the  following  scheme : 


2BGT2 


(l+m)Fa(l  +  a)    ''' 

a— cos  d 

^— =  r  cosa, 

a+l  ' 

sin  d 

-—  =rsma, 

a+l 


(134) 


we  shall  finally  get 


1— r  cos  {w—ay 


(135) 


as  this  formula  is  the  polar  equation  of  an  ellipse,  referred  to  the 
focus,  the  pressure  p  can  very  readily  be  found  graphically,  for 
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(Merent  crank  angles  oj,  and  when  introduced  into  the  piston-force 
diagram,  Fig.  55,  the  curve  DDD  presents  to  the  eye  its  law  of 
change. 

The  matter  becomes  very  simple  when  there  is  given  the  great- 
est and  least  pressure  in  the  course  of  the  cycle,  namely,  pi  and  p2; 
we  have  the  first  value  from  equation  (135)  for  (o^a  and  the 
other  for  m = 180° + a ;  therefore 

c  J  c 

pi=«^ —    ana    p2= 


1-r  ^^    1+r' 

and  from  the  combination  of  these  equations  follows 

r=PlZP?    and    c=^,  ....    (136) 

PI  +  P2  PI  +  P2 

while  the  combination  of  the  second  and  third  of  equations  (134) 
gives,  for  the  auxiliary  angle  a, 

i.  sin  d  ,^  „«. 

tana  = ; (137) 

a— cos  a 

We  can  now  proceed  to  the  determination  of  one  of  the  three 
work  quantities  Li,  I/2,  or  L\  let  us  determine  the  work  L\  per 
turn  for  the  hot  cylinder  (Fig.  55).  The  pressure  p  varies  with 
the  crank  angle  a;  in  the  first  semicircle,  according  to  equation 
(135) ;  in  the  second  semicircle,  however,  if  we  estimate  (o  anew 
from  the  second  dead-point,  the  pressure  p  is  found  from  the 
formula 

c 

^""1+rcos  (ia—oL)* 

If  we  differentiate  equation  (126)  we  get  for  the  work  V  (work 
of  expansion)  in  the  first  semicircle 


^-'-fU- 


d(cos  (o) 

r  cos  (a;— a)' 
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and  the  work  IJ\  the  work  of  compression,  m  the  second  semi- 
cu^cle 

T//     .  ^\^  r      d(co8  (i)) 


+ 


z  r d 

/l+r 


cos  (a;— a)' 


If  we  perform  the  indicated  integrations,  we  can  find,  after  some 
circumlocution,  the  work  L\  per  revolution  for  the  hot 
space,  because Li  =  L'—I/": 


or,  if  we  utilize  the  relations  (136), 


Vpi— Vp2^ 


Li  =»rv/piP2-7= r=-^^  sin  a. 

If  we  utilize  the  third  of  equations  (134),  also  equation  (133)  and 
the  first  of  equations  (130),  we  get  the  work  L  of  theengine 
per  turn : 

,  (A~l)7iV2P2         ^(^+1).:^.,  n^^ 

^'''(l+mA)7i  +  A(l+m)V2  (^+1)^  ^^'      "    ^^^^ 

where 


\P2 


It  is  worthy  of  note  that  the  calculation  for  the  mean  value  of 
the  ordinate  of  the  curve  DDD  of  the  piston  diagram  in  Fig.  55 
leads  to  the  simple  expression  \/piP2. 

With  the  foregoing  everything  has  been  given  that  is  neces- 
sary for  judging  a  Rider  engine  with  a  regenerator.  For  if 
the  engine  work  L  is  known  from  equation  (138),  we  can  also  deter- 
mine both  the  heat  quantities  Qi  and  Q2  from  equations  (131)  and 
(132). 

Besides  we  see  from  equation  (138)  that,  other  things  being 
equal,  the  work  L  is  greater,  the  greater  we  choose  the  angle  of 
advance  5;  consequently  it  will  be  best  to  place  the  crank  of  the 
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cold  cylinder  i=90°  ahead  of  the  crank  of  the  hot  cylinder.  If 
the  crank  is  made  to  follow,  which  would  be  the  case  for  example 
in  Fig.  55  if  the  engine  ran  in  the  opposite  direction,  the  sin  d 
and  consequently  L  will  become  negative. 

Example.  If  we  substitute  in  the  present  case,  as  in  example  on 
p.  362, 

jl-2,    2l«2.5,    m-0.495;     Fi-F,,    and    J-90^, 
Vt 

there  follows,  according  to  equation  (138), 

L  -0.5239  Fap,, 

or  if  we  assume  the  lower  pressure  pt  equal  one  atmosphere,  p,»  10333  kg. 
[2116.3  Ib.l  we  get 

L-5413  7,[L-1108.7  7J. 

If  we  take  both  pistons  of  the  same  diameter  d— 250  mm.  [10  in.]  and 

of  the  same  stroke  «i<"«s— 300  mm.  [12  in.],  the  volume  of  the  cylinder 

becomes 

y, -0.014726  cbm.  [7,-0.52006  cu.  ftj, 

and  therefore  the  work  per  revolution 

L -79.71  mkg.  [576.55  ft-lb.], 
or  for  u  — 140  revolutions  per  minute 

i^-2.48  horse  power  [2.446]. 

According  to  equations  (131)  and  (132)  the  heat  quantities  per  revolu 
tion  amoimt  to 

Oi  -0.5621  cal.    and    Q,  -  -0.3741  cal. 
[Qi  -2.2306  B.t.u.    and    Q,  -  - 1.4845  B.t.u.]. 

The  quantity  of  heat  which  is  to  be  supplied  hourly  to  the  hot 
cylinder  amounts  to  1904  cal.  [8030  B.t.u.],  and  the  heat  quantity  which 
must  be  withdrawn  from  the  cold  cylinder  in  the  same  time  is  1267  cal. 
[5344  B.t.u.].  If  the  cooling  water  is  heated  through  10**  C.  [18^  F.],  then 
the  cooling  water  per  hour  per  horse  power  is  51.09  kg.  [121.14  lb.].  The 
ratio  L\  to  L,  of  the  work  of  the  two  cylinders  can  be  computed  for  the  present 
example  from  the  equation  (130): 

L,      \+mX  ' 

and  the  heat  quantities  Q\  and  Q,  bear  the  same  ratio  to  each  other. 

Unfortunately  there  are  no  experiments  which  permit  a  comparison 
with  the  results  of  calculation,  at  least  they  give  no  clue  to  the  real  air 
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volume  Vo  of  the  regenerator  and  concerning  the  temperature  ratio  X. 
Some  experiments  by  Schottler*  on  a  Rider  engine  gave  for  the 
ratio  LiiLi  values  lying  between  2.16  and  2.40,  according  to  which  the  value 
of  X  for  this  experimental  engine  must  be  taken  considerably  greater  than  2. 
Schottler's  experiments  show  the  ratio  brake  power  to  indicated 
power  to  be  remarkably  unfavorable ;  the  ratio,  on  the  average,  turns  out  to 
be  0.42  and  therefore  about  one-half  of  what  it  is  in  steam  engines.  It 
will  be  left  for  future  experiments  to  decide  what  corrections  must  be  applied 
to  the  above-developed  formulas,  which  were  derived  without  considering 
the  clearance  space  and  under  the  assumption  of  complete  action  of  the 
regenerator,  in  order  to  bring  about  an  agreement  between  calculated  and 
experimental  results. 

The  way  in  which  the  indicator  diagrams  I  and  II  of  the  hot 
and  cold  cylinders,  respectively,  are  drawn  from  the  pressure 
curve  DD  (the  piston-force  diagram)  in  Fig.  65,  p.  367,  is  directly 
evident  from  the  figure;  but  both  diagrams  may  be  shown  in 
combination  by  a  third  diagram  (III),  which  I  call  the  result- 
ant indicator  diagram  of  the  Rider  engine;  we 
get  it  when  we  lay  ofif  from  a  point  0  (Fig.  55,  III)  the  value 
Vg  =  Vo+Vx+Vya8  abscissa,  and  lay  off  p  as  its  ordinate.  UtiUz- 
ing  equations  (126)  and  (127),  p.  367,  we  get 

V,  =  Vo+  ^^^^^-^[(71-72  cos  d)  cos  (0+V2  sin  d  sin  w],  (140) 

where  7,  is  the  total  volume  of  the  air  in  the  enpne  at  the  instant 
represented  by  the  pressure  p. 
If  we  substitute 


Vi  —  F2  cos  * = F  cos  do, 
V2  sin  J=7  sin  ^o, 


(141) 


where  V  and  ^o  are  two  constant  quantities  whose  meaning  will 
immediately  be  evident,  we  get 


7=Vyi2+F22-27iF2Cos*    •    .    .    .  (142) 

and 

F2sin^  ,,  ^^^ 

^^°° 7.-7.  cosy (1*3) 


*  Compare  refererca  on  p.  345.  * 
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and  consequently  from  equation  (140) 


Fi  +  Fo    1 
y,=  Fo+      2    ""-^Vcosido-oj)  .      .    .(140a) 


The  formula  leads  to  a  minimum  and  a  maximum  for  V, 
when  (o=do  and  oj  =  ^o— ^  respectively;  the  difiference  of  these 
two  eminent  values  is  V;  consequently  this  value,  determined  by 
equation  (42),  represents  the  piston  displacement  when  the  whole 
cycle,  represented  by  diagram  III  (Fig.  55),  takes  place  in  o  n  e 
eylinder. 


Fio.  66. 

This  remark  at  once  suggests  that  exactly  the  same  cycle, 
developed  in  the  preceding  for  the  Rider  engine,  can 
also  be  described  with  the  Lehmann  arrangement,  and 
that  exactly  the  same  formulas  will  hold  as  soon  as  the  Lehmann 
engine  is  provided  with  a  regenerator  and  the  following  notation 
is  used. 

If  we  lay  off  on  the  vertical  through  0  (Fig.  56)  the  crank 
angle  w  as  abscissa  OAf,  and  lay  off  from  Af,  to  the  right,  the 
ordinates  7,,  Vx-\-  Vq  and  Vx+Vo+  7y,  where  7,  and  Vy  are  to  be 
computed  from  equations  (126)  and  (127),  p.  367,  then  we  shall 
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get  three  curves;  the  first  two  curves  I  and  II  give  the  travel  of 
the  transfer-piston  (piston  diagram)  per  revolution,  and  curve  III 
gives  the  travel  diagram  for  the  power-piston  (see  Fig.  54,  p.  362). 
If  the  pressure  curve  DD  is  likewise  drawn  as  a  function  of  a;,  we 
find,  as  is  at  once  evident  from  the  indications  of  Fig.  56,  the 
several  points  of  the  indicator  diagram,  which  is  identical  with 
diagram  III  of  Fig.  55,  and  which  in  the  L  e  h  m  a  n  n  engine  is 
directly  obtained  by  means  of  an.  indicator. 

If  Vi,  V2f  and  d  are  given  for  the  Rider  engine,  then  V 
and  do  are  readily  found  from  equations  (142)  and  (143)  for  the 
L  e  h  m  a  n  n  engine,  which  is  to  describe  the  same  cycle. 

For  example  if  Vi  =  V2  and  *=90°,  then  in  the  Lehmann 
engine  the  piston  displacement  V  of  the  power  engine  must  be 
V  =  7i  V  2  and  the  crank  of  this  piston  must  follow  the  crank 
of  the  transfer-piston  at  the  angle  *o = 45°. 

On  the  other  hand  if,  in  the  Lehmann  engine  (with  a 
regenerator),  Fi,  V,  and  do  are  given,  then  V2  and  d  are  calculated 
by  equations  (141);  we  find 

V2  -  Wi'+V^-VVicmdo, 

.         F  sin  *o 

tan  a==^p7 — ^ r-, 

K 1  —  K  cos  *o 

and  thus,  to  a  certain  extent,  we  have  reduced  the  Lehmann 
engine  to  the  Rider;  its  work  can  now  be  determined  by  equa- 
tion (138)  and  the  remaining  quantities  can  be  found  from  the 
formulas  there  developed. 

§  64.    ERICSSON'S  CLOSED  HOT-AIR  ENGINE. 

As  a  winding  up  of  the  preceding  investigations  we  will  devote 
a  short  consideration  to  one  more  engine,  which  Ericsson 
proposed  as  early  as  1833,  but  which  is  little  known;  much  later, 
about  1850,  the  name  of  this  clever  man  became  generally  known 
among  engineers,  by  his  inventing  two  other  hot-air  engines  which, 
however,  are  open  air  engines.  If  we  here  return  to  this  older  idea 
of  Ericsson's  it  is  because  the  engine  in  question  can  be 
regarded,  from  the    theoretical    point  of  view,  as    the 
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fundamental  form  of  all  caloric  (heat)  engines, 
taking  this  designation  in  its  broadest  sense.^ 

In  a  tubular  boiler  A  A  (Fig.  57)  there  is  air  of  the  pressure  pi; 
the  boiler  is  surrounded  by  a  vessel  B  in  which  there  is  a  fluid  of 
high  temperature,  continuously  delivering  heat  to  the  air  in  the 
boiler;  the  liquid  may  be  called  the  heating  fluid,  and 
may  under  certain  circumstances  consist  of  fire  gases,  i.e.,  may 
consist  of  the  products  of  combustion  of  high  temperature  which 
come  from  a  furnace.  While  the  boiler  AA  represents  the  heating 
apparatus,  a  second  tubular  boiler  EE  constitutes  a  cooling 
apparatus  ;  the  air  flowing  through  the  latter  is  cooled  by  a 
cooling  body  (water),  which  plays  around  the  tubes  (flowing  in  at 
m  and  flowing  out  at  n). 

^  *iw^ 

4 


Fig.  57.    ' 

The  two  cylinders  C  and  D,  in  which  the  pistons  K\  and  K^ 
move,  are  connected  with  apparatus  A  and  ^  in  a  way  evident 
from  Fig.  57;  the  connections  are  air  channels,  which  are  provided 
with  valve  gear  (cocks,  valves,  or  slides).  In  the  heating  appara- 
tus the  pressure  is  pi,  the  pressure  prevailing  in  the  cooling  appara- 
tus is  P2;  the  capacity  of  the  two  spac6s,  relatively  to  the  cylinder 
contents,  is,  however,  to  be  so  great  that  the  pressure  in  the  appara- 
tus, during  an  engine  period,  can  be  regarded  as  nearly  invariable. 

The  piston  K\^  in  the  cylinder  C,  stands  at  the  left  end,  and 
now,  while  the  piston  sweeps  through  the  space  ai6i  =  F,  the 


*  ''Zur  Theorie  der  Kaltdampfmaschinen/'   Civilingenieur,  Vol.  27,  1381, 
p.  449. 
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G  kg.  pb.]  weight  of  air  leaves  the  boiler  A  and  enters  the  cylinder 
with  the  pressure  pi  and  the  temperature  Ti.  At  the  end  of  the 
piston  travel  V  let  the  connection  with  the  boiler  cease,  and  let 
the  air  now  expand,  according  to  the  pressure  curve  6iCi,  from 
the  volume  V  to  the  volume  V  i ;  the  pressure  sinks  from  pi  to  p2, 
and  the  temperature  Ti  to  Ts.  Now  connect  the  space  to  the  left 
of  the  piston  Ki  with  the  interior  of  the  cooling  apparatus  EE^ 
and  push  the  air  out  of  the  space  Fi,  along  the  path  cidi,  under 
constant  pressure  p2,  through  the  cooling  apparatus  to  the  second 
cylinder  D,  where  the  air  moves  the  piston  K2  along  the  path 
d^2,  through  the  space  1^2,  under  constant  pressure  P2;  during  the 
passage  through  the  cooling  apparatus,  the  temperature  of  the 
air  is  brought  down  from  T^  to  T2]  now,  shutting  off  the  air  cylin- 
der D  from  the  cooling  apparatus  E,  the  air  is  compressed  along 
the  path  cjb2  till  the  pressure  has  risen  from  p2  to  pi,  and  then 
the  air  is  pushed  back,  under  constant  pressure,  into  the  heating 
apparatus  AA\  during  compression  the  volume  diminishes  from 
V2  to  Vq  and  the  temperature  increases  from  T2  to  T. 

The  hatched  areas  of  the  two  indicator  diagrams  are  herewith 
traversed  in  the  direction  of  the  given  arrows.  The  diagram  to 
the  right  gives  the  work  Li  which  is  performed  per  stroke 
in  the  cylinder  C,  the  power  or  expansion  cylinder, 
and  the  area  of  the  diagram  to  the  left  gives  the  work  L2  con- 
sumed in  the  cylinder  D,  the  feed  or  compression 
cylinder. 

The  work  (indicated)  L  of  the  engine,  per  stroke,  then  follows 
from  the  difference  L1—L2. 

As  the  air  weight  G,  per  stroke,  leaves  the  compression  cylinder 
D  and  enters  the  heating  apparatus  with  the  temperature  T, 
leaving  the  latter  with  a  temperature  Ti  when  it  passes  over  to 
the  expansion  cylinder  C,  the  quantity  of  heat  Qi  entering  the 
heating  apparatus  is 

Qi-=c,G{T,-T) (144) 

During  the  return  of  the  piston,  the  same  quantity  of  air  is  pushed 
into  the  cooling  apparatus  at  temperature  7*3  and  leaves  this  com- 
partment at  a  temperature  T2]    consequently  the  heat  quantity 
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Q2  which  is  withdrawn  per  stroke  from  the  air  by  the  cooling  body 
is 

Q2-Cj/J(Tz-T2) (145) 

Theoretically  considered,  expansion  according  to  the  curve  biCi 
and  compression  C262  take  place  adiabatically;  if  we  substitute  n 
for  K,  n<K,  thus  assuming  a  polytropic  change  of  state  so  as  to 
partly  take  account  of  the  influence  of  the  cylinder  walls,  and 
assume  this  value  of  n  to  be  known,  we  have  the  relation 

rrrrW  '■• <'^' 

furthermore,  if  we  use  the  data  of  Fig.  57  for  the  volume  succes- 
sively occupied  by  the  air  weight  G  at  these  principal  points  of 
the  cycle,  we  get 

-OlJ         rp  rp  rp  m     •  •      •       •       •       \^^' ) 

The  work  Li  produced  in  the  expansion  cylinder  C  is  com- 
posed of  the  work  Vpi  at  the  entrance,  the  work  V1P2  at  the  exit 
and  the  work  of  expansion  measured  according  to  equation  (76), 

p.  154,  is 

1 
^^(Fpi-Fip2), 

from  which  follows 

or,  with  the  utilization  of  the  relations  (147), 

L^^:^BG{Tl-T^) (148) 

In  like  manner  is  found  the  work  L2  which  is  expended  in  the 
compression  cylinder  D : 

L2=-:^^BG{T--T2), (149) 
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and;  accordingly,  the  work  L  of  the  en^ne  per  double  stroke  is 

i-Cp^^Elj^C^i-rX^-r^)     •    •    •    (150) 

when  we  elimmate  T^  by  equation  (146)  and  replace  the  constant 
B  according  to  equation  (54),  p.  134. 

If  the  engine  is  double-acting  and  makes  u  revolutions  per 
minute,  then  the  indicated  work  N  in  horse  powers  is  given  by 

Lu     r  .        Lu     "I 
^"  30X751^ '30X550  J ^^^^^ 

and  therewith  the  theory  of  the  engine  is  finished. 

For  an  engine  which  is  to  be  designed  there  can  be  regarded  as 
given,  the  work  N  and  the  number  of  revolutions  w,  the  upper 
and  lower  temperature  limits,  namely,  the  temperature  Ti  at  which 
the  air  leaves  the  heating  apparatus,  and  the  temperature  T2  at 
which  the  air  leaves  the  cooUng  apparatus;  besides  this  there  are 
known  the  limiting  pressures  pi  and  p2  &nd  the  exponent  n. 

Then  the  intermediate  temperatures  T  and  T^  can  be  deter- 
mined from  equations  (146),  and  the  air  weight  G  per  stroke,  which 
flows  through  the  engine,  is  found  from  a  combination  of  equa- 
tions (150)  and  (151);  with  this  the  basis  is  won  for  finding  the 
heat  quantities  Qi  and  Q2  according  to  equations  (144)  and  (145), 
and  for  finding  from  equation  (147)  the  volumes  Fi,  ^2,  V,  and 
Fo;  the  dimensions  of  the  cylinder  can  be  derived  from  the  last 
magnitudes. 

The  engine  describes  exactly  the  cycle  which  has  already  been 
described  in  §  51,  p.  292,  and  was  especially  discussed  there  with 
reference  to  Fig.  41.  The  engine  does  not- possess  a  regenerator 
and  therefore  describes  an  imperfect  cycle;  but  it  would  be  easy, 
as  was  at  one  time  suggested  by  Ericsson,  to  improve  the 
cycle  by  the  insertion  of  a  regenerator.  The  regenerator  ought  to 
be  arranged  so  that  the  air  will  flow  through  it  during  the  passage 
from  the  expansion  cylinder  C  to  the  cooling  apparatus  E,,  and 
so  that  the  air  will  traverse  it  in  the  opposite  direction  when  pass- 
ing from  the  cooling  cylinder  D  to  the  heating  apparatus  A. 
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If  we  follow  the  earlier  presentation,  it  would  not  be  difficult 
to  examine  the  action  of  the  regenerator  under  the  assumptions 
made;  nor  would  it  be  difficult  to  extend  the  theory  of  the  engine 
before  us  by  considering  the  clearance  spaces  and  by  assuming 
incomplete  expansion;  we  will  omit  doing  this  because  the  engine 
proposed  by  Ericsson  fifty  years  ago  has  not  come  into  use. 

One  advantage  this  engine  possesses  over  those  fully  dis- 
cussed above :  it  renders  possible  the  use  of  greater  heating 
surfaces;  it  is  probably  owing  to  the  want  of  these  that  the 
Lehman  n,  Rider,  and  Lauberau-Schwartz- 
k  o  p  f  f  engines,  with  and  without  regenerator,  have  not  been 
generally  introduced.^ 

A  common  objection  to  all  hot-air  engines  is  that  their  dimen- 
sions are  much  too  large  in  comparison  with  their  performance, 
and  in  this  respect  the  steam  engines  are  far  preferable.  But 
this  comparison  is  not  a  perfectly  just  one  because,  in  making  it, 
the  space  occupied  by  the  heating  and  boiler  plant  of  the  steam 
engine  is  left  out  of  account. 

An  attentive  examination  of  the  proposition  developed  in  the 
whole  preceding  section  may  perhaps  strengthen  the  view  that 
possibly  the  hot-air  engines  might  replace  the  steam  engines  for 
small  powers,  because,  when  provided  with  the  regenerator,  their 
cycle  is  not  at  all  behind  that  of  the  steam  engine  in  efficiency; 
in  fact  it  excels  because  it  can  be  worked  between  wider  tem- 
perature limits.    The  greater  cylinder  dimensions  can  be  endured 

^Napier  and  R  a  n  k  i  n  e  were  the  first  to  clearly  recognize  the  great 
importance  of  increasing  the  heating  and  cooling  surfaces  as  much  as  possible; 
their  patented  hot-air  engine  (Mechanic's  Magazine,  1854,  No.  1628; 
Dingler's  Polytechnisches  Journal,  Vol.  135, 1855,  p.  241)  must  be  regarded 
as  essentially  an  improved  Stirling  engine;  like  the  latter  it  is  double- 
acting  and  provided  with  a  regenerator;  the  power  cylinder  is  separated  from 
the  transfer-piston  cylinder  as  in  the  Lauberau-Schwartzkopff 
engine,  only  in  the  latter  the  regenerator  is  left  out  and  the  engine  is  made 
single-acting,  changes  which  may  be  characterized  as  backward  steps.  The 
Napier  and  R  a  n  k  i  n  e  engine  did  not  come  into  use;  but  perhaps, 
by  reversing  it  and  transforming  it  into  a  closed  cold-air  engine,  its  principal 
part  may  be  utilized,  namely,  its  transfer-piston,  which  is  provided  with  a 
regenerator  that  possesses  at  each  end  a  series  of  cylindrical  metallic  rods  which 
crowd  out  the  air  by  entering  piston  fashion  into  pipes  closed  at  the  outer  end. 
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and  may  be  reduced  by  designing  high-speed  en^es  and,  when 
possible,  by  choosing  the  lower  limit  of  pressure  pu  considerably 
greater  than  the  atmospheric  pressure,  that  is,  by  employing  high 
pressure;  all  the  formulas  developed  for  the  performance,  which 
were  found  for  the  engines  treated  in  the  foregoing  articles,  show 
that  the  indicated  work  is  directly  proportional  to  the  pressure 
P2,  other  things  being  equal. 

Of  course  here  the  circumstance  that  the  air  losses  increase 
as  the  pressure  rises  acts  as  a  handicap. 

The  remarkably  few  brake  and  indicator  experiments  *  do  not 
yet  suffice  for  the  formation  of  a  final  judgment;  to  be  sure  the 
results  of  these  experiments  offer  little  encouragement  for  the 
introduction  and  further  consideration  of  hot-air  engines. 


(6)    Open  Hot-air  Engines. 

§65.  ENGINES  WITH   AND  WITHOUT  REGENERATOR. 

During  each  period  the  open  engine  draws  in  a  new  cylinder 
volume  of  external  atmospheric  air  and  pushes  it  out  again  at  the 
end  of  the  cycle. 

Fig.  58  gives  the  schematic  representation  of  .such  an  engine 
without  regenerator  and  appears  to  have  come  directly  from 
Fig.  57,  p.  377,  by  leaving  out  the  cooling  apparatus  EE 
there  drawn.  The  admission  pipes  mi  and  m2  of  the  compression 
cylinder  D,  and  the  exhaust  pipes  rii  and  712  (Fig.  58)  of  the  expan- 
sion cylinder  C,  open  directly  into  the  free  atmosphere. 

When  the  piston  moves  from  right  to  left  it  sucks  in,  through 
the  pipe  m2,  the  external  atmospheric  air  of  the  pressure  p2  a^d 
of  the  temperature  T2;  during  the  return  stroke  of  the  piston  the 
air  is  compressed,  according  to  the  pressure  curve  cj>2  of  the 
indicator  diagram  II,  from  the  voiume  V2  to  the  volume  Vq  and 
its  pressure  is  raised  from  p2  to  pi,  and,  wich  the  temperature  T 
thus  acquired,  is  then  forced  under  constant  pressure  pi  itito  the 
heating  apparatus.    Here  it  is  heated  from  T  to  Ti  and  it  then 

^  Experiments  of  Slaby,   Sch5ttler   (compare  references  on  p.  353). 
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enters  with  the  pressure  pi  the  expansion  cylinder  C,  where  its 
volume  increases  from  Vo=a^2  to  V^aibi,  In  the  cylinder  C  it 
now  expands,  according  to  the  curve  biCi  of  indicator  diagram  I, 
to  the  atmospheric  pressure  p2  and  is  now  pushed  along  the  path 
Cidi,  through  the  exhaust-pipe  ni,  into  the  open  air  under  the  con- 
stant pressure  p2,  and  the  temperature  Tz,  which  it  reaches  by 
expanding  to  the  point  ci.  The  engine  is  assumed  to  be  double- 
acting;  during  the  return  of  the  piston  the  air  enters  through  the 
pipe  mi  and  leaves  by  the  pipe  n2. 


Fig.  58. 

The  theory  is  again  completely  given  by  formulas  (144)  to 
(151),  p.  378,  with,  of  course,  the  same  Umitations  there  imposed; 
the  whole  difference  consists  in  this,  that  in  the  open  engine  the 
lower  pressure  p2  is  the  atmospheric  pressure,  while  in  the  closed 
engine  it  may  be  larger  or  smaller  than  this.  The  temperature 
limits  Ti  and  T2  are  chosen  in  the  open  engine  as  in  the  closed 
one.  The  engine  may  be  provided  with  a  regenerator,  as  was 
suggested  by  Ericsson;  the  air  coming  from  the  expansion 
cylinder  C  must  then  be  led  through  the  regenerator  into  the 
open  air,  and  during  the  reverse  motion  the  compression  cylinder 
D  must  suck  in  fresh  atmospheric  air  through  the  regenerator. 

The  more  generally  known  Ericsson  engine,  as  well  as 
the  engine  arrangements  of  Johnson^  and  W  i  1  c  o  x,^  are 
to  be  classed  with  the  here  discussed  system  of  open  engines. 


*  Dingler's  Polytechnisches  Journal,  1869,  Vol.  178,  p.  417. 
'Ibid.,  1863,  Vol.  170,  p.  312. 
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B.  COLD-AIR  ENGINES. 

(a)  Closed  Cold-airEngines. 

§  66.  REVERSAL  OF  THE    ERICSSON    CLOSED 

HOT-AIR  ENGINE. 

Every  hot-air  engine,  whatever  its  arrangement  may  be,  can 
be  transformed,  by  reversing  the  cycle,  into  a  cold-air  engine, 
a  cold-producing  (refrigerating)  machine. 
Here  also  we  can  distinguish  between  closed  and  open  engines; 
at  the  present  time  it  is  the  latter  kind  which  are  more  widely 
used. 

Machines  for  producing  cold  and  manufacturing  ice  undoubt- 
edly have  a  great  future ;  although  it  is  to  be  expected  that  here^ 
after  there  will  be  generally  used  machines  which  employ  vapors 
(of  ammonia,  carbonic  acid,  etc.)  in  place  of  atmospheric  air; 
these  machines  I  have  called  cold-vapor  engines,  and  I  will  return 
to  them  later.  Nevertheless  it  seems  appropriate  to  here  discuss 
more  fully  the  cold-air  engines,  because  they  have  been  exten- 
sively used  for  the  cooling  of  spaces,  particularly  those  employed 
for  meat  preservation. 

Cold-air  engines  of  the  closed  type  are  not  in  use;  so  far  as  I 
know  there  is  only  one  construction  proposed,  and  that  one 
by  Kirk. 

Kirk  utilized  the  reversal  of  a  Stirling  engine  with  a 
regenerator,  whose  arrangement  may  be  inferred  from  the  scheme 
shown  in  Fig.  52,  p.  341,  where  the  transfer-piston  Ki  is  provided 
on  the  inside  with  a  regenerator;  such  an  engine  is  said  to  have 
produced  212  pounds  (avoirdupois)  of  ice  in  24  hours  with  one 
horse  power,  which  corresponds  to  4  kg.  (8f  lb.)  per  hour 
per  horse  power,  a  performance  which  is  certainly  very  small,  for 
in  the  more  recent  L  i  n  d  e  ammonia-vapor  engine  the  produc- 
tion is  estimated  at  25  kg.  of  ice  (55  lb.)  per  hour  per  (brake) 
horse  power. 
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For  the  fuller  investigation  of  a  closed  air  engine  we  will  dis- 
cuss the  reverse  of  the  hot-air  engine  sketched  in  Fig.  57,  p.  377. 
In  Fig.  59  the  sketch  is  repeated,  but  the  two  indicator  diagrams 
I  and  II  are  replaced  by  diagrams  III  and  IV  of  Fig.  59a,  p.  386, 
in  which  is  entered  the  temperature  notation  which  will  be  em- 
ployed in  the  following  calculations. 

Suppose  the  tubular  boiler  AA  to  contain  air  of  a  pressure  pi 
and  of  a  temperature  i\  which  is  below  0°  C.  (32°  F.) ;  the  boiler 
is  surrounded  by  a  casing  B  in  which  there  is  a  solution  of  cooking 
salt  or  chloride  of  calcium  which  does  not  freeze  even  when  it 
also  is  cooled  below  0°  C.  (32°  F.). 


FiQ.  59. 

The  salt  solution  is  regarded  as  a  heating  fluid,  because  its 
temperature  is  somewhat  higher  than  that  in  the  boiler  AA. 

The  continuous  operation  of  the  machine  keeps  the  tempera- 
ture of  the  air  in  the  heating  apparatus  AA  at  a  low  value,  so 
that  heat  is  continuously  withdrawn  from  the  salt  solution;  there- 
fore if  tin  cans  containing  fresh  water  are  dipped  into  the  brine 
the  water  in  the  cans  will  be  frozen,  or  the  cool  brine  can  be  con- 
ducted by  pipes  to  places  where  cooling  is  to  be  effected  and  the 
warm  brine  is  then  led  back  to  the  casing  B  for  renewed  cooling. 

For  the  presentation  of  the  cycle  of  the  machine,  suppose 
piston  K\  in  cylinder  C  to  pass  from  left  to  right,  and  suppose  the 
space  to  the  left  of  K\  to  be  in  communication  with  the  boiler 
space  AA\  if  the  boiler  space  is  large  enough  the  piston  Kx  will 
suck  in  air  under  the  constant  pressure  pi;   let  the  temperature 
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with  which  the  air  leaves  the  boiler  be  Ti ;  at  the  end  of  the  piston 
stroke  shut-off  takes  place  and  the  air  in  the  cylinder  C  is  com- 
pressed according  to  pressure  curve  Ci&i  (diagram  III,  Fig.  59a); 
in  so  doing  the  volume  diminishes  from  Vi  to  F,  the  pressure  rises 
from  pi  to  p2,  and  the  temperature  likewise  grows  from  Ti 
toTs. 

Now  let  the  air  along  the  path  ftiOi  be  pushed,  under  constant 
pressure  p2,  through  the  cooling  apparatus  EE  to  the  second  cylin- 
der D,  where  it  pushes  back  piston  K2,  under  constant  pressure  p^, 

along  the  path  a^2=Vo  (diagram 

jr^rf*  ^a^j^  IV,     Fig.    59a);      in    its    passage 

2W^^^HLi^^E^^^4£       through  the  cooling  apparatus  it  is 

1       I    I  1         I         I  cooled  by  cold  water,  which  flows 

'      *    it.*  e*>  about    the    tubes    of    the    cooling 

apparatus,  entermg  at  m  and 
leaving  at  n  (Fig.  59);  here  the  air  is  cooled  from  Tz  to  T2  and 
expands  in  the  cylinder  D,  after  being  cut  off  from  the  cooling 
vessel,  according  to  the  curve  62C2  (diagram  IV)  till  the  pressure 
has  again  fallen  to  the  value  pi  in  the  heating  apparatus,  in  order 
that  it  may  finally  be  pushed  back  along  the  path  02(^2;  into  the 
space  AA,  under  the  constant  pressure  pi.  During  expansion  the 
temperature  sinks  from  T2  to  T,  and  the  volume  grows  from  Vq 

to  V2. 

Let  us  assume  that  during  each  piston  stroke  G  kg.  [lb.]  of 
air  are  withdrawn  from  the  heating  apparatus  at  one  end  by 
cylinder  C  and  are  supplied  to  it  at  the  other  end  by  cylinder  D, 
then  the  heat  quantity  Qi  which  is  furnished  by  the  brine  to  the 
air  in  vessel  A  is 

Qi-cMTi'T) (I) 

On  the  other  hand  the  heat  quantity  Q2  which  is  withdrawn, 
per  stroke,  in  the  cooling  apparatus  from  the  air  is 

Q2  =  Cj,GiTs-T2) (2) 

Furthermore  if  we  assume  the  two  curves  biCi  and  62^2  to  be 
adiabatic  lines,  then  between  the  pressures  and  temperatures  there 
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will  exist  the  known  relation 

^3     T2 


rp   ~  m  ~  \^    I        f   •      •      •      •      •      •      •      («/ 

find  we  get  the  volume  of  the  air  at  the  several,  main,  points  of 
the  cycle  (Fig.  59a)  from  the  equations 

I^^^*    m  rp  T'^^T'*       ••••      y*') 

The  work  Li,  consumed  per  revolution  in  cylinder  C, 
which  here  acts  as  compression  cylinder,  is  found  in  the 
same  way  as  that  taken  when  deriving  equations  (148)  and  (149), 
p.  379;  it  is 

U^-j^BG{T^-Tx) (5) 

On  the  other  hand  the  work  L2  produced  per  revolution 
in  cylinder  D,  which  is  here  the  expansion  cylinder,  is 

L2  =  ;^B(?(n-r) (6) 

The  difference  of  these  two  quantities  of  work  gives  the  d  r  i  v  - 
ingwork  Lof  the  engine  per  double  stroke,  i.e.,  the  indicated 
work  taken  theoretically,  provided  we  use  relation  54,  p.  134, 

^L=cpG[(r3-ri)-(r2-r)], 

or,  eliminating  7^3,  with  the  help  of  equation  (3), 

i=^(r2-r)(ri-r) (7) 

This  equation  is  identical  with  equation  (150),  p.  380,  if  we 
there  assume  adiabatic  expansion  and  compression  in  the  hot-air 
engine,  i.e.,  assume  n  =  #:,  only  the  work  quantity  L  appears  with 
the  opposite  sign,  as  it  ought,  for  in  the  hot-air  engine  the  work 
L  is  produced,  while  in  the  cold-air  engine  it  is  consumed  as  driving 
work. 
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If  we  divide  equation  (7)  by  equation  (1)  we  get  the  simple 
relation 

Qr'"~T~ ^^^ 

As  the  cooling  water  has  the  atmospheric  temperature,  the 
temperature  T2  need  only  be  taken  a  little  greater;  the  preceding 
equation  therefore  teaches  that  with  a  particular  value  of  Qi 
the  work  L  wiU  be  larger  the  lower  we  go  with  the  tempera- 
ture T;  as  this  value  represents  the  lowest  temperature  occurring 
in  the  cycle,  the  rule  ou^t  to  be  followed  not  to  place  the  lower 
limit  of  temperature  any  further  down  than  is  absolutely  neces- 
sary for  the  cooling  process  contemplated. 

In  the  designing  of  refrigerating  machines  we  regard  as  given 
the  heat  quantity  which  must  be  continuously  withdrawn  from  the 
brine  in  a  unit  of  time.  If  we  assume  the  second  as  the  unit,  and 
designate  the  heat  quantity  in  question  by  Q«,  then  if  we  sub- 
stitute Qc  for  Qi,  equation  (8)  will  give  the  theoretical  (indicated) 
driving  work  L«  per  second, 

L.-^iT^-T).  .......    (9) 

or,  if  we  express  the  work  in  N  horse  powers,  and  assume  the 
engine  as  double-acting  and  making  u  revolutions  per  minute, 
we  get 

^^^-75^(^2-7) (10) 

If  we  determine  G  from  the  first  of  equations  (4),  namely,  frcwn 

and  substitute  it  in  equation  (7)  we  get 

K    {T2-T)(Ti-T)„ 
^^7=1  ff[ ^'P" 
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« 

aad  therefore  follows,  because 

N 
u 


[l-soxsso^I, 


for  the  computation  of  the  volume  Vi  of  the  compression  cylinder 
C,  the  f  onnula 

7xPi=^-^X30x75^y^_^^^j,^_y^f  .    .    .     (11) 

From  equations  (4)  we  then  get  volume  V2  of  the  expansion 
cylinder 

V2^Y7'^ ^^^^ 

The  ratio  of  compression  in  cylinder  C  and  the  ratio  of  expan- 
sion in  cylinder  D  follow  from  the  same  equations: 

Numerical  Example.  In  a  closed  cold-air  engine  of  the  pre- 
sented sort  the  brine  in  casing  B  (Fig.  59,  p.  385)  is  to  be  permanently  kept 
at  -10°  to  -15°  C.  [  +  14°  to  +5°  F.]  for  the  purpose  of  ice  production. 

We  assume  that  the  air  is  sucked  in  by  the  compression  cylinder  at  the 
temperature  ri=258°  (-15°  C.)  [+5°  F.]  from  the  heating  apparatus  A, 
further  that  the  air  leaves  the  cooling  apparatus  at  the  temperature  T^  =  293° 
( +  20°  C.)  [  +  68°  F.]  to  enter  the  expansion  cylinder ;  let  the  pressure  in  the 
latter  Pt'^Spi,  hence  three  times  pi  in  the  heating  apparatus;  then  from 
equation  (3)  we  get 

^;-y'- 1.3764. 

From  this  follows  the  temperature  at  the  end  of  the  compression  in  the 
compression  cylinder  T, -355.1°  (+82.1°C.)  [179.78°  F.],  and  the  tempera- 
ture at  the  end  of  the  expansion  in  the  expansion  cylinder  is  r»  212.9 
( -60.1°  C.)[ -76.18°  F.]. 
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From  equation  (10)  we  have 

N  -2.1279  Q.  [N  -0.52866  d 

and  from  equation  (11) 

N 
Vipi  -9944— 
u 


[V,pi -72923-]. 


In  order  to  produce  ice  of  0**  C.  [32**  F.]  from  1  kg.  [lb.]  of  water  at  0**  C. 
[32°  F.],  it  is  necessary  to  withdraw  from  the  water  79  calories  [142.2  B.t.u.] 
of  heat;  if  the  water  has  a  temperature  of  f^  C.  [t°  F.]  and  if  there  is  to  be 
produced  from  it  ice  at  —A,**  C.  [to*  F.],  then  there  must  be  withdrawn  from 
the  water  the  heat  quantity  79 +/+cfo  [142.8 +  f+c^o]i  where  c  is  the  specific 
heat  of  the  ice,  which  amounts  to  c— 0.5.    If  on  the  average  we  assume 

/-15°  [59°  F.]  and  h 8°  [17.6°  F.]  in  order  that  the  ice  may  become 

as  solid  as  possible,  we  get,  in  round  numbers,  100  calories  [180  B.t.u.];  we 
can  therefore  assume  that  in  practice  we  must  withdraw  100  calories  [180 
B.t.u.]  of  heat  from  one  kilogram  [pound]  of  water  at  ordinary  atmos* 
pheric  pressure,  in  order  to  make  good  ice  out  of  it. 

Now  if  the  present  machine  is  to  deliver  hourly  250  kg.  [550  lb.]  of  ice^ 
there  must  be  withdrawn  from  the  brine  every  hour  25000  calories  [99208 

B.t.u.]  of  heat,  therefore  Q,--«™- -6.9444  cal.  [<?• -27.558  B.t.u.],  and 

according  to  the  last  equation  but  one 

N  - 14.78  horse  powers,  [14.569], 

Taking  into  account  the  resistances  neglected  in  the  preceding  calcula* 
tion,  we  ought  to  add  25%  for  the  determination  of  the  real  work  of  driving; 
if  this  refrigerating  machine  is  driven  by  a  steam  engine,  the  latter  must 
develop  an  effective  work  of  about  18.5  horse  powers. 

If  the  assumed  machine  makes  u  —  50  revolutions  per  minute,  and  if  the 
lower  limit  of  the  pressure  is  one  atmosphere  so  that  ;>i  —10,333  kg.  [2116.3 
lb.],  then  the  second  of  the  preceding  formulas  gives  for  the  cubic  capacity 
of  the  compression  cylinder 

y,  -0.2844  cbm.  [10.040  cu.  ft.], 

while  the  capacity  of  the  expansion  cylinder,  according  to  equation  (12),  is 

7,-0.2347  cbm.  [8.285  cu.  ft.]; 
in  the  actual  construction  the  two  values  ought  to  be  taken  somewhat 
larger.    By  dividing  equations  (2)  and  (1),  p.  386,  there  follows 
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If  we  refer  Q,  to  the  second,  and  hence  substitute  the  value  given  above, 
we  get  for  the  heat  quantity  which  must  be  withdrawn  from  the  air  per 
second,  in  the  cooling  apparatus, 

Q, -9.562  cal.  [37.947  B.t.u.]. 

If  the  cooling  water,  in  its  passage  through  the  cooling  apparatus,  is 
heated  through  5°  C.  [9®  F.]  there  will  be  necessary  per  second  1.912  kg, 
[4.2  lb.]  and  hourly  6883  kg.  [15120  lb.]  of  cooling  water. 

A  closed  cold-air  engine  (refrigerating  machine)  of  the  kind 
just  discussed  has  neither  been  built  nor  proposed;  ^  the  re- 
sults of  the  numerical  example  do  not  seem  to  be  unfavorable 
so  far  as  the  necessary  dimensions  of  the  two  cylinders  are  con- 
cerned ;  of  course  as  regards  the  size  of  the  heating  surface  in  the 
heater  AA^  and  of  the  cooling  surface  in  the  cooler  EE  (Fig.  59, 
p.  385),  some  special  observations  ought  first  to  be  made.  In 
one  particular,  however,  there  is  a  prominent  defect,  the  driving 
work  turns  out  to  be  considerable;  for  example,  a  cold-vapor 
engine  ( L  i  n  d  e  '  s  system)  working  with  ammonia  vapor,  which 
we  will  discuss  later,  will  require  only  half  the  driving  work  for 
the  same  output  as  the  just  calculated  air  machine.  The  dilTer- 
ence  is  due  to  the  fact  that  in  air  machines  of  the  assumed  kind 
the  lower  temperature  limit  must  be  taken  very  low  in  order  not 
to  get  extraordinary  engine  dimensions;  the  results  of  computa- 
tion are  more  favorable  when  we  have  in  view  not  ice  production, 
but  the  circulation  of  the  brine,  for  in  the  latter  case  the  cooling 
need  not  be  carried  so  far. 

For  future  comparison  with  cold-vapor  engines,  the  following 
is  of  consequence. 

If  we  completely  leave  out  the  expansion  cylinder  D  (Fig.  59, 
p.  385)  and  let  the  air  flow  from  the  cooling  apparatus,  where  it 
is  under  higher  pressure  anyway,  and  allow  it  to  flow  directly 
through  a  connecting  pipe,  provided  with  a  regulating  valve,  back 
into  the  heating  apparatus,  the  air  will  enter  the  latter  at  the  tem- 
perature T,  corresponding  to  the  lower  limit,  will  enter  with  the 


*  In  this  connection  we  have  also  neglected  to  discuss  theoretically  the  cold- 
air  engine  of  the  proposed  Ericsson  system  provided  with  a  counter-cur- 
rent apparatus,  as  ought  to  have  been  done  in  accordance  with  L  o  r  e  n  z  '  s 
data.    In  the  cold-vapor  engine  account  will  be  taken  of  this  newer  view. 
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same  temperature  with  which  it  is  introduced  by  the  expansiou 
cylinder  of  our  machine.  Nevertheless  a  great  difference  will  still 
exist.  If  we  assume,  as  is  permissible,  that  the  flow  takes  place 
from  the  cooler,  imder  the  constant  pressure  p2f  into  the  heating 
apparatus,  against  the  constant  counter-pressure  pi,  and  if  we 
designate  by  w  the  velocity  with  which  the  air  enters  the  heating 
apparatus,  then  theoretically  (equation  33a,  p.  247),  neglecting  the 
resistances,  the  relation 

AG^^cfi{T2-T) (14) 

will  hold. 

C!omparison  with  equation  (6),  p.  387,  which  can  be  brought 
to  the  same  form,  gives 

according  to  which  the  indicator  area  IV  (Fig.  59a,  p.  386)  also 
expresses  the  work  in  the  form  of  kinetic  energy  which  is  found 
in  the  G  kg.  [lb.]  of  air  entering  per  stroke.  But  the  air,  under 
the  constant  pressure  pi,  spreads  itself  into  the  heating  apparatus 
from  the  entrance  orifice,  and  passes  into  a  condition  of  rest,  in 
doing  which  the  kinetic  energy  is  transformed  into  heat. 

If  T  is  the  temperature  of  the  air  after  the  spreading,  then 
the  relation 

^G^=cp(?(r-r) 

obtains,  and  comparison  with  formula  (14)  shows  the  result  T  =  T2. 
If  we  wish  to  bring  back  the  air  directly  into  the  heating 
apparatus,  without  the  interposition  of  the  feed  or  expansion 
cylinder  D,  then  the  machine  will  be  entirely  ineffectual  because  a 
temperature  T'  will  nearly  establish  itself  there,  which  is  identical 
with  the  temperature  T2  which  the  air  has  assumed  in  the  cooling 
apparatus.  The  expansion  cylinder  constitutes  a  necessary 
and  essential  part  of  the  cold-air  engine  (refrigerating  machine) 
of  the  assumed  sort.  In  this  respect  the  circumstances  are  very 
different  in  the  closed,  cold-vapor  engines  (which  will  be  shown 
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later  to  possess  exactly  this  arrangement),  where,  in  fact,  the 
expansion  cylinder  is  omitted  without  essential  detriment  to  the 
cycle. 

Closer  reflection,  moreover,  shows  that  in  the  closed  cold-air 
engines  the  use  of  a  regenerator  isas  much  to  be  recom- 
mended as  in  the  hot-air  engines;  it  has  already  been  mentioned 
that  Kirk  proposed  to  transform  the  Stirling  engine,  by 
reversal,  into  a  closed  cold-air  engine  (refrigerating  machine) ;  but 
it  seems  to  me  that  the  Rider  engine  is,  constructively,  better 
suited  for  such  a  reversal,  for  with  it,  probably,  the  heating  and 
cooling  surface  can  be  most  easily  increased  in  the  manner  pursued 
by  Napier  and  Rankine  in  their  hot-air  engine. 


§  67.    REVERSAL  OF  THE  RIDER  CLOSED  HOT-AIR 

ENGINE. 

Fig.  60  repeats  the  schematic  representation  of  a    Rider 
engine  (Fig.  55,  p.  367).    Now  suppose  the  jacket  D  of  cylinder  B 


.-R. ^.—  Vm -X 1^ 


i ^ ^ 


^•Ta* 


0^ ~-|5 > 


Fig.  60. 


to  be  washed  out  by  a  cold  brine,  and  suppose  the  jacket  C  of 
cylinder  A  to  be  traversed  by  the  cooling  water,  then  we  have  only 
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to  conceive  all  the  arrows  of  the  figure  to  be  reversed;  the  air  in 
the  cylinder  B,  at  the  lower  temperature  limit  T2,  absorbs  per 
period  or  revolution  (the  engine  is  single-acting)  the  heat  quantity 
Q2  and  gives  off  in  the  cylinder  A,  to  the  cooling  water,  the  heat 
quantity  Qi  at  the  higher  temperature  Ti.    The  indicator  diagram 

I  of  cylinder  A  now  represents  consumed  work,  and  diagram 

II  of  cylinder  B,  work  produced;  the  difference  of  the  two 
quantities  of  work  is  represented  by  the  resultant  diagram  III 
and  is  the  theoretical  (indicated)  driving  work  Lof  the 
cold-air  engine  now  before  us.  Moreover  the  engine  runs  in  the 
same  direction  as  it  did  when  we  assumed  that  we  were  dealing 
with  a  hot-air  engine ;  the  crank  of  piston  K2  here  also  is  ahead 
of  the  crank  of  piston  Ki  by  the  angular  distance  d  (in  the  figure 
J =90®  is  assumed). 

Here,  too,  are  valid  all  the  formulas  developed  from  p.  367 
to  p.  373,  with  the  sole  difference  that  the  heat  quantities  Qi 
and  Q2  and  the  work  quantities  Li,  L2,  and  L  occur  with 
opposite  signs;  we  can  therefore  simply  refer  to  this  part,  so 
far  as  the  notation  of  the  formula  and  the  theory  of  the  engine 
is  concerned. 

The  driving  work  per  revolution  is,  according  to  equation  (138), 
p.  372, 

the  heat  quantity  Q2,  withdrawn  from  the  brine  per 
revolution,  is,  according  to  equation  (132),  p.  369, 

Q2-^j^AL, (16) 

and  the  quantity  of  heat  which  is  to  be  absorbed  in  the  same  time, 
from  the  cooling  water,  follows  from  equation  (131),  p.  369: 

q,  =  ^J^)aL (17) 

If  in  equation  (16)  the  heat  quantity  Q2  is  referred  to  the  second 
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and  designated  by  Q„  we  get  the  driving  work  of  the  machine  in 
horse  powers : 

JV  =  ,^zl  Jl^ (18) 


[ 


1+mX  550ilJ 


while  in  equation  (15),  when  the  engine  makes  u  revolutions  per 
minute,  we  must  substitute 

L=60X75~ (19) 

u 

rL«60X65(^.l 

Numerical  Example.  If  we  assume  the  ratio  X  of  the  two 
temperatures  Ti  and  7*,  to  be  A  — 1.25,  which  gives  for  a  temperature 
^2=238°  (-35°  C.)  [-31°  F.]  in  cylinder  B,  to  a,  temperature  2^1-297.5 
(+24.5°  C.)  [-76.1°  F.]  in  cylinder  A  (Fig.  60),  and  if  we  estimate  the 
value  m,  discubsed  on  p.  368  and  belonging  to  the  regenerator,  to  be  m  »0.5, 
then  the  preceding  equation  (18)  gives  the  driving  work: 

N  -0.870  Q. 
[iV»  0.216  0 J. 

If  we  choose  the  angle  of  advance  ^  »»90°,  make  the  two  cylinders  equally 
large,  i.e.,  take  Vi  —  F„  and  assume  that  the  greatest  pressure  pi  occurring 
in  the  cycle  bears  to  the  least,  p„  the  relation  pi  —2.5  p„  then  combination 
with  equations  (15)  and  (19)  gives 


[ 


7,p. -24143^ 
F^,- 177050-]' 


because  here  (p.  372) 


#-J^*- 1.5811. 


If  the  machine  is  to  withdraw  hourly  from  the  brine  25000  clones 
[99208  B.t.u.]  of  heat,  then,  according  to  the  preceding  formula,  the  theoreti- 
cal driving  work  for  N  is 

N=6M  horse  powers  [5.953]. 

If  the  lower  value  of  the  pressure  is  o  n  e  atmosphere,  then  pa  — 10333 
kg.  [2116.3  Ib.l  and  if  the  engine  makes  w  -50  revolutions  per  minute,  then 
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according  to  the  last  of  the  preceding  formulas  the  cubic  capacity  of  the 
two  cylinders  must  be 

Vt  -  F,  -0.2822  cbm.  [9.961  cu.  ft.]. 

If  we  divide  equation  (17)  by  equation  (16)  we  get 


Qt      l-hmX 


1.154. 


If  we  refer  the  heat  quantities  to  the  second,  then,  for  the  present  case, 
the  heat  quantity  which  the  cooling  water  must  withdraw  from  the  heat 
per  second  is  8.0140  cal.  [31.8  B.t.u.]  or  28850  cal.  [114500  B.  t.u.]  per  hour. 

The  driving  work  of  this  engine  seems  considerably  smaller 
than  that  found  for  the  machine  of  the  preceding  example  on  p.  389; 
this  is  due  to  the  use  of  the  regenerator  and  to  the  circumstance 
that  the  lower  temperature  limit  is  not  taken  so  low;  of  course 
the  cylinder  dimensions  are  much  larger,  but  the  engine  is  single- 
acting  and  there  is  no  special  heating  or  cooling  apparatus. 

Although  some  uncertainty  still  attaches  to  the  assumptions 
underlying  the  calculations,  which  can  only  be  removed  by  experi- 
ments on,  and  experience  with,  actually  constructed  engines, 
nevertheless  it  does  seem  possible  that  ihc  construction  of 
closed  cold-air  engines  (refrigerating  machines)  of 
the  kind  described,  will  be  attended  with  success.  Engineers 
ought  therefore  to  attack  the  problem ;  the  cold-producing  engines, 
of  course  in  the  form  of  cold-vapor  engines,  have  been  extensively 
used  and  not  simply  for  purely  technical  purposes,  but  have  also 
been  proposed  for  the  cooling  of  dwellings  in  hot  countries.  The 
cooling  of  air  in  dwellings,  by  a  system  of  pipes  in  which  the  cold 
fluid  circulates,  is  accompanied  by  a  condensation  on  the  pipes  of 
the  moisture  of  the  atmospheric  air,  and  experience  shows,  and 
L  i  n  d  e  first  called  attention  to  it,  that  this  condensation  con- 
tains an  appreciable  amount  of  absorbed  carbonic  acid.  There- 
fore the  cooling  of  the  air  is  accompanied  by  a  purification 
of  the  air  which  ought  to  be  of  great  importance  hygienically 
for  home  life  in  tropical  countries. 
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(6)    Open  Cold-air  Engine. 

§  68.    REVERSAL  OF  THE  ERICSSON  CLOSED  HOT-AIR 
ENGINE  WITH  THE  HEATING  APPARATUS  LEFT  OUT. 

In  the  schematic  representation  of  the  closed  hot-air  engine 
(Fig.  57,  p.  377)  suppose  the  heating  apparatus  AA  and  its  jacket 
to  be  left  out,  and  reverse  the  cycle  there  discussed,  then  we  get 
the  open  cold-air  engine  as  it  is  often  built  and  as  it  is  schematic- 
ally represented  in  the  following  figure  (61). 


Fig.  61. 

C  is  again  the  compression  cylinder  which,  through  the  pipes 
nin2,  alternately  sucks  in  the  external  atmospheric  air,  com- 
presses it,  and  forces  it  through  the  cooling  apparatus  EE  to  the 
expansion  cylinder  D;  there  the  cooled  air  expands  from  the 
upper  pressure  limit  p2,  again  to  the  atmospheric  pressure  pi,  and 
is  pushed  out  of  the  cylinder  under  the  constant  pressure  pi  through 
the  pipes  mim2)  the  two  pipes  mim2  imite  in  forming  a  conduit 
through  which  the  cooled  air  is  conducted  to  the  space  in  which 
cooling  is  to  be  effected.  The  cooling  of  the  air,  which  has  been 
heated  in  the  machine  by  compression,  is  effected  in  the  cooling 
apparatus  EE  by  cold  water,  which  is  supplied  at  a  and  discharged 
through  the  pipe  6.  Of  the  two  indicator  diagrams  I  and  II  the 
former  belongs  to  the  expansion  cylinder  and  the  latter  to  the 
compression  cylinder. 

The  theory  of  this  engine  is  contained  simply  and  completely 
in  the  formulas  which  have  been  developed  for  the  closed  engine 
on  pp.  386  to  390. 
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The  whole  diflFerence  is  that  the  values  of  the  pressure  pi  and 
the  temperature  Ti  in  the  open  engine  correspond  to  those  of 
the  outer  atmosphere;  it  therefore  seems  unnecessary  to  further 
explain  this  engine  cycle  by  numerical  calculations. 

In  the  practical  constructions,  however,  in  spite  of  the  great 
simplicity  of  these  engines  a  peculiar  obstacle  is  encountered, 
which  is  the  reason  why  this  machine,  well  known  in  principle, 
was  introduced  so  late  and  with  such  difficulty.^  As  the  external 
atmospheric  air  always  contains  more  or  less  vapor,  or  water,  snow 
is  formed  in  the  expansion  cylinder,  and  because  new  quantities 
of  air  are  continuously  driven  through  the  machine  it  is  formed 
in  such  quantities  that  in  a  short  time  the  air  channels  are  stopped 
up  with  snow;  further,  when  high  pressure  is  used,  i.e.,  great 
compression  in  the  compression  cylinder,  the  marked  rise  in  tem- 
perature connected  with  it  acts  injuriously  upon  the  packing.  The 
removal  of  the  latter  evil  has  been  attempted  by  injecting  cold 
water  into  the  compression  cylinder,  but  this  increased  the  moist- 
ure of  the  air  in  the  expansion  cylinder  and  increased  the  forma- 
tion of  snow.  Although  the  stoppage  of  the  conduits  could  be 
removed  by  special  designing,  say  by  inserting  special  snow  cham- 
bers, nothing  would  be  gained  by  it,  for  the  performance  of  the 
machine  is  extraordinarily  reduced  by  the  snow  formation  itself. 

On  board  ships  and  in  great  slaughter-houses  the  open  air 
engines  of  Bell-Coleman  have  been  employed  for  the  cool- 
ing of  meat.  In  these  engines  water  is  injected  into  the  com- 
pression cylinder  and  from  this  the  air  leaves  the  cooling  space, 
where  cooling-off  results  from  more  water  jets  (not  from  surface 
cooling) ;  from  this  space  the  air  enters  the  upper  part  of  a  tower- 
like vessel  and  deposits  the  water  part  of  its  mixture;  from  here 
the  air  passes  through  a  pipe,  which  is  led  through  the  space  that 
is  to  be  cooled  by  the  machine,  and  then  goes  to  the  expansion 
cylinder.  The  whole  arrangement  is  based  on  the  correct  idea  of 
supplying  the  expansion  cylinder  with  air,  already  cooled  as  much 
as  possible,  for  the  moisture  capacity  of  air  is  smaller,  the  lower 
its  temperature.    The  whole  manipulation  occurs  at  the  expense 

'  The  first  open  oold-air  engine  was  built  by  an  American,  G  o  r  r  i  e. 
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of  the  engine  perfonnance,  and  it  is  therefore  very  questionable 
whether  the  suppression  of  snow  precipitation  is  not  too  dearly 
bought,  particularly  as  it  is  not  even  completely  removed  in  this 
way.  In  the  cold-vapor  ehgines  all  these  difficulties  disappear; 
unfortunately  there  is  still  a  complete  lack  of  experimental  results 
for  comparison.  Of  course  the  experiments  should  not  be  con- 
fined simply  to  the  cooling  action  of  the  two  engine  types,  but 
should  help  to  decide  the  question  as  to  the  amount  of  driving 
work  needed  by  the  two  kinds  of  engines  for  an  equal  production 
of  cold.  One  can  hardly  doubt  that  the  comparison  will  be  un- 
favorable to  the  open  cold-air  engine ;  but  the  circumstances 
are  doubtless  different  in  the  closed  cold-air  engines,  for  in 
them  the  loss  of  air  by  leakage  can  be  covered  by  the  introduction 
of  new  air  and  this  can  be  artificially  dried  beforehand.  Kirk 
suggested,  for  this  purpose,  a  vessel  filled  with  a  solution  of  chloride 
of  calcium. 


II.    Theory  of  Internal-combustioii  Engines. 

§  69.    PRELIMINARY  REMARKS. 

By  an  internal-combustion  engine  is  always  understood  one  in 
which  the  process  of  combustion,  with  the  accompan5dng  heat 
development  and  the  production  of  a  gas  mixture  capable  of  doing 
work,  takes  place  in  the  interior  of  the  engine.  In 
the  air  engine  considered  above  (as  in  steam  engines)  the  fuel  and 
the  air  necessary  for  its  combustion  were  separated  from 
the  mediating  body  in  the  working  cylinder;  consequently 
the  real  working  cycle  was  distinguished  from  the  combustion 
process  in  the  heating  plant  and  was  treated  separately  in  the 
theoretical  elucidations,  as  was  particularly  emphasized  in  §  53, 
p.  300. 

In  the  internal-combustion  engines  the  fuel,  the  air  necessary 
for  combustion,  and  the  products  of  combustion  constitute  the 
working  body  which  here  takes  the  place  of  the  mediating  body 
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of  the  air  engine  considered  above  and,  like  it,  serves  to  produce 
work  by  suitable  changes  of  pressure  and  volume. 

Here  the  important  difference  exists  that  in  the  course  of  the 
working  cycle  chemical  changes  of  the  working  body  occur ; 
these  were  hitherto  specially  excluded  in  all  the  developments  of 
the  present  treatise,  and  particularly  so  in  the  derivation  of  the 
general  laws  of  thermodynamics  of  the  first  section.  Therefore, 
as  far  as  is  possible  at  the  present  time,  account  will  be  taken  of 
the  influence  of  the  chemical  occurrences  in  the  internal-combus- 
tion engines. 

The  view  has  always  been  held,  although  not  always  definitely 
expressed,  that  the  process  of  converting  heat  into  work  would  be 
more  perfect  in  the  internal-combustion  engines;  from  this  thought, 
in  the  course  of  time,  there  has  sprung  a  whole  series  of  proposals 
for  experimental  constructions  of  such  engines,  in  which  solid, 
liquid,  and  gaseous  fuels  and  explosives  should,  and  did,  find 
application.  The  success  of  all  these  efforts  of  recent  tunes  must 
be  characterized  as  perfectly  extraordinary,  although  a  whole 
series  of  questions  still  remains,  which  can  only  be  answered 
experimentally. 

Among  engines  which  at  the  present  time  seem  to  be  most 
perfectly  designed,  we  must  emphasize  the  "gas  engine" 
or  "gas  m  o  t  o  r  "  in  the  form  presented  by  Otto. 

In  these  engines  illuminating  gas  mixed  with  atmos- 
pheric air  and  a  part  of  the  gaseous  products  of  combustion  left 
behind  from  the  preceding  period,  are  ignited  in  the  working 
cylinder,  after  being  subjected  to  a  preliminary  compression. 

At  the  present  time  engines  are  extensively  used  which  work 
with  the  so-called  producer  gas  which  is  generated  by 
passing  air  and  steam  through  the  glowing  layers  of  coal  in  a  fur- 
nace. The  name  Dowson-gas  comes  from  the  name  of  the  Eng- 
lishman D  o  w  s  0  n  who  invented  the  process;  the  working  part 
of  this  gas  consists  principally  of  carbonic  oxide  gas,  while  in 
the  engine  run  with  illuminating  gas  different  hydrocarbons  con- 
stitute the  explosive  constituent. 

The  motors  run  with  illuminating  gas  can  of  course  only  be 
driven  in  connection  with  a  gas  plant,  while  the  motors  run  by 
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producer  gas  generate  their  own  gas  supply;  consequently  these 
motors  are  in  general  only  available  for  comparatively  small 
powers. 

Very  considerable  powers  are  developed  by  engines  which 
utilize  blast-furnace  gas,  and  in  recent  times  their  details  have 
been  greatly  perfected;  these  gases  likewise  mainly  contain  car- 
bonic oxide. 

In  all  the  engines  mentioned  at  the  end  of  the  explosive-like 
combustion  the  cylinder  contains  the  gaseous  products  of  com- 
bustion in  a  condition  of  high  pressure  and  high  temperature, 
which  are  then  allowed  to  expand  so  far  that  at  the  end  of  the 
piston  stroke  the  pressure  has  come  down  nearly  to  atmospheric 
pressure;  then,  during  the  return  of  the  piston  in  the  working 
cylinder,  a  part  of  the  cylinder  contents  are  retained  and  the  rest 
are  thrust  into  the  open  air.  The  engine  is  therefore  an  open  one, 
for  during  each  period  a  new  charge  of  illuminating  gas  and  atmos- 
pheric air  must  be  taken  in. 

In  addition  to  gas  engines,  motors  have  been  extensively  used 
and  have  led  to  ingenious  constructions  in  which  liquid  fuels 
were  employed,  for  instance  benzine,  petroleum  and  alcohol. 

For  the  production  of  the  fuel  mixture  of  the  charge  for  the 
working  cylinder,  the  atmospheric  air  is  driven  through  liquid 
benzine  and  thus  saturated  with  benzine  vapors;  in  petroleum 
engines,  on  the  other  hand,  the  petroleum  is  sprayed,  evaporated 
by  contact  with  hot  walls,  and  then  mixed  with  air.  The  further 
procedure,  ignition  and  work,  resembles  the  occurrences  in  the 
gas  engine. 

It  is  not  in  keeping  with  the  plan  of  the  present  book  to  go  more 
fully  into  the  construction  and  peculiarities  of  the  aforesaid  engine 
types;  for  the  thermodynamic  side  of  the  question  it  completely 
suffices  to  discuss  the  principal  representative  of  this  type,  the 
Otto  gas  engine,  and  take  up  first,  theoretically,  the 
process  of  combustion  of  a  mixture  of  illuminating  gas  and  air. 

As  an  appendix  the  starting  points  and  successes  of  the  new- 
est efforts  of  the  Diesel  Motor  will  be  discussed. 
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A.  OTTO'S  GAS  ENGINE. 


§  70.    PISTON  MOTION  IN  THE  FOUR-CYCLE  ENGINE. 

In  Fig.  62  are  shown  the  cylinder  and  the  piston  diagram  of 
an  Otto  engine;  Ki  and  K2  give  the  piston  position  at  the  two 
ends  of  the  stroke;    to  the  left  of  the  extreme  piston  position 

Ki  there  is  a  dead  space 
which  may  be  called  the 
compression  space, 
and  its  volume  be  desig- 
nated by  Fi.  In  the 
piston  diagram  the  vertical 
distance  OZ  represents 
the  time  for  two  revo- 
lutions of  the  crank,  or,  if 
uniform  rotation  is  as- 
sumed, it  represents  the 
path  then  traversed  by 
the  crank-pin.  The  whole 
cycle,  taking  the  figure  as 
a  basis,  takes  place  to 
the  left  of  the  piston;  to 
the  right  of  it,  because 
here  the  cylinder  is  open, 
the  atmospheric  pressure 
prevails,  whose  action  is 
here  left  out  of  account, 
because  the  work  expend- 
ed in  overcoming  it,  during  the  forward  motion,  is  regularly  pro- 
duced on  the  return  motion. 

At  the  beginning  of  the  period  the  piston  stands  at  1,  and  the 
compression  space  is  filled  with  gaseous  products  of  combustion 
of  approximately  atmospheric  pressure,  but  of  comparatively 
high   temperature,    i.e.,  with  gases  which  have   been   left   over 
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in  the  cylinder  from  the  preceding  period.  The  vertical  stretch 
OZ  is  here  divided  into  four  parts;  in  the  first  portion  OM  of  the 
time,  or  during  the  first  half  revolution  of  the  crank,  the  piston  goes 
from  left  to  right;  at  the  time  OR=t,  the  piston  has  traveled  the 
distance  AB  and  the  volume  of  the  gas  in  the  cylinder  at  this 
instant  is  measured  by  the  distance  RB;  in  the  second  por- 
tion MN  of  the  time  the  piston  goes  back,  and  in  the  third  and 
fourth  portions  of  time  the  piston  motion  repeats  itself.  The 
working  cycle  is  therefore  distributed  over  four  portions  of  time, 
and  hence  the  engine  has  been  called  half-acting,  or  is  said 
to  be  of  the  four-cycle  type.  Fig.  626  represents  the  cor- 
responding piston-force  diagram,  the  ordinate  Oo  repre- 
sents the  atmospheric  pressure,  hence  the  vertical  line  oo  repre- 
sents the  so-called  atmosphere  and  OZ  the  line  of  zero  pressures. 

In  the  first  stage  (I)  the  piston  sucks  in  atmospheric  air  and 
illuminating  gas,  and  thus,  to  a  certain  degree,  there 
occurs  a  mixture  with  the  products  of  combustion  initially  pres- 
ent in  the  space  Vi]  the  pressure  in  the  cylinder  is  represented 
by  the  ordinates  of  the  curve  portion  1-2  of  Fig.  626;  the  pres- 
sure is  here,  and  nearly  to  the  end  of  the  piston  stroke,  smaller 
than  the  atmospheric  pressure. 

At  point  2,  shut-off  takes  place,  and  then  during  the  return 
stroke  of  the  piston  the  gas  quantity  is  compressed  to  the  volume 
Vi  and  in  so  doing  the  pressure  rises  in  accordance  with  curve  2-3. 

At  the  point  3  (i.e.,  at  the  dead-point)  ignition  now 
takes  place,  the  pressure  increases  rapidly,  almost  suddenly, 
according  to  curve  3-4  (Fig.  626) ;  as  in  so  doing  the  piston  is 
already  upon  the  return  path,  this  portion  of  the  curve,  in  reality, 
rises  in  a  somewhat  sloping  fashion;  during  the  rest  of  the  third 
phase  (III)  expansion  takes  place,  and  shortly  before  the  end  of 
the  piston  stroke  the  exhaust  port  opens  so  that  the  last  portion 
4-5  of  the  curve  represents  expansion  with  exhaust;  finally 
in  the  fourth  phase  the  quantity  of  gas  developed  by  the  com- 
bustion and  corresponding  to  the  piston  displacement  V2  is 
pushed  into  the  open  air;  the  pressure,  which  is  represented  by 
the  portion  5-6  of  the  curve,  is  nearly  constant  and  somewhat 
greater  than  the  atmospheric  pressure. 
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The  real  indicator  diagram  in  Fig.  62c  was  derived  from  the 
piston-force  diagram,  Fig.  626;  but  as  regards  the  connection 
between  these  two  diagrams  what  is  necessary  has  been  said  dur- 
ing the  discussion  of  hot-air  engines;  besides,  it  is  so  simple  that 
no  further  explanations  are  here  required. 

The  indicator  diagram  in  Fig.  62c  (the  sketch  corresponds  in 
general  to  the  practically  observed  diagram)  is  enclosed  in  a  loop- 
like curve;  the  upper  part  of  the  area  corresponds  to  positive, 
.  produced  work,  the  lower  part,  on  the  other  hand,  to  negative; 
the  latter  area  nearly  disappears  in  the  actually  obtained  dia- 
grams, for  here  the  curved  portions  5-6  and  1-2  nearly  coincide 
with  the  atmospheric  line  o-^. 

It  is  worth  remarking  that  according  to  what  has  preceded 
Otto's  engine  is  a  compression  pump  in  the  first  and  second 
phases,  it  sucks  in  gas  and  air  and  compresses  the  mixture;  it 
is  only  in  the  third  and  fourth  phases  that  it  is  really  a  driv- 
ing engine  and  conducts  the  real  working  process.  The  two 
processes  can  be  separated;  the  suction  and  compression  can  be 
undertaken  in  a  special  cylinder,  a  compression  pump,  and  dur- 
ing the  compression  the  gas  mixtures  can  be  forced  into  the  second' 
cylinder  (the  power-cylinder),  in  which  explosion,  expansion,  and 
discharge  into  the  open  air  occur.  This  arrangement  under- 
lies the  K  o  r  t  i  n  g  gas  engine;  here  two  indicator  diagrams 
appear  which,  superimposed,  likewise  produce  the  diagram  rep- 
resented in  Fig.  62c. 

The  examination  of  physical  occurrences,  however,  now  de- 
mands the  study  of  the  real  process  of  combustion  in  the  power- 
cylinder  and  of  the  experimental  data  on  hand  concerning  it. 
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§  71.  THE  BEHAVIOR  OF  COMBUSTIBLE  OASES  DURING 

IGNITION. 

In  order  to  embrace  all  cases  which  arise,  let  us  suppose  a 
combustible  gas  to  consist  of  ni  atoms  of  carbon  (C),  n2  atoms 
of  hydrogen  (H),  ns  atoms  of  oxygen  (O),  and  714  atoms  of  nitro- 
gen (N),  then  the  chemical  notation  for  this  gas  is 

(Cn,Hn.On.iVO (1) 

If  we  designate  in  their  order  the  atomic  weights  of  the  several 
elements  C,  H,  O,  and  N  by  61,  62,  ez,  and  e^,  then  the  molecular 
weight  m  of  the  contemplated  gas  is 

m=niei +71262 +n8«8+n4e4 --?(««);  ....    (2) 

here  we  may  substitute  (see  p.  105) 

e  =12,        C2  =  l,       68  =  16,       64  "14. 

The  constant  B  of  the  equation  of  condition  of  this  gas,  namely, 
of  the  equation  pv^BT,  can  be  found  from  relation  (14),  p.  105: 

Bm^Botnut 

where  the  factors  in  the  right  member  refer  to  hydrogen;  now 
since  mo =2  and  because  we  can  use  with  sufficient  accuracy 
Bo =424  for  all  the  following  investigations  (see  p.  106),  we  can 
determine  B  from  the  equation 

ilBm=2, (3) 

and  then,  for  a  given  pressure  p  and  given  temperature  T, 
immediately  find  the  specific  volume  t;  of  this  gas  from  the 
equation  of  condition. 

Now  let  this  gas  be  mixed  with  another  gas  which  consists  of 
a  mixture  of  oxygen  and  nitrogen  in  the  proportion  of 
a  kg.  [lb.]  of  oxygen  and  ^  kg.  [lb.]  of  nitrogen  in  the  unit  of 
weight;  let  q  kg.  [lb.]  of  this  gas  be  employed  with  one  kg. 
[lb.]  of  the  given  gas,  which  can  be  designated  as  combustible  gas. 
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If  we  assume  m  kg.  [lb.]  of  the  last-mentioned  gas,  then  the  total 
mixture  consists  of  m  kg.  [lb.]  combustible  gas,  9 ma  kg.  [lb.]  of 
oxygen,  and  9  m  /?  kg.  [lb.]  of  nitrogen. 

The  constant  B  of  the  equation  of  condition  for  the  combus- 
tible gas  follows  from  equation  (3),  the  constants  for  oxygen  and 
nitrogen  are  to  be  taken  from  the  table  on  p.  104;  hence  the 
constant  £„,  which  corresponds  to  the  total  mixture,  is  found 
from  equation(19a),  p.  108 : 

^  +  (26.472a +30.131^9)3 


'-- Wi «> 


[^  +  (48.251  a  4-64. 


920p)q  I 


Moreover,  if  for  the  combustible  gas  the  specific  heat  at  constant 
pressure  is  Cp,  and  c^  that  for  constant  volume,  and  if  c/  and 
c/  designate  similar  values  for  the  whole  mixture,  we  get  from 
equations  (13a)  and  (14a),  p.  173, 


and 


,    Cp  + (0.2175a -hO.2438% 

'''' ^Ti ^^> 

,  _c^  +  (0.1551a  +0.1727^9)3 


by  utilizing  the  values  given  on  pp.  119  and  125.  If  the  mix- 
ture supplied  to  the  combustible  gas  is  ordinary  atmospheric  air, 
then  we  may  substitute  in  the  preceding  formulas,  according  to 
p.  126,  a  =0.2356  and  j9= 0.7644;  on  the  other  hand  if  pure 
oxygen  instead  of  air  is  added  we  must  substitute  a  =  l  and  ^=0. 
This  gas  mixture  is  now  to  be  ignited;  if  the  combustion  is  a 
perfect  one  the  carbon  burns  to  carbonic  acid,  the  hydrogen  burns 
to  water,  and  the  result  is  a  new  gas  mixture  consisting  of  car- 
bonic acid,  steam,  oxygen,  and  nitrogen,  provided  the  tempera- 
ture after  combustion  is  so  high  that  the  resulting  water  is  pres- 
ent as  vapor.    Since  one  atom  of  carbon  takes  up  two  atoms  of 
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oxygen  when  changing  to  carbonic  acid  (CO2),  i.e.,  when  ex 
kg.  [lb.]  carbon  requires  2«3  kg.  [lb.]  oxygen,  then  on  the  whole 
the  ni  atoms  of  carbon  in  the  gas  considered  require  2ni63  kg. 
[lb.]  of  oxygen,  and  the  weight  Gi  of  carbonic  acid,  resulting 
from  combustion,  amounts  to 

(?i=ni(ei+263)kg.[lb.] (7a) 

On  the  other  hand  when  water  (H2O)  is  formed  there  will  be  a 
half  atom  of  oxygen  for  every  atom  of  hydrogen,  or  for  €2  kg. 
[lb.]  there  will  be  needed  05.^3  of  oxygen;  as  the  contemplated  gas 
possesses  n2  atoms  its  combustion  will  require  0.5712^3  kg.  [lb.]  of 
oxygen;  hence  the  weight  G2  of  the  resulting  water  amounts  to 

(?2=n2(62+0.5€3)kg.  [lb.] (76) 

Further  if,  in  the  contemplated  gas,  there  are  present,  according 
to  equation  (2),  71363  kg.  [lb.]  of  oxygen,  the  added  mixture  con- 
tains qma  kg.  [lb.]  of  oxygen.  The  weight  G3  of  the  oxygen  left 
over  is  therefore 

(?3 = nzes  +  qma  -  2ni63  -  0.6n2C8  kg.  [lb.].      .    .     (7c) 

Finally  the  weight  G4  of  the  nitrogen,  at  the  end  of  combustion,  is 

G4  =  (n4e4-fgm/?)  kg.  [lb.], (7d) 

because  the  nitrogen  effects  no  changes.  The  addition  of  the  four 
preceding  weights,  when  we  consider  equation  (2),  again  leads, 
as  it  ought,  to  the  value  m{q  +  l),  i.e.,  to  the  weight  of  the  whole 
mixture  before  combustion. 

Now  taking  in  order  the  four  gases,  carbonic  acid,  steam, 
oxygen,  and  nitrogen,  we  have  for  the  corresponding  constants 
B  of  the  equation  of  condition: 

19.204,      46.954,      26.472,      and      30.131 
[35.003,      85.583,      48.251,      and      54.920], 

furthermore  the  specific  heats  at  constant  pressure  (cp)  are 
0.2169,      0.4805,      0.2175,    and       0.2438, 
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and  the  specific  heats  at- constant  volume  (c«) 

0.1718,      0.3695,      0.1551,    and       0.1727; 

then  we  can  calculate  for  the  mixture  resulting  from 
the  combustion  from  the  formulas  given  on  pp.  108  and 
172: 

while  the  similar  values  before  ignition  were  calculated  above 
and  designated  by  B^,  Cp,  and  c/. 

If  the  pressure,  specific  volume,  and  temperature  before 
ignition  are  j/,  t/,  and  7',  and  after  it  p,  v,  and  T,  then  the  rela- 
tions 

pv^BT      and      p'i/=B«7", 

hold. 

If  we  suppose  the  pressure  and  temperature  after  combustion 
to  be  brought  back  to  the  values  which  they  possessed  before 
ignition,  then  the  last  two  expressions  give 

and  from  this  we  can  conclude  whether  a  change  of  volume  is 
connected  with  combustion. 

To  be  sure  the  given  calculations  lay  no  claim  to  great  accu- 
racy because  just  for  carbonic  acid  and  for  steam  the  above-given 
specific  heats  are  uncertain,  particularly  for  carbonic  acid,  for 
which  these  magnitudes  vary  with  the  temperature;  neither  are 
the  two  vapors  subject  to  the  equation  of  condition  for  gases, 
and  here  it  is  especially  the  vapor  of  water  for  which  it  is  only 
permissible  at  low  pressures  and  high  temperatures  to  assume 
that  it  follows  the  law  of  Mariotte  and  Gay-Lussac. 

The  combustible  gases  have  usually  atmospheric  temperature 
before  ignition;  then  if  we  lead  the  gas  mixture,  after  com- 
bustion, back  to  the  initial  temperature,  the  water  will  no  longer 
be  present  in  the  form  of  vapor  but  will  appear  almost  completely 
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condensed;  as  the  water  volume  is  almost  infinitesimal  in  com- 
parison with  the  other  gases  it  would  have  been  more  correct  in 
determining  B  from  equation  (8)  to  have  substituted  ©2=0,  for 
the  weight  of  the  steam  present  after  combustion,  in  place  of  the 
weight  given  by  equation  (76). 

Equation  (7c)  gives  rise  to  a  special  remark  bearing  on  the 
weight  of  oxygen  left  over  after  combustion  and  enables  us  to 
calculate  it.  If  we  substitute  Gs^O  we  get  here,  from  the  rela- 
tion 

qma  =  {2ni+0.5n2-ns)esy (10) 

the  minimum   weight  q  of  the  mixture  composed  of  oxygen 

and  nitrogen  which  must  be  supplied  for  the  combustion  of  1  kg- 

[lb.]  of  gas  in  order  to  effect  perfect  combustion.    If  this  mixture 

consists  of  atmospheric  air,  we  must  substitute,  as  was  mentioned 

above,  a  =0.2356,  while  we  must  assume  a  =  l  when  pure  oxygen 

is  used. 

Let  us  assume  as  a  special  case  that  the  principal  constituent, 

namely  marsh  gas  (light  hydrocarbon),  is  to  be  burned  with  a 

supply  of  atmospheric  air.    For  this  gas  we  have  the  chemical 

formula  CH^;  therefore,  according  to  equation  (1),  ni  =  l,  n2  =  4, 

n3=0,  714=0,  and  hence,  according  to  equation  (2),  the  molecular 

weight  is 

m  =  lXl2H-4xl  =  16, 

and  according  to  equation  (3)  the  constant  B  of  the  equation  of 

condition  is 

B=53.000  [5=96.604]. 

From  equation  (10)  then  follows,  because  ez  =  16, 

qa=4. 

For  complete  combustion,  therefore,  at  least  4  kg.  [lb.]  of  pure 

oxygen  must  be  supplied  for  1  kg.  [lb.]  of  marsh  gas;  the  m  i  n  i  - 

m  u  m  of  the   atmospheric  air  necessary  is,  on  the  other  hand 

(because  a  =0.2356), 

g  =  16.978kg.[lb.]. 

Let  us  now  assume  that  in  reality  1  kg.  [lb.]  of  this  gas  is, 
before  ignition,  mixed  with  g  =  24  kg.  [lb.]  of  atmospheric  air; 
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as  we  must  assume  for  marsh  gas  Cp= 0.5929  and  0^=0.4680,  there 
is  found  from  equations  (4),  (5),  and  (6),  p.  406,  for  the  total 
mixture  before  ignition, 

jB,„-30.218   [B«  =  55.079],    Cp'=0.2518,   c/=0.1872,   ^  =  1.345, 

If  we  have  m  =  16  kg.  [lb.]  of  marsh  gas  before  ignition,  the  total 
weight  of  the  mixture  will  be 

m(g  +  l)=400kg.[lb.]. 

If  we  substitute  the  given  values  in  equations  (7a)  to  (7d)  we 
get,  after  combustion:  Gi=44  kg.  [lb.]  of  carbonic  acid;  ©2=36 
kg.  [lb.]  of  water,  63  =  26.47  kg.  [lb.]  of  oxygen,  and  04  =  293.53  kg. 
[lb.]  of  nitrogen.  From  equations  (8)  therefore  follows,  for  the 
whole  mixture  resulting  from  the  combustion, 

B  =  30.201     [5  =  55.048],     Cp  =  0.2604,     c,= 0.1891,     — -1.377. 


Cv 


The  values  differ  but  little  from  those  which  belong  to  the  mix- 
ture before  combustion.  In  this  comparison  the  water  present 
is  regarded  as  a  vapor;  now  if  in  consequence  of  subsequent  cooling 
of  the  products  of  combustion  it  had  become  liquid,  we  should  get 
B  =  25.975  [47.345];  in  the  first  case,  for  the  same  pressure  and 
the  same  temperature,  the  volumes  before  and  after  com- 
bustion, 1/  and  V,  will,  according  to  equation  (9),  be  almost  exactly 
equal ;  in  the  second  case  there  will  be  a  contraction  and  we  shall 
have  v= 0.859  1/. 

§  72.    BEHAVIOR  OF  COAL  (ILLUMINATING)  GAS 

DURING  IGNITION. 

Illuminating  gas  is  composed  of  a  series  of  separate  gases,  and 
indeed  the  proportions  of  the  mixture  are  very  variable;  for  the 
purpose  of  general  investigation  it  will  be  best  to  assume  a  certain 
mixture  of  average  proportions;  i  n  order  to  facilitate  compari- 
sons, let  us  assimie  in  the  following  that  illuminating  gas  has  a 
composition  like  the  gas  employed  by  G  r  a  s  h  o  f  .^ 

^  G  r  a  sh  o  f  ,  "Theorctischc  yaschinenlehre."   Leipsic,  1875,  Vol.  1,  p.  907. 
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In  order  to  facilitate  calculation  of  this  sort  we  will  first  give, 
in  the  following  Table  a,  the  gas  constants  belonging  to  those  gases 
contained  in  the  mixture  of  the  there  assumed  illuminating  gas. 


Tabl 

e  a. 

1. 

2. 

3. 

4. 

5. 

6. 

Chemical 
Formula. 

Molecular 
Weicht. 

ConstaDt. 

Speei6c 
Volume. 

Specific 

s  Heat. 

m 

B 

V 

^ 

fp 

Marsh  gas. .  . . 

Ethylene 

Butylene 

Hydrogen. . .  . 
Carbonic  oxide 
Nitrogen 


CH. 

16 

52.824 

1.3956 

0.5929 

28 

30.185 

0.7975 

0.4040 

'&' 

56 

15.092 

0.3987 

0.4040 

2 

422.591 

11.1649 

3.4090 

CO 

28 

30.185 

0.7975 

0.2450 

N, 

28 

30.185 

0.7975 

0.2438 

0.46S0 
0.3326 
0.3326 
2.4123 
0.1736 
0.1727 


[Tabl 

e  a.] 

1. 

3. 

3. 

4. 

5. 

6. 

Chemical 
Formula. 

Molecular 
Weight. 

Constant. 

Specific 
Volume. 

Specifi< 

)Heat. 

m 

B 

V 

«P 

Cr 

Marsh  gas.  .  . . 

Ethylene 

Butvlene 

Hyclrog^en. . .  . 
Carbonic  oxide 
Nitrogen 


CH. 
CjH^ 

16 

96.283 

22 . 356 

0.5929 

28 

55.018 

12.775 

0.4040 

'i' 

56 

27.508 

6.387 

0.4040 

2 

770.259 

178.85 

3.4090 

CO 

28 

55.018 

12.775 

0.2450 

N, 

28 

55.018 

12.775 

0.2438 

0.4680 
0.3326 
0.3326 
2.4123 
0.1736 
0.1727 


The  constants  B  of  the  equation  of  condition  were  calculated 
from  formula  (14),  p.  105,  namely. 


B= 


[.- 


845.182 

m 

1540.52 

"      ■  ■  ■     ■      4 

m 


] 


The  specific  volume  of  the  several  gases  is  calculated  from  the 
equation  of  condition  pv^BT  for  0°  C.  [32^  F.]  or   T  =  273^ 
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[7'=491.4®],  and  the  mean  atmospheric  pressure  p= 10333  kg» 
[2116.3  lb.],  with  the  help  of  the  preceding  formula  for  B,  gives 


22.3297  , 
1?= com. 


["- 


m 


357.70 


m 


cu.  ft. .  I 


The  following  Table  b  gives  in  columns  1,  2,  and  3  the  con- 
stitution of  the  afisiuned  coal  (illuminating)  gas,  according  to  the 
weight  and  volume  of  the  several  gases. 


Tabl 

e  b. 

Kind  of  Gm. 

1. 

a 

2. 

3. 
V 

4. 

OzygeQ* 

• 

5. 

Orbonio 

acid. 

k 

6. 

Water. 
w 

kg. 

obm. 

obm. 

kc. 

kg. 

kg. 

Marsh  gas. .  . . 

Ethylene 

Butylene 

Hydrogen. .  . . 
Carbonic  oxide 
Nitrogen 


0.54 

0.7536 

0.469 

4.000 

2.760 

0.10 

0.0797 

0.050 

3.428 

3.143 

0.08 

0.0319 

0.020 

3.428 

3.143 

0.05 

0.5582 

0.347 

8.000 

— 

0.15 

0.1196 

0.074 

0.571 

1.571 

0.08 

0.0638 

0.040 

— 

— 

1kg. 

1.6068 

1  cbm. 

[Table  b.] 


Kind  of  Gas. 


1. 
G 
lb. 


2. 

ou.  ft. 


3. 

V 

ou.  ft. 


Oxygen, 
lb. 


5. 

Carbonio 

aoid. 

k 

lb. 


2.250 
1.286 
1.286 
9.000 


6. 

Water. 

w 

lb. 


Marsh  gas. .  . . 

Ethylene 

Butvlene 

Hydro^n. . .  . 
Carbonic  oxide 
Nitrogen 


0.54 

12.072 

0.469 

4.000 

2.750 

0.10 

1.277 

0.050 

3.428 

3.143 

0.08 

0.511 

0.020 

3.428 

3.143 

0.05 

8.942 

0.347 

8.000 

0.15 

1.916 

0.074 

0.571 

1.571 

0.08 

1.022 

0.040 

— 

lib. 

25.740 

1  cu.  ft. 

2.250 
1.286 
1.286 
9.000 


The  summation  of  column  2  pves  the  volume  of  1  kg.  [lb.]  of 
the  contemplated  illuminating  gas,  i.e.,  gives  its  specific  volume 
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v  =  1.6068  [25.740];  its  reciprocal  value  r= 0.5797  [r= 0.03885] 
gives  the  specific  weight  of  the  gas. 

Column  3  gives  the  several  gas  quantities  in  cubic  meters  [cu. 
ft.],  contained  in  1  cbm.  [cu.  ft.]  of  illuminating  gas.  The  values 
are  obtained  by  dividing  those  of  column  2  by  1.6068  [25.740]. 

In  column  4  is  given  the  quantity  of  oxygen  expressed  in  kilo- 
grams [pounds]  and  designated  by  Sy  which  is  necessary  for  the 
combustion  of  o  n  e  kilogram  [pound]  of  the  gas  in  question.  It 
has  been  calculated,  according  to  the  presentation  of  the  preceding 
article,  from  the  formula 

2ni63  4-0.5^1263 — n^ez    32ni  -f-  8712  —  I6W3  ,-  -  ^ 

«  = = .  .    .     (11) 

m  tn 

Column  5,  designated  by  k,  gives  the  weight  of  the  carbonic 
acid,  and  column  6,  designated  by  w,  gives  the  weight  of  water, 
developed  by  the  combustion  of  1  kg.  [lb.]  of  the  gas  considered. 

The  first  value  is  found  from  the  formula 

mm 
and  the  second  value  from 

^^712(62+0.563)^^712 ^jgj 

771  m 

Let  us  assume  that  a  certain  illuminating  gas  weighing  one 
kilogram  [pound]  is  composed  of  Gi  kg.  [lb.]  of  marsh  gas,  G2  kg. 
[lb.]  of  ethylene,  etc.,  also  let  the  values  in  columns  3  to  6  be  desig- 
nated by  the  letters  of  the  headings  and  by  the  subscripts  1,  2. 
etc.;  then  the  constant  B  of  the  equation  of  condition  of  this 
illuminating  gas  can  be  computed  with  the  help  of  the  formula 

B,^I(GB), (14) 

where  Bg  is  employed  to  avoid  confusion.  Similarly  the  amount 
of  oxygen  s,  necessary  for  combustion  of  1  kg.  [lb.],  and  the  car- 
bonic acid  and  water  resulting  from  the  combustion  can  be  found, 
respectively,  from 

8  =  I(G8),    k  =  I{Gk),    and    w=I{Gw)  .    .    .     (15) 
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and  finally  the  specific  heat  of  this  illuminating  gas  for  constant 
pressure  and  constant  volume  respectively  is 

Cp^I{Gcj,)  and  c^  =  2'((?cj (16) 

For  butylene  there  are  no  observations  on  its  specific  heat,  and 
therefore  the  ethylene  values  were  substituted  for  it. 

For  our  coal  (illuminating)  gas  (Table  b,  p.  412)  we  get,  with 
the  help  of  the  preceding  formulas  and  the  numerical  values,  for 
the  constant  of  the  equation  of  condition 

5^  =  60.823 
[5^  =  110.86]. 

Further  we  find  for  the  oxygen  requisite  for  1  kg.  [lb.]  of  illu- 
minating gas  the  quantity  s= 3.262  kg.  [lb.],  for  the  produced  car- 
bonic acid  k  =  2.286  kg.  [lb.],  and  for  the  quantity  of  water  w=l  .896. 

Finally  there  is  found 

Cp=0.6196,    c^=0.4730,    x=^  =1.310. 

Now  if  the  gas  considered  is  mixed  with  q  kg.  [lb.]  of  air,  and 

V  is  the  .volume  of  this  air,  then  its  equation  of  condition  can  be 

written 

Vp^qBiT, 

where,  for  air,  we  have  5^=29.269  [53.349]  (see  p.  104);  on  the 
other  hand,  for  the  unit  of  weight  of  gas  we  have 

pv^BgT. 

C!onsequently  for  equal  pressure  and  equal  temperature  we 
have  the  ratio  of  the  air  volume  to  the  volume  of  the  illuminating 
gas  under  consideration : 

~=0.481g (17) 

V 

Since  1  kg.  [lb.]  of  air  contains  a  =0.2356  kg.  [lb.]  of  oxygen, 
we  determine  the  minimum  quantity  of  air  necessary  for  combus- 
tion from  g  a  —  5,  or 

9  =  13.85  kg., 

from  which  the  minimum  of  the  air  volume,  7  =  6.66  v,  results. 
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If  the  contemplated  gas  is  mixed  with  q  kg.  [lb.]  atmospheric 
air,  where  g>  13.85,  then  we  find  for  the  mixture  before 
ignition 

D      60.823+29.269?  V^      110.86+53.349  gl 

g+1  L  3+1         J 


also 


,    0.6196+0.2375  g         ,       ,    0.4730+0.1685  g 

Cp ^  anQ    c^ -— T « 

g+l  q+1 


On  the  other  hand,  after  combustion  we  have 

48.984+29.269  g  r^    89.284+53.345  9' 


r„    89.284+53.345  91 

L^ ^Ti — J' 


^=    ,+1 

also 

0.7169 +0.2375  a        ^          0.6011  +0.1685  q 
cp ^i and    c -^ , 

because  here  we  have  on  hand  2.286  kg.  [lb.]  of  carbonic  acid, 
1.896  kg.  [lb.]  of  water,  (0.2356g- 3.262)  kg.  [lb.]  of  oxygen,  and 
(0.7644  g+ 0.08)  kg.  [lb.]  of  nitrogen,  and  because  the  constants, 
given  on  p.  406,  are  used. 

For  example  there  follows  from  this,  for  the  minimum  quantity 
of  air  q  =  13.85  kg.  [lb.]  before  combustion, 

Bn»  =  31. 394  [B,„  =  57.222],  Cp'=0.2632,  c/-0.1890,  ^  =  1.392; 
after  combustion, 

5  =  30.597    [B=55.769],    Cp=0.2698,    c„=0.1976,    ^  =  1.365. 


These  last  results  of  calculation  lead  to  propositions  which 
greatly  faciUtate  and  simplify  the  computations  connected  with 
gas  engines.  Although  the  combustion  of  our  illuminating  gas 
presupposes  the  minimum  quantity  of  air,  nevertheless  the  physi- 
cal constants   before   and   after   ignition  are  of   nearly 
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equal    magnitude;    with  a  greater  quantity  of  air  the 
equality  is  still  more  apparent. 

If  we  consider  that  some  of  the  values  introduced  into  the 
calculation  are  not  yet  certainly  established  experimentally,  we 
may  for  the  present,  in  technical  calculations, 
assume: 

1.  that  combustion  of  illuminating  gas  in  a  gas 
engine,  after  a  preliminary  mixing  with  atmospheric  air,  in- 
volves no  change  of  volume  provided  the  mixture,  after  com- 
bustion, is  brought  back  to  the  initial  pressure  and  initial  tempera- 
ture, and  that  the  water  generated  is  present  in  the  gaseous  state; 

2.  that  the  specific  heat  both  for  constant  pressure  and  con- 
stant volume  may  be  taken  as  equal  before  and  after 
combustion,  and  its  determination  can  be  obtained  from  the  pro- 
portions of  the  mixtiu^  before  ignition;  finally 

3.  that  the  values  thus  calculated  are  also  valid  in  the  case 
in  which  the  illuminating  gas  is  not  only  mixed  with  atmospheric 
air,  but  also  with  gases  left  over  from  a  preceding  combustion. 

These  propositions,  however,  only  hold  under  the  express 
assumptions  maintained  for  the  present  that  the  specific  heats 
Cp  and  c  of  the  gases  are  independent  of  pressure  and  temperature. 


§  73.    THE  HEATING  VALUE  OF  COMBUSTIBLE  OASES. 

For  the  purpose  of  technical  investigations  of  the  present  kind 
it  is  permitted  to  utilize  the  experimental  results  of  F  a  v  r  e  and 
Silbermann  on  the  heating  value  of  combustible  gases, 
although  the  extensive  and  later  investigations  of  Berthelot 
and  J.  Thomsen  have  far  surpassed  those  older  ones;  for  the 
gases  here  considered,  however,  the  discrepancies  are  but 
slight. 

F a V r e  and  Silbermann  observed  for  these  gases  the 
heat  quantity  W  released  when  one  kilogram  [pound]  of  the 
gas  was  burned  in  the  calorimeter. 

The  experimental  values  of  W  are  given  in  column  2  of  the 
following  table : 
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Table. 

1. 

2. 

3. 

4. 

6. 

W 

H 

H, 

HS}) 

cal. 

cal. 

cal. 

cal. 

Marsh  gas,  CH4. . . . 
Ethylene,  C2H4.... 
Butylene,  CiHg. . . . 

Hydrogen,  H2 

Carbonic  oxide,  GO 


13063 

11710 

2930 

11858 

11090 

3235 

? 

• 

10840 

3162 

34462 

29060 

3630 

2403 

2400 

2100 

2342 
2504 
2447 
3229 
1528 


A 

[Table.] 

1. 

2. 

3. 

4. 

5. 

w 

H 

H, 

Hf 

■ 

B.i.a. 

B.t.a. 

B.t.u. 

B.t.u. 

Marsh  gas,  CH4 

Ethylene,  C2H4. . . . 
Butylene,  C4H8. . . . 

Hydrogen,  H2 

Carbonic  oxide,  CO 


23513 

21078 

5274 

21344 

19962 

5823 

• 

19512 

5692 

62032 

52308 

6534 

4325 

4320 

3780 

4216 
4507 
4405 
5812 
2750 


It  is  to  be  noted  that  the  experimental  values  given  by  F  a  v  r  e 
and  Silbermann  do  not  represent  the  real  heating  values. 
Since  the  gases  were  burned  in  the  calorimeter  at  constant  atmos- 
pheric pressure,  and  then  cooled  to  the  initial  (atmospheric) 
temperature,  the  steam  generated  was,  in  so  doing,  almost  com- 
pletely condensed;  the  calorimeter  thus  withdrew  from  it  a  certain 
heat  quantity  which  is  contained  in  the  value  W  and  should  be 
subtracted  from  it,  in  order  to  determine  the  real  heating  power  H. 

Now,  as  later  investigations  will  show,  the  quantity  of  heat 
which  must  be  withdrawn  from  one  kilogram  [pound]  of  satu. 
rated  steam  at  atmospheric  temperature,  in  order  to  convert  it 
under  constant  pressure  into  water,  amounts  to  about  600  cal. 
[1080  B.t.u.]  in  round  numbers;    therefore  if  the  combustion  of 


^  The  values  given  in  the  table  for  H^  differ  but  slightly  from  the  values  which 
Berthelot  found  (Ann.  de  chim.  et  de  phys,,  4th  Series,  Vol.  22,  p.  130). 
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1  kg.  [lb.]  of  gas  generates  w  kg.  [lb.]  of  steam,  the  heat  quantity 
under  consideration  is  600  w  [1080  w]  and  there  consequently 
follows 

H^W-eOOw  [H^W -1080  wl 

For  the  gases  given  in  the  preceding  table  the  corresponding 
values  of  w  are  given  in  the  table  on  p.  412;  thus  the  heating 
values  H  given  in  colunm  3  can  be  calculated  and  the  results 
agree  with  Grashof's  (lata;  the  value  given  for  butylene  gas 
was  estimated  by  G  r  a  s  h  o  f . 

If  we  suppose  the  combustion  to  be  effected  by  pure  oxygen 
and  if  we  divide  the  heating  power  H  by  the  weight  s  of  the  oxygen 
assigned  to  1  kg.  [lb.]  of  gas  (see  table,  p.  412)  we  get  the  values 
Hi  given  in  column  4  of  the  preceding  table.  (With  carbonic 
oxide  gas  the  divisor  was  2x0.571.) 

These  values  give  the  heat  quantities  per  kg.  [lb.]  of  oxygen. 
Welter  concluded  from  the  older  experiments  of  Lavoisier 
and  R  u  m  f  o  r  d  that  equal  heat  quantities  must  correspond  to 
equal  quantities  of  oxygen;  the  values  of  Hi  ought  therefore  to 
be  of  nearly  the  same  magnitude ;  we  see,  however,  that  Wel- 
ter's proposition  is  not  confirmed  and  this  has  been  pointed 
out  before. 

On  the  other  hand  if  the  heating  power  is  referred  to  1  kg. 
[lb.]  of  mixture  of  gas  and  oxygen  we  get  the  values  H2  of  column 
5;  they  were  found  from  the  division  of  H  by  {k-\-w)  or  by  1+8, 
the  latter  values  being  taken  from  the  table  on  p.  412. 

It  follows  therefore  that 

H'=Yrs (18) 

We  see  that  the  values  H2  also  follow  no  simple  law. 

Let  us  consider  a  mixture  of  combustible  gases  (illuminating 
gas)  and  designate  the  gas-weights  contained  in  a  unit  of  weight 
of  mixture,  a^  before,  by  Gi,  G2,  etc.,  and  their  heating  power  H 
(taken  from  column  3  of  the  preceding  table)  hy  Hi,  H2,  H^j 
etc.,  then  the  heating  power  of  this  mixture  is  determined  by 

H  =  I{GH) (19) 
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For  example,  in  the  illuminating  gas,  assumed  on  p.  412,  we 
have 

H  =  10113  cal.  [18203  B.t.u.]. 

According  to  the  investigations  in  §  24,  p.  132,  the  heat  con- 
tents J  of  the  unit  of  weight  of  a  gas,  or  of  its  inner  work  C/, 
expressed  in  units  of  heat,  is  given  by 

J=Jo+cX 

where  Jo  is  a  constant  belonging  to  the  gas  in  question;  in  what 
follows  let  J  be  simply  called  the  "gas  heat"  and  Jo  the  "con- 
stant of  the  gas  heat."  This  constant  can  be  found  for  the  unit 
of  weight  of  a  mixture  of  different  gases  from  equation  (18),  p.  175, 


Jo  =  i'(GJo), 


(20) 


where  Gi,  G2,  G3,  • . .  represent  the  weights  of  the  several  gases, 
and  Jo',  Jo",  Jo'",  •  •  •  their  constants. 

Now  for  a  mixture  of  one  kilogram  [pound]  of  combustible 
gases  let  Ji  be  the  constant  of  the  gas  heat,  ci  the  specific  heat 
at  constant  volume  for  this  mixture,  Bi  the  constant  of  the  equa- 
tion of  condition;  moreover  let  these  same  magnitudes  for  the 
mixture  after  combustion  be  designated  by  J 2,  C2,  and  B2 
respectively;  let  pressure,  volume,  and  temperature  before 
ignition  be  pi,  t?i,  and  Ti,  after  combustion  p2,  V2,  and  7^2 ; 
then  the  process  of  combustion  can  be  represented)  in  a  general 
fashion,  by  the  curve  ACE,  Fig.  63,  which  I  have  called  the 
"combustion  cm^e."  The  points  A  and  B  represent  the  gas 
condition  before  and  after  combustion, 
and  if,  during  combustion,  pressure  and  vol- 
ume have  changed  according  to  the  course 
of  the  arbitrary  curve  AB,  then  in  so  doing 
a  work  L  is  produced,  which  is  represented 
by  the  area  V1ABV2.  If  the  combustion 
takes  place  without  heat  supply  from,  and 
without  heat  withdrawal  by,  the  outside, 
then  evidently  the  gas  heat  at  the  end  is  equal  to  that  at  the 
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beginning,  diminished  by  the  heat  quantity  converted  into  work, 
and  therefore 

from  which  follows 

Ji-Za^cara-CiTiH-ilL, (21) 

and  at  the  same  time  the  relations 

TPxVi^BiTi      and      paVa^Sa^a     ....  (22) 
hold. 

Let  the  mixture  of  gases  be  led  back  by  the  same,  but  reversed, 

path  BA  to  the  initial  values  of  pi  and  v\.    The  heat  quantity 

Q,  which  must  be  withdrawn  in  so  doing,  is  found  from 

Q=C2(ra-r)H-ilL, (23) 

where  T  is  the  temperature  of  the  mixture  at  the  point  A^  after 
the  return. 

Combination  of  equation  piVi^B^T  with  the  first  of  equa- 
tions (22)  gives 

T-^Tx (24) 

Utilization  of  this  expression  and  elimination  of  ilL  from  the 
two  equations  (21)  and  (23)  give 

J,-J.=Q+'^^^T, (25) 

In  F a V r e  and  Silbermann's  experiments  the  here- 
described  procedure  actually  occurred,  only  the  combustion  and 
return  took  place  at  constant  pressure  pi  and  so  the  curve  AB 
was  a  horizontal  straight  line. 

The  value  here  designated  by  Q  is  identical  with  the  value  ffai 
column  5,  for  the  gases  adduced  in  the  table  on  p.  417,  and  for 
these  gases  the  difference  J\  -J2  can  be  computed,  Ti  being 
assumed  as  the  mean  atmospheric  temperature,  because  from  the 
known  proportions  of  the  mixture  before  and  after  com- 
bustion, the  values  Ci  and  C2  and  also  Bi  and  B2  can  be  deter- 
mined. Under  the  hypothesis  that  the  gas  considered  burns 
with  pure  oxygen,  and  assuming  the  data  in  the  table 
on  p.  412,  and  considering  the  data  already  given,  we  get  the 
values  given  in  the  following  tabulation. 
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Tabulation. 


B^ 


Ji-J% 


Marsh  gaa 

Ethylene 

Butylene 

Hydroijen 

Carbonic  oxide. . 


0.2177 

0.2607 

31.74 

31.74 

0.1052 

0.2292 

27.31 

27.31 

0.1952 

0.2292 

39.90 

27.27 

0.4059 

0.3695 

70.42 

46.95 

0.1669 

0.1718 

28.80 

19.20 

2355 
2514 
2449 
3272 
1551 


[Tabulation.] 


Dl 


Jt-Jt 


Marsh  gas. .  . . 

Ethylene 

Butylene 

Hydrogjen 

Carbonic  oxide 


0.2177 

0.2607 

57.720 

57.720 

0.1952 

0.2292 

49.778 

49.778 

0.1952 

0.2292 

72.726 

49.705 

0.4059 

0.3695 

128.355 

85.576 

0.1669 

0.1718 

52.494 

34.996 

4239 
4525 
4408 
5890 
2792 


The  valuef  J1—J2  of  the  last  column  are  computed  from 
equation  (25)  for  the  mean  temperature  <i=20®  C.  [68°  F.],  i.e., 
Ti  =293°C.  [527.4  F.]  and  differ  but  little  from  the  values  ff  2,  p.  417. 

In  the  difference  (J.  — 1/2),  we  repeat,  the  first  term  Ji  repre- 
sents the  constant  of  the  gas  heat  for  the  mixture  of  the  com- 
bustible gas  with  pure  oxygen,  and  J 2  refers  to  the  mix- 
ture after  combustion,  consisting  of  carbonic  acid  and  water. 

Now  if  we  represent  this  constant  for  the  gas  in  question  by 
Jo,  and  its  value  for  oxygen,  carbonic  acid,  and  water  respectively 
J$,  Jkj  and  •/„,,  then,  according  to  equation  (19),  the  following 
relations : 

(l+5)Jl=Jo+5t/., 
(1 4-  s)  J2 = fcJk  +  WJy,, 


(26) 


hold,  when,  as  was  assumed  in  calculating  the  table  on  p.  412, 
s  kg.  [lb.]  of  oxygen  are  furnished  for  1  kg.  [lb.]  of  gas,  and  when 
the  result  is  k  kg.  [lb.]  of  carbonic  acid  and  w  kg.  [lb.]  of  water. 
The  difference  then  gives  for  the  gas  considered 

Jo  =  {l-^s)  {Ji-J2)+kJk-\-wJ„-8J,.    .    .    .     (27) 

If,  therefore,  the  values  J*,  J„„  and  J,  were  known,  the  con- 
stant Jo  could  be  computed  for  all  gases  of  the  composition 
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(C„,H„,On,).  As  regards  this  problem  only  one  experiment  exists 
for  its  solution,  which  is  by  Nordenskiold^;  from  the  experi- 
mental results  of  F  a  v  r  e  and  S  i  1  b  e  r  m  a  n  n  on  the  heats 
of  combustion  of  organic  fluids  of  the  preceding  composition  there 
were  found  the  following  values  for  this  constant  JqI 

for  Oxygen :  J,  =  7317  cal.  [13170.6  B.t.u.], 

Carbonic  acid :    J* =4312  cal.  [7761.6  B.t.u.], 
Vapor  of  water :  y«,= 7275  cal.  [13095  B  t  u.], 

of  course  under  the  hypothetical  proviso  that  the  heats  of  com- 
bustion of  these  fluids  are  inversely  proportional  to  their  specific 
weights. 

With  the  help  of  these  values  and  the  corresponding  values  s, 
k,  and  w  in  Table  b,  p.  412,  we  can  compute  from  equations  (26) 
the  following  tabulation. 


Combustible  Gas. 

Gas  Heat  Constants. 

Jt 

Ji 

J» 

Marsh  eas 

5645 
5173 
5173 
7275 
4312 

8000 
7687 
7622 
10547 
5863 

10732 

Ethvlene 

8955 

Butvlene 

8667 

Hvdrocen 

36387 

Carbonic  oxide 

5033 

[Table.] 


Combustible  Gas. 


Gas  Heat  Constants. 


Jx 


Marsh  gas. .  . . 

Ethylene 

Butylene 

Hydrogen. . .  . 
Carbonic  oxide 


10161 
9311 
9311 

13095 
7762 


7200 
13837 
13720 
18985 
10553 


19318 
16119 
15601 
65497 
9059 


'  Poggendorft's  Annalen,  Vol.  109, 1860,  p.  184.— W  u  1 1  n  e  r,  Lehrbuch  der 
Experimentalphysik,  Vol.  3. 
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The  contents  J 2  are  computed  from  formula  (26) : 

(1  +  S)J2  =  kJk  +  Wjy,f 

while  J\  results  from  the  relation 

where  the  corresponding  values  Ji— J2  are  taken  from  the  table 
on  p.  421. 

The  values  Jo  are  computed  according  to  the  first  of  equa- 
tions (26) : 

yo'=(l+s)t/i— sJ.. 

Moreover  we  may  especially  emphasize  that  J 2  is  the  constant 
of  the  gas  heat  after  the  combustion  of  the  gas  with  pure 
oxygen,  while  Ji  is  the  constant  of  the  mixture  of  the  combustible 
gas  with  the  necessary  oxygen  before  combustion.  J©  is  the 
constant  for  the  combustible  gas  considered. 

The  value  Jo  could  therefore  also  be  calculated  for  every  mix- 
ture of  the  gases  here  given. 

An  exact  determination  of  the  quantities  considered  would 
certainly  be  of  importance  for  the  further  development  of  thermo- 
dynamics; for  the  present  the  values  given  by  Nordenskiold 
and  the  values  just  derived  from  them  must  be  regarded  as  hypo- 
thetical. 


§  74.  THERMODYNAMIC  EQUATIONS  FOR  THE  PROCESS 
OF  COMBUSTION  OF  A  QAS  WITH  INVARIABLE 
SPECIFIC  HEATS. 

If  the  unit  of  weight  of  a  combustible  gas  is  mixed  with  s  kg. 
[lb.]  of  oxygen,  i.e.,  with  just  enough  of  it  to  effect  perfect  com- 
bustion, and  if  the  products  consist  of  k  kg.  [lb.]  of  carbonic  acid 
and  w  kg.  [lb.]  of  water,  then,  at  a  particular  instant,  say  at  the 
point  C  of  the  combustion  curve  AB  (Fig.  63,  p.  419),  in  which 
X  kg.  [lb.]  of  gas  have  just  been  burned,  the  total  weight  1-fs 
^{Jc+w)  kg.  [lb.]  of  the  gas  mixture  will  consist  of  (l—x)  kg. 
[lb.]  of  gas,  (1  -x)s  kg.  [lb.]  of  oxygen,  kx  kg.  [lb.]  of  carbonic  acid, 
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and  wx  kg.  [lb.]  of  steam;  the  specific  heat  Cx  at  constant  volume 
for  this  mixture  can  be  calculated  in  the  manner  given,  also  the 
constant  B,  of  the  equation  of  condition,  and  finally  from  this 
equation  itself  the  temperistture  can  be  computed  for  every  given 
value  of  the  pressure  p  and  volume  v. 

The  constant  J,  for  the  gas  heat  of  the  mixture  can  be  deter- 
mined, provided  Jo  is  the  constant  for  the  combustible  gas  itself, 
from  the  relation 

(1  -f-«)«/x  =  (1  •-'X)Jo  +  {l''X)8JM'\'kxJk-\'WxJ^, 

or 

(1  +  s) Jx = i/o + «•/«  H-  (kJk  +  wJJ)x  -  (Jo + 8j,)x, 

or,  taking  into  consideration  equations  (26), 

Jx=Ji-(Ji-J2)x (28) 

This  formula  also  holds  when  there  is  mixed  with  the  com- 
bustible gas,  at  the  beginning,  not  only  oxygen,  but  also  an  indif- 
ferent (neutral)  gas;  enough  oxygen  must  be  on  hand,  however, 
to  bum  the  whole  gas;  any  excess  of  oxygen  would  have  to  be 
counted  with  the  indifferent  gas ;  if  i  kg.  [lb.]  of  such  a  gas  were  on 
hand  and  J<  its  constant,  we  should  write  in  place  of  equations  (26) 


(H-5  +  t)Ji  =Jo  +  5J,  +  i/t, 


(29) 


For  the  considered  point  C  of  the  combustion  curve  AB  (Fig. 
63,  p.  419)  there  can  be  found,  in  the  same  way,  the  specific  heat 
Cx  at  constant  volume,  also  the  constant  Bx  of  the  equation  of 
condition : 

Cx  =  Ci-(Ci-C2)x, (30) 

B,  =  fii-(fii-52)x, (31) 

and  for  the  equation  of  condition  of  the  mixture  at  this  instant 

pv^[B,-'iBi^B2)x]T (32) 

for  the  corresponding  temperature  T. 
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Taking  a  unit  of  wei^t  of  a  gas  mixture,  the  heat  content 
at  the  point  C  of  the  curve  AB  is  given  by  Jx+CxT]  on  the  other 
hand,  for  the  beginning,  it  is  given  by  Ji-\-C\Ti\  the  difference 
gives  the  increment  of  the  heat  content  when  equations  (28)  and 
(30)  are  used: 

Ci(r-rx)-[Ji-J2-i-(ci-C2)7Tx. 

The  bracketed  quantity  designated  by  /o  is  a  simple  function 
of  the  temperature  because  the  constant  quantities  Ji,  Jzt  Ci,  and 
C2  are  known  for  the  case  in  hand,  i.e.,  substitute 

/t>=Ji-J2H-(ci-C2)r, (33) 

and  we  shall  get  for  the  total  increase 

Now  if  during  combustion,  i.e.,  during  the  corresponding  chemical 
change,  there  is  also  supplied  to  the  mass,  from  without, 
the  heat  quantity  Q  along  the  path  AC  of  the  curve  AB^  and  if 
in  so  doing  the  external  work  AL  is  produced,  then  the  relation 

Q=cx{T-'Ti)-px^-AL 

obtains,  or,  passing  to  the  differential, 

dQ=c,dr-d((xr)  f  Apdu, (34) 

• 

where  the  function  p  is  given  by  equation  (33). 

The  preceding  equation  is  the  result  of  an  attempt  to  extend 
the  fundamental  equation  of  thermodynamics  for  gases  to  the 
case  in  which  there  exist  simultaneously  chemical  equa- 
tions of  condition.  If  combustion  did  not  take  place  during 
heat  supply,  then  x  would  be  0  and  constant;  then  we  should 
again  obtain  the  equation  as  it  was  presented  on  p.  134.  In  its 
structure,  moreover,  the  preceding  formula  is  identical  with  the 
one  which  subsequent  investigations  will  furnish  for  the  heat  quan- 
tity that  is  necessary  for  the  evaporation  of  liquids. 

The  preceding  investigations  exist  in  the  earlier  edition  of  this 
book  (1887,  Vol.  I,  p.  413).    Recently  S  t  o  d  o  1  a  in  the  article 
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"Die  Kreisprozesse  in  der  Gasmaschine,'*  Zeitschrift  des  Vereins 
deutscher  Ingenieure  (Vol.  42, 1898,  pp.  1045  and  1086),  has  given 
for  the  process  of  combustion  equations  which  agree  in  structure 
with  the  formulas  given  above  in  the  text,  and  for  gases  in  particular 
are  identical  with  them.  More  recently  still  Hans  Lorenz 
in  "Technische  Warmelehre,"  1904,  p.  392,  has  derived  the  same 
equations  for  gases  in  a  somewhat  different  form,  but  extends  the 
investigations,  like  S  t  o  d  o  1  a,  to  the  case  of  variable  specific 
heats  in  accordance  with  the  experimental  results  of  Mallard 
and  LeChatelier,  a  supposition  which  we  will  likewise  make 
later  on. 

Example.  Hydrogen  detonating  gas,  a  mixture  of 
hydrogen  and  oxygen  in  the  proportion  in  which  the  two  gases  unite  to  form 
water,  is  to  be  burned  at  constant  volume.  Let  pi  and  Ti  be  the  pressure 
and  temperature  of  the  mixture  at  the  beginning,  and  let  p,  and  T^  be  the 
pressure  and  temperature  at  the  end  of  combustion,  in  the  state  of  vapor; 
then,  because  Vt""V,,  we  find  from  equations  (22) 

£,5,7*,  . 

Pi    ^1  ^1 

when  perfect  combustion  obtains,  i.e.,  x^l,  while  at  the  beginning  x^O. 
From  the  int^ration  of  equation  (34)  there  follows  here,  because  dv^O, 

and  with  equation  (33) 

Q+J,-J,'C,T,--c,T,, (fi) 

where  Q  represents  the  quantity  of  heat  which  must  be  supplied  from  with- 
out during  the  process  of  combustion. 

During  the  explosion  heat  is  neither  supplied  nor  withdrawn,  i.e.,  let 
0«0.  If  the  initial  temperature  of  the  mixture  is  <,  —  20°  [68°  F.]  and 
r, -293°  [527.4°  F.],  and  if  we  utilize  the  constants  5,,  5„  etc.,  given  for 
hydrogen  in  the  tabulation  on  p.  421,  there  will  result  from  equations  (a) 
and  (fi) 

T^^9l7r,        /3-8904°.    and    ^-20.88 

Pi 

[r,- 16518.6,     t- 16059.2]. 

Bunsen    found,   by  experiments,   that  the   pressure  ratio  -—9.6 

P. 
obtained;   here  therefore  are  conditions  which  still  require  explanation. 

The  most  natural  and  probably  the  most  correct  idea  is,  that  dissocia- 
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tion  (see  p.  91)  must  here  play  an  important  part;  *  for  does  not  the  calcu- 
lation in  the  preceding  example  give  the  enormously  high  temperature  of 
combustion  ^-8904°  C.  [16060*^  F.]? 

As  a  special  case  we  will  discuss  gas  combustion  at  constant 
temperature. 

If  the  constant  value  of  the  combustion  temperature  is  desig- 
nated by  r,  then  the  value  of  ^,  from  equation  (33),  namely, 

/t>=Ji-J2H-(ci-C2)T, (36) 

is  constant,  and  because  d7«0,  equation  (34)  gives 

dQ^—fidx+Apdv. 
But  the  differentiation  of  equation  (32)  gives 

d(pv)--(5i-52)7'dx,     . 
If  we  determine  dx  from  this,  we  get 

It  for  simplification  we  substitute 

m^l+m^MT, (36) 

P 

there  follows,  after  simple  reduction, 

dQ^AELdhg,{pv^) (37) 

m— i 

Therefore  according  to  the  method  of  heat  supply  the  i  s  o  t  h  e  r- 

mal  curve    of  combustion  will  have  a  different  course. 

If,  during  combustion,  heat  is  neither  supplied  nor  withdrawn, 

^Mallard  and  Le  Chatelier  found  that  a  noticeable  dissociation 
did  not  occur  as  long  as  the  temperature  of  carbonic  acid  was  below  1800^  (3240^ 
F.)  and  as  long  as  the  temperature  of  steam  was  below  2000^  [3600^  F.].  Annales 
des  Mines,  Vol.  IV,  1883,  p.  456. 
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then  dQ^O,  and  from  equation  (37)  follows  for  the  course  of  the 
combustion  curve 

pv^^piVi^, (38) 

where  m  is  to  be  determined  with  the  help  of  equations  (35)  and 
(36). 

For  example,  we  find  for  detonating  gas,  which  is  to  burn  at 
the  constant  temperature  «=500°  C.  [932^  F.]  or  r=773^  [1391.4^ 
for  the  exponent  m, 

m  =  1.13, 

from  the  values  given  for  hydrogen  in  the  tabulation  on  p.  421. 
On  the  other  hand  for  gases  or  gas  mixtures,  in  which  the  gas 
constants  are  taken  equally  large  before  and  after  combustion, 
i.e.,  for  which  we  substitute  Bi=B2,  we  find  m  =  l;  the  isother- 
mal curve  of  combustion  is  then  the  isothermal  of  ordinary  gases^ 
i.e.,  an  equilateral  hyperbola. 

§  75.  THE  FUNDAMENTAL  EQUATIONS  AND  THE  EQUA- 
TIONS  FOR  THE  COMBUSTION  PROCESS  OF  OASES 
WITH   VARIABLE  SPECIFIC  HEAT. 

If  we  continue  to  hold  fast  to  the  assimiption  that  ga,ses  are 
subject  to  the  ordinary  equation  of  condition  pv=BT,  we  find, 
as  was  shown  on  p.  145,  that  the  specific  heat  at  constant  pres- 
sure can  only  be  a  function  of  the  temperature,  but  that  its  differ- 
ence from  the  specific  heat  at  constant  volume  again  appears  as 
a  constant  and  that  the  equation 

Cp—Cv=AB 

is  here  also  valid. 

Now  if  we  substitute 

Ct,=CoH-r      and      Cp«A;oCoH-t,   ....    (39) 

where  r  represents  any  temperature  function  and  the  quantities 
Co  and  ko  are  regarded  as  constants  still  to  be  determined,  then 
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in  place  of  equation  (51a),  p.  132,  there  may  be  written  for  the 
variation  of  energy  of  a  gas  for  any  change  of  state  whatsoever 

dJ==AdU  =  {co+r)dT, (40) 

and  for  the  supplied  heat  quantity  dQ  there  is  found 

dQ^(co+r)dT+Apdv, (41) 

which  equation,  like  the  one  (53),  p.  133,  can  be  written  in 
different  forms.  It  results  that  at  constant  temperature  or 
constant  energy  the  isothermal  curve,  and  the  isodynamic, 
can  be  represented  by  an  hyperbola.  The  circumstances  are 
different,  however,  with  the  adiabatic  curve,  and  as  this  is  of 
importance  right  here,  because  of  the  course  of  expansion  in  gas 
engines,  it  will  be  examined  more  closely.  In  so  doing  the  propo- 
sitions of  Mallard  and  LeChatelier  will  at  once  be 
applied.  Accordingly  the  temperature  function  r  is  represented 
by  aoT,  where  ao  is  a  constant,  valid  for  the  gas  considered. 
(See  equations  (y)  upon  p.  147.)  We  therefore  write  in  place  of 
equation  (40) 

AdU^dJ^(co'\'aoT)dT (42) 

and 

dQ=^{co  +  aoT)dT+Apdv (43> 

The  difference  of  equations  (39)  gives 

Cp-c«  =  (Ao-l)co=.4B (44> 

If  we  utilize  this  relation  and  divide  both  sides  of  equation 
(43)  by  AT,  then  there  is  found  for  the  differential  of  entropy  P, 


^dP=cod(log.pr;*.)+^»MPl> 

Co     AJq  — 1 


and  from  this,  by  integration. 


AP=^co\oge(pv^)  +  -^+APo.      .    .    .    (45> 

CoKq  —  L 
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But  for  the  adiabatic  curve  the  entropy  is  the  same  for  all  points, 
and  we  therefore  get  for  this  curve  the  equation 


Co  loge  (pv^)  +  —  ,   ^,  =  Constant. 

Co  A;o  —  1 


.     .     (46) 


Compare  this  with  equation  (59),  p.  139,  with  respect  to  the 
ordinary  case  of  invariable  specific  heat  at  constant  volume. 
Closer  investigation  shows  that  according  to  this  equation  (46) 
the  adiabatic  approaches  the  axis  of  abscissas  less  rapidly 
than  in  the  case  treated  on  p.  139;  it  approaches  more  to  the  iso- 
thermal curve,  which  is,  in  general,  confirmed  by  the  indicator 
diagrams  of  gas  engines. 

Since  equation  (39)  represents  the  specific  heat  at  constant 
volume  as 

C|,=Co+ao7' 

the  constants  Co  and  ao  are  found  from  equations  (;'),  p.  147,  when 
we  divide  their  two  members  by  the  molecular  weight  m  (accord- 
ing to  data  on  p.  147)  to  be  as  follows : 


Hydrogen,  H2 

Oxygen,  O2 

Nitrogen,  N2 

Carbonic  oxide,  CO. . 

Steam,  H2O. 

Carbonic  acid,  CO2 . . . 


2.047 
0.128 
0.146 
0.146 
0.234 
0.100 


0.00122 

0.000076 

0.000087 

0.000087 

0.000318 

0.000176 


0.000678 

0.0000422 

0.0000483 

0.0000483 

0.000177 

0.0000978 


To  these  preliminary  investigations  we  now  add  the  investiga- 
tions concerning  the  combustible  process  of  gases 
with  variable  specific  heat. 

Let  the  unit  of  weight  of  a  combustible  gas  be  mixed 
with  8  kg.  [lb.]  of  oxygen  and  i  kg.  [lb.]  of  an  indifferent  (neutral) 
gas.    The  total  weight  G  of  the  gas  mixtm-e  is  therefore 


G  =  l+sU. 


(47) 
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Now  let  the  constant  B  of  the  equation  of  condition  pv^BT 
for  the  combustible  gas  be  Bq,  for  oxygen  be  B,,  for  the  indifferent 
gas  be  B*;  in  like  manner  we  have  for  carbonic  acid  Bk  and  for  the 
vapor  of  water  B^,,  provided,  after  complete  combustion,  k  kg.  [lb.] 
of  carbonic  acid  and  w  kg.  [lb.]  of  steam  are  on  hand. 

Now  suppose  that  at  the  point  C  of  the  combustion  curve. 
Fig.  63,  p.  419,  just  x  kg.  [lb.]  of  combustible  gas  have  been  burnt; 
let  V  be  the  total  volume  of  the  gas  mixture  and  let  the  partial 
pressures  be  respectively  represented  by  po,  Pt,  p«,  p*,  and  p„, 
and  their  sum  by  p,  and  then  the  following  relations  obtain: 

po7=(l-a:)Bor, 

PiV^iBiT, 

p.7=(l-x)s5.r, 

PkV^xkBkT, 

p^V=rwBjr, 

and  from  them  follows,  by  addition, 

^  =  (BoH-ifii+«ft)-^(Bo+«B.-*Bib-tt^B«).  .    .    (48) 
If  we  introduce  the  specific  volimie  t>,  we  have 

and  equation  (48)  gives  for  the  beginning  of  the  combustion,  i.e., 
for  x-O,  the  constant  Bi  of  the  equation  of  condition, 

P     Bq-\-  iBj + sBg  .    . 

and  likewise  B2  for  the  end  of  the  combustion,  i.e.,  for  x— 1, 

P     kBk-¥wB^^-iBi 

The  difference  ^ves 

(H-«+i)  (Bi-B2)=Bo+«B*-*i?ib-t^B«, 
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hence  there  follows,  accordmg  to  equation  (48),  the  sunple  relation 

^=Bi-(Bi-B2)x, (51) 

in  which  Bi  and  B2  are  given  by  equations  (49)  and  (50).    Equa- 
tion (51)  is  identical  with  equation  (32),  p.  424. 


For  a  single  gas  we  get,  according  to  equation  (42),  p.  429, 
for  the  variation  of  energy  measured  in  units  of  heat, 

AdU^dJ^{co  +  aoT)dT, 

and  from  this,  by  integration, 

J=»JoH-CoT  +  Jao7^, (52) 

where  Jo  is  again  the  '' constant  of  the  gas  hea  t." 

Let  the  total  weight  G  of  the  V  mixture  be  G=l+«+i  and 
again  designate  the  constants  of  the  preceding  equation  of  the 
several  gases  of  this  mixture  by  subscripts  i,  s,  k,  and  w  respect- 
ively; then  the  heat  constant  GJ  for  the  point  C  of  the  com- 
bustible curve,  Fig.  63,  p.  419,  is 

(?J  =  (l-x)(,/o+CoTH-iao7^)+t'(J<+Cir  +  Ja^r2) 
H-  (1  -  x)8{J,  -f  c,T  +  Ja.r2) 
+xk{Jk  +  CkT  +  iakT^) 
+ xwiJ^ + cjr  4-  hajr^) . 

From  this,  by  addition  and  transformation  of  the  terms. 


GJ''{Jo+iJi+sJ,)  +  (co+iCi-^sc,)T 

+  (iao  +  Jittt  -f  Jsa,)  T^-{Jo+sJt-  kJk  -  wJJ)x 

—  (co  4-  scg  -  kck  -  v)cJ)xT 

"  ( Jao  +  is««  -  P«ik  -  ^waJ)xT^. 


(53) 


Introducing  the  following  notation  for  simplification: 

Jo+  sJ.+  Ui^GJi, (54) 

iJi+kJk+wJy,=GJ2,    ......    (55) 
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CoH-  8Cg'\'    iCi^Gci, (53) 

ici-b  kck+  wc„=Gc2f (57) 

aoH-«a,+  ia»=GAi, (58) 

ia<H-A?a*H-t^aip=GA2,  ••....  (59) 

we  finally  get,  in  place  of  equation  (53), 

J= Ji +cir+ JAiT2-[Ji  -  J2+ (ci -C2)r+ J(*i -A2)7^]x. 

We  designate  the  bracketed  expression  by  p,  that  is,  if  we 
make 

[•/i-^2  +  (ci«C2)rH-i(^i-A2)r2]-p,  ...    (60) 
there  follows 

J=JiH-CiriH-JAir2-X|t> (61) 

for  any  corresponding  stage  of  combustion  and,  from  this,  by 
differentiation, 

AdU=-dJ--CidT+hiTdT'-d(xp) (62) 

The  last  equations  refer  to  the  unit  of  weight  of  the  whole 
gas  mixture. 

If  combustion  takes  place  under  heat  supply,  we  get  the  fun- 
damental formula 

dQ^CidT'{'hiTdT-d{xp)'\'Apdv,       ...    (63) 

which,  with  the  help  of  the  equation  of  condition  and  equation 
(51),  permits  different  transformations. 

Example.  Hydrogen  detonating  gas,  a  mixture  of  hydrogen  and 
oxygen  in  the  ratio  in  which  the  two  gases  unite  to  form  water,  is  to  be 
burnt  at  constant  volume. 

Let  Ti  be  the  initial  and  7",  the  final  temperature;  then  for  complete 
combustion  x  —  1  and  we  get  from  equation  (63) 

(2-c,(7',~!r0+i/ii(r,»-r,O-A>., (63a) 

in  which,  according  to  equation  (60),  we  must  substitute 

it>,-/.-/t  +  (c,-c,)r,-i-i(A.-A,)7',*    ....     (60a) 
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Now  herea -8,  w -9,  and  therefore,  using  the  valuesof  Jon  p.  422, 

Ji- 10547,    J, -7275;      hence  Ji- J, -3272 
[Ji- 18985,    7,-13095;    hence  Ji -J,  -  5890], 

and  according  to  the  tabulation  on  p.  433, 

ci -0.341,        c, -0.234,        Ci-c, -0.107; 
Ai -0.000203    and    A, -0.000318 
[Ai -0.000113    and    A, -0.000177]; 
and 

ft -3272 +0.107  T, -0.0000575  T,' 
[fh-5SS9.  +0.107  r, -0.000032  T/]. 

If  the  combustion  takes  place  without  heat  supply,  then  we  must  sub* 
atitute  Q  —  0  in  equation  (63a) : 

3372.63-0.234  7,+ 0.0001586  T,' 
[6070.73-0.234  T, +0.00000881  T^'l 

from  which  can  be  determined  the  temperature  at  the  end  of  the  combus- 
tion: 

r,  - 1  gnoQ  I    or,  according  to  Celsius,        t,  -  {  ^^^  \ 
[^«"{ 7079:4}^''  according  to  Fahrenheit,^-  {^76.8 J  j^ 

The  constants  for  the  equation  of  condition  before  and  after  combustion 
are: 

5,  -70.42      and    B,  -46.95  (Table,  p.  421) 
[5i- 128.35    and    5,-85.576]. 
From   . 

p,v  -  Bi  Ti    and    p,»  -  B.T, 

follows,  according  to  the  found  temperature  values,  the  pressure  ratio 

£2     f  12.30  \ 
p,"l   8.95/- 

From  what  has  been  said  other  examples  of  the  burning  of 
simple  combustible  gases  might  easily  be  adduced;  but  the  cal- 
culations are  extraordinarily  complicated  for  compound  gases, 
for  example  with  illuminating  gas. 

If  we  compare  the  results  of  the  calculation  of  the  preceding 
example  with  the  results  of  the  example  on  p.  426,  in  which  the 
invariability  of  the  specific  heats  was  assumed,  then  such  con- 
siderable differences  manifest  themselves  that  we  must  probably 
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forbear  for  the  present  pursuing  the  calculations  in  the  indicated 
way. 

In  the  theory  of  the  combustion  process  and  in  the  treatment 
of  the  experimental  results  of  Mallard  and  LeChatelier 
and  of  those  of  L  an  gen  it  was  expressly  assumed  that  the 
combustible  gases,  as  well  as  the  products  of  combustion,  were 
subject  to  the  equation  of  condition  pv  =  BT  of  gases  and  that 
therefore  the  specific  heat  could  be  regarded  as  only  a  func- 
tion of  the  temperature.  This  assumption  is  certainly  not  valid 
for  the  products  of  combustion,  carbonic  acid  and  the 
vapor  of  water,  for  with  these  the  specific  heat  must  be 
regarded  as  a  function  of  the  temperature  and  of  the  pres- 
sure. The  most  recent  investigations  are  directed  to  this  very 
problem;  so  long  as  this  is  not  satisfactorily  solved  there  exists 
a  very  unfortunate  gap  which  renders  every  further  attempt  to 
piu^sue  these  questions  theoretically  very  doubtful  of 
success. 

Nevertheless  progress  in  gas-engine  construction  has  been 
perfectly  extraordinary  in  the  last  few  years  and  is  due  to  the 
common  efforts  of  many  which  have  called  forth  numberless 
separate  observations  and  practical  experiences. 
Systematic  experiments  on  gas  engines,  which  will  embrace  all 
the  separate  problems,  are  of  pressing  need;  the  mechanical  en- 
gineering laboratories  of  the  technical  high  schools,  which  now 
exist  everywhere,  are  in  some  places  directing  their  attention  to 
the  experimental  investigation  of  the  gas  engine,  in  accordance 
with  the  demands  of  the  present  day,  and  will  probably  soon 
furnish  the  necessary  basis  for  a  more  rigorous,  theoretical, 
treatment  of  the  processes  occurring  in  the  engines. 

The  first  complete  and  carefully  conducted  experiments  on 
gas  engines  are  due  to  S  1  a  b  y  (Verhandlungen  des  Vereins  zur 
Beforderung  des  Gewerbfleisses);  in  latter  years  the  distin- 
guished experimental  investigations  of  Eugen  Meyer  have 
excited  well-deserved  attention  among  engineers.  The  reports 
of  his  experiments  are  found  scattered  over  the  last  ten  years  in 
the  "Zeitschrift  des  Vereins  deutscher  Ingenieure,"  and  include 
different  combustion  motors  of  recent  date. 
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B.  DIESEL'S  HEAT  MOTOR. 

§  76.    DISCUSSION  OF  THE  MOTOR  AND  OF  THE  NEW 

VIEWS  UNDERLYING  IT. 

In  1893  R.  Diesel  published  an  article  ''Theorie  und 
Konstrucktion  eines  rationellen  Warmemotors/'  Berlin,  1893,  in 
which  he,  starting  with  special  thermodynamic  studies,  developed 
views  concerning  the  construction  and  mode  of  working  of  com- 
bustion motors  which  deserved  the  highest  consideration. 

The  article  found  on  one  side  complete  assent,  on  the  other 
objections  were  encountered  with  respect  to  the  possibility  and 
suitability  of  practical  construction,  and  with  respect  to  certain 
portions  of  the  theoretical  presentation. 

In  the  meantime,  with  the  cooperation  of  prominent  men  and 
firms  and  with  rare  persistence  and  great  sacrifices,  different  con- 
structions were  subjected  to  careful  experimental  tests,  which 
indubitably  showed  that  an  important  invention  was  under  con- 
sideration. It  was  to  be  foreseen  that  all  the  proposals  contained 
in  Diesel's  article  could  not  be  completely  realized; 
Diesel's  merit  is  not  diminished  thereby,  nor  ought  we  to 
underestimate  beforehand  the  constructive  possibilities  of  our 
highly  developed  engineering  resources  to  attain  the  goal  set  by 
Diesel.^ 

Fig.  62,  p.  402,  which  refers  to  a  four-cycle  Otto  gas  engine, 
will  be  taken  as  the  basis  of  the  fuller  discussion  of  the  new  motor; 
but  the  dead,  or  compressing,  space  7i,  indicated  in  Fig.  62a, 
must  be  considered  much  smaller  relatively  to  the  space  V2 
swept  through  by  the  piston;  we  will  likewise  assume  that  work 
is  performed  in  the  four-cycle  process. 

^  A  lecture  by  Diesel  gives  an  insight  into  the  gradual  development  of 
the  motor:  ''Diesel's  rationeller  W&rmemotor,"  Zeitschrift  des  Vereins 
deutscher  Ingenieure,  1897,  Vol.  41,  pp.  785  and  817;  also  SchrOter's 
report  on  his  excellent  experiments  with  a  motor  (ibid.,  p.  845).  Further: 
Diesel's  ''Mitteilungen  iiber  den  Dieselschen  W&rmemotor  "  in  Zeitschrift, 
1899,  pp.  36  and  128. 
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The  working  of  the  motor  is  now  as  follows : 

(a)  During  the  first  forward  stroke  of  the  piston  only  at- 
mospheric air  is  sucked  in,  and  during  the  adiabatic  return  it  is 
compressed  in  the  actual  constructions  to  from  30  to  50  atmos- 
pheres. In  the  compression  space  there  is  now  pure  atmospheric 
ait  of  high  pressure  and  of  high  temperature,  which  has 
been  produced  exclusively  in  a  mechanical  way  by  adiabatic  com- 
pression, as  was  assumed  in  discussing  the  C  a  r  n  o  t  cycle. 
Into  this  space  Diesel  introduced  the  fuel  under  great  ex- 
cess of  pressure  and,  from  the  first,  thought  of  utiUzing  a  solid 
fuel  (coal  dust),  liquid  fuel  (petroleum,  naphtha,  alcohol),  or 
gaseous  fuel  (compressed  illuminating  gas) . 

(6)  The  motor  does  not,  like  the  gas  engine,  possess  a  special 
ignition  device,  therefore  does  not  have  hot  tubes,  or  flames  or 
apparatus  for  electrical  ignition,  for  the  temperature  reached  by 
the  air  during  compression  is  sufficient  to  effect  the  ignition  of 
the  fuel.  The  temperature  of  ignition  has  a  par- 
ticular value  for  each  fuel  imder  given  conditions,  and  is  lower, 
the  higher  the  pressure  at  which  ignition  is  introduced ;  petroleum 
behaves  particularly  well  in  this  respect;  in  fuels  which  ignite 
with  difficulty  the  ignition  is  promoted  by  a  slight  admixture  of 
petroleum. 

(c)  Combustion  begins  immediately  after  ignition ;  the  tem- 
perature of  combustion  isa  consequence  of  the  chemi- 
cal occurrences  connected  with  combustion  and  depends  on  the 
quantity  of  air  present,  which  Diesel  uses  in  great 
excess  in  opposition  to  the  hitherto  customary  view  that  in 
ordinary  combustion  the  air  supply  should,  comparatively  speak- 
ing, be  but  a  little  more  than  is  just  needed  for  complete  com- 
bustion. 

(d)  The  blowing  of  the  fuel  into  the  compression  space  filled 
with  dense  air  occurs  during  the  first  part  of  the  return  stroke 
of  the  piston  and  occurs  gradually,  being  regulated  by  the  admis- 
sion nozzle,  and  thus  a  certain  control  is  obtained  over  the  course 
of  the  curve  of  combustion  to  which  the  expansion  curve  (adiabatic) 
then  attaches  itself. 

The  starting  of  the  engine  is  effected  by  the  introduction  of 
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compressed  air  from  a  storage  reservoir,  which  is  kept  filled  with 
compressed  air  by  the  motor  itself,  when  running. 

We  must  add  that  originally  the  engine  worked  without  a 
cooling  jacket,  but  that  it  was  added  later  on  with  advantage; 
furthermore,  that  with  a  variable  load  the  performance  was  regu- 
lated by  varying  the  supply,  i.e.,  the  period  of  admission  of  the  fuel. 

With  the  first  engine  built  in  the  engine  works  at  Augsburg, 
which  was  specially  designed  for  experimental  purposes  by 
Diesel,  the  very  careful  and  extensive  experiments,  already 
mentioned  on  p.  436,  were  conducted  by  Schroter,  a  fluid 
fuel,  petroleum,  being  used;  for  fuller  details  we  must  refer 
to  Schroter's  report;  on  account  of  the  importance  of  the 
question,  we  will  here  adduce  at  least  the  principal  results. 

The  petroleum  employed  had  a  heating  power  H  which  was 
on  the  average  if  =  10206  cal.  [18371  B.t.u.],  i.e.,  this  amount  of 
heat  was  released  in  the  calorimeter  when  one  kilogram  [pound] 
of  petroleum  was  burned  completely.  This  heat  quantity  is  really 
developed  in  the  cyUnder  of  the  engine  and  can  therefore  be  re- 
garded as  the  heat  quantity  available  for  the  performance  of 
w^ork.  According  to  all  the  general  investigations  made  above 
it  is  of  course  theoretically  impossible  to  produce  all  the  work 
corresponding  to  this  heat;  but  if  we  compare  the  work  actually 
produced  with  that  just  indicated,  we  get  a  measure  for  the  excel- 
lence of  the  engine's  performance.  In  so  doing  there  can  be  taken 
from  the  indicator  diagrams  the  indicated  work  in  horse 
powers  (iVJ,  or  the  effective  work  {N^  can  be  obtained 
with  the  help  of  the  brake  dynamometer  and  be  made  the  basis  of 
further  discussion. 

Let  Gk  be  the  weight  of  the  petroleum  in  kilograms  [pounds] 
which  is  consumed  per  hour  by  the  engine,  and  let  H  represent, 
as  before,  the  heating  power,  then,  according  to  the  usual  con- 
ception, there  will  correspond  to  the  available  heat  quantity  a 
work  Nq  in  horse  powers 


[^°-5-Sliob^^*=7-i7^*] 
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for  the  engine  investigated;  the  indicated  "eflSciency  "  is  then 
and  the  effective  efficiency  is 

The  following  table  gives  the  most  important  of  Schroter's 
experimental  results  (arranged  somewhat  differently) ;  two  sets  of 
experiments  (I  and  II)  refer  to  fuD  load  and  the  other  two  (III  and 
IV)  to  half  load. 

The  first  three  rows  give  Schroter's  observations,  the 
other  three  rows  the  results  of  calculations  according  to  preceding 
formulas. 


FuULoad. 

HaULoad. 

I. 

II. 

III. 

IV. 

4.92 
26.56 
19.87 

78.85 
0.337 
0.252 

4.24 
23.60 

17.82 

67.95 
0.347 
0.262 

2.66 

16.57 

9.58 

42.63 
0.389 
0.225 

2.72  kg.  (hourly) 
16 .  52   horse  powers 
9.84            '^ 

43.59            " 
0.379          " 
0.226          " 

The  efficiencies  here  attain  values  which  have  hitherto  never 
been  observed  in  any  other  heat  motor,  and  especiaUy  deserving 
of  attention  are  the  slight  differences  they  exhibit  at  different 
loads. 

The  consumption  of  petroleum  in  kilograms  [poimds]  per  hour, 
per  brake  horse  power  at  full  load,  is  in  the  mean  GftiATe^  0.242 
[0.541],  and  at  half  load  is  0.276  kg.  [0.617  lb.],  which  are  far  more 
favorable  values  than  have  been  reached  by  ordinary  petroleum 
motors.  More  favorable  results  still  than  those  found  by 
Schroter  are  said  to  have  been  attained  in  experiments  with 
engines  built  later.  Diesel's  motor  has  probably  met  the  high 
expectations  of  the  inventor  so  far  as  the  use  of  liquid  fuels  is 
concerned;  as  regards  the  employment  of  highly  compressed  il- 
luminating gas  and  the  use  of  solid  fuel  in  dust  form,  in  place  of 
the  Uquid  fuels,  no  report  has  thus  far  been  made  concerning  the 
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results  of  the  experiments,  but  here  also  success  should  not  be 
lacking.  In  the  meantune  the  construction  of  the  ordinary  gas 
motor  has  progressed,  and  its  improvement  is  largely  to  be  sought 
in  the  use  of  a  high  preliminary  compression ;  it  has  the  appearance 
of  having  here  reached  about  the  limit  of  improvement  of  the 
working  process,  while  with  the  Diesel  motor  there  seems  to  be 
a  wider  margin  in  this  direction. 

Diesel's  theoretical  preliminary  investigations  started 
with  the  idea  of  making  the  cycle  of  his  engine  approach  as  nearly 
as  possible  that  of  the  C  a  r  n  o  t  cycle;  Diesel  had  to  give 
up  from  the  beginning  the  idea  of  bringing  about  a  perfect  agree- 
ment, for,  as  was  already  emphasized,  this  is  impossible;  on  the 
other  hand  he  sought  to  follow  as  closely  as  possible  certain  parts 
of  the  C  a  r  n  o  t  cycle.  The  agreement  exists  with  respect  to  the 
expansion  and  compression  curves,  but  the  former  is  not  continued 
down  to  the  external  back  pressure,  but  is  broken  off  earlier,  as  is 
moreover  the  custom  with  other  heat  engines,  because  while  the 

loss  of  work  thus  incurred  is  small,  the  cylinder  dimensions  are  con- 
siderably decreased.    The  lower  curve,  isothermal  compression  at 

the  constant  lowest  temperature  (path  cd.  Fig.  41,  p.  285),  as  in 

gas  engines,  is  replaced  by  the  initially  slightly  rising  part  of  the 

compression  ciure.    As  was  said  before,  the  compression  curve  is 

broken  off  when  the  ignition  temperature  is  reached;  here  begins 

the  introduction  of  the  liquid  or  gaseous  fuel  and  the  regulation  of 

the  combustion,  in  such  a  way  that,  so  far  as  possible,  it  may 

take  place  at  constant  temperature.    In  this  part  of  the  cycle  the 

main  difference  between  the    Diesel    motor    and  the  gas 

engine  manifests  itself  to  the  advantage  of  the  former. 

General  Conclusions. 

§  77.    ON  THE  "  WORKING  VALUE  "  OF  FUELS. 

When  considering  the  closed  air  engine  in  §  53,  under  the 
head  "Disposable  Work  of  Heat  Engines  "  (p.  300),  mention  was 
made  of  the  "working  value  "  Lo  of  the  heat  in  the  heating  body 
and  fuller  elucidation  was  reserved.  There  the  efficiency  -q  =^L:Lm, 
where  L  is  the  work  actually  produced  in  the  engine  and  L«  repre- 
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sents  the  disposable  work,  the  latter,  calculated  under  the  hypoth- 
esis that  the  engine  describes  the  perfect  cycle  (according  to 
Carnot),  is  determined  by  the  formula 

iiL^=|i(ri-T2), (1) 

but  in  so  doing  it  is  expressly  assumed  that  the  working  or  m  e- 
d  i  a  t  i  n  g  body  is  suppUed  with  the  heat  quantity  Qi  from 
the  outside,  the  heat  coming  from  a  special  heating  plant 
and  passing  through  walls  before  entering  the  medium,  and  that 
Ti  and  T2  represent  respectively  the  highest  and  lowest  temper- 
atures occurring  in  the  cycle.  Engines  of  this  sort  we  will  here 
designate  as  ''external-combustion  engines ''; 
steam  and  hot-air  engines  are  of  this  sort. 

In  applying  the  preceding  formula  the  analogy  of  the  heat 
engine  to  the  hydraulic  motor  was  repeatedly  mentioned  and 
made  manifest;  when  the  disposable  work  L„  is  to  be  determined, 
the  place  of  the  weight  or  of  the  "water  supply"  is  taken  by  the 
heat  weight  or  the  change  of  entropy  QiiATi  and  the  place  of 
the  "fair*  is  taken  by  the  temperature  difference  7i  —  7'2.  In 
this  view  the  occurrences  in  the  heating  plant  proper  are  ignored 
and  so  is  the  heat  quantity  which  is  released  at  the  same  time  by 
the  combustion  of  the  fuel  on  the  grate.  If  fi  is  the  fuel  in  kilo- 
grams [pounds]  per  second  and  H  the  heating  power,  then  the 
heat  released  is  BH;  it  has  a  very  different  and  indeed  a  larger 
value  than  Qi  in  the  last  formula,  provided  that  Qi  and  hence 
Lm  are  likewise  reduced  to  the  second;  neither  do  the  temper- 
aturas  Ti  and  T2  stand  in  any  direct  relation  to  the  combustion 
temperature  in  the  furnace  and  to  the  temperature  with  which 
the  products  of  combustion  leave  the  heating  surface. 

The  cost  of  running  a  heat  engine  depends  upon  the  fuel  con- 
sumed and  therefore  one  is  accustomed,  in  comparing  the  excel- 
lence of  different  engines,  to  immediately  base  the  comparison  on 
the  fuel  which  they  consume. 

If  L  is  again  the  work  per  second  performed  by  the  engine, 
and  here  we  may  think  of  either  the  indicated  work  L»  or  of  the 
effective  work  L^,  then  the  heat  value  is  i4L,  and  its  comparison 
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with  the  heat  quantity  BH,  simultaneously  generated  on  the 
grate,  will  furnish  the  measure. 
If  we  substitute 

^''"BH' ^^^ 

we  can  (according  to   G r a s h o f )    designate  i^^   as   the   eco- 
nomic efficiency  of  the  engine. 

If  the  work  of  the  engine  is  given  in  horse  powers  and  is  des^- 
nated  by  N,  and  if  B^  represents  the  fuel  consumed  per  hour, 
then  L^75N  [L-^550N]  and  Ba=3600B;  hence  we  also  have 

iy«=75x3600^r550x3600^1.    ...    (2a) 

Here  we  can,  at  pleasure,  choose  for  N  the  indicated  work  Ni  or 
the  effective  work  iV«. 

If  in  equation  (2)  we  substitute  for  L  the  value  Lm,  according 
to  equation  (1),  and  replace  the  value  t^v,  by  ijj^,  then  for  exter- 
nal-combustion engines 

"^--W <3) 

can  be  regarded  as  the  "economic  efficiency  of  the  heating  plant." 
The  value  Bj^iN  in  equation  (2a)  means  the  fuel  per  hour 
per  horse  power;  with  indicated  work  we  estimate,  for  the  best 
steam  engines  of  the  present  day,  Bk:Ni=-l  kg.  [2.2  lb.]  of  coal 
(Steinkohle),  and  as  £r  =  7500  cal.  [13500  B.t.u.]  may  be  assumed 
for  this  coal,  it  follows  from  equation  (2a)  that  the  economic  in- 
dicated efficiency  is  )^,|,= 0.085,  and  referred  to  the  effective  power 
{Ne:Ni=0.85  is  assumed)  we  have  1^,^=0.072;  therefore  the  heat 
utilization  in  the  best  steam  engines  seems  to  be  imperfect 
to  the  highest  degree;  it  appears  absolutely  as  a  fright- 
ful destruction  of  the  precious  and  constantly  diminishing  fuel 
coal  (Steinkohle),  furnished  us  by  nature.  In  this  way  the  best 
engines  have  been  judged  since  the  time  of  Redtenbacher. 
Although  no  objection  can  be  urged  against  the  preceding  propo- 
sitions    from      the      purely      practical     stand- 
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point,  so  far  as  it  involves  a  comparison  of  different  engine 
types  with  the  help  of  the  economic  efficiency  Tjtp,  based  on  equa- 
tion (1),  nevertheless  it  is  thoroughly  inadmissible  to  employ  t}„ 
offhand  in  the  manner  just  given,  for  estimating  the  excellence 
of  a  particular  engine,  or  for  judging  our  best  steam  engines.  In 
so  doing  it  is  tacitly  assumed  that  it  is  possible  to  completely 
transform  into  mechanical  work  the  heat  of  combustion  H  be- 
longing to  1  kg.  [lb.]  of  fuel.  If  we  designate  the  corresponding 
work  by  Lq,  then  this  assumption  is  that 

ALo-^H; (4) 

now  if  we  could  conduct  the  perfect  cycle  (C  a  r  n  o  t),  with  the 
fire  gases,  and  in  equation  (1)  replace  Q  by  H,  then  we  should  get 
the  preceding  relation  by  supposing  72=0,  as  has  ah-eady  been 
emphasized.  The  expansion  in  the  C  a  r  n  o  t  cycle  would  there- 
fore have  to  be  prolonged  till  the  lowest  limit  of  temperature, 
the  absolute  zero,  was  reached,  which  is  impossible; 
it  resembles  charging  an  hydraulic  plant  in  the  interior  of 
the  country  with  a  fall  that  is  measured  from  the  level  of  the 
head-race  to  the  level  of  the  sea.  Therefore  if,  for  a  particular 
type  of  engine,  it  is  desired  to  express  the  efficiency  in  terms  of 
work  which  is  actually  available,  we  must  determine  a  quantity 
Lq,  already  designated  as  "w  orking  value  of  the  fuel,' 
but  which  cannot  at  all  be  determined  according  to  equation  (4) 
but  must  be  calculated  in  a  special  way.  The  working  value  Lq 
depends  on  the  process  of  combustion  and  on  the  temperature 
limits  between  which  this  process  can,  in  principle,  be  con- 
ducted. The  process  will  be  different  in  the  various  engine  types; 
it  is  only  necessary  to  think  of  the  ordinary  steam-boiler  plant 
or  of  the  combustion  in  the  gas  engine,  or  in  the  Diesel 
motor;  in  each  discussion  that  combustion  process  is  taken  as 
a  base,  which  actually  exists  with  the  engine 
considered,  and  in  so  doing  we  at  the  same  time  consider 
this  process  the  most  profitable  for  the  case  under  consideration. 
Of  course  this  does  not  exclude  the  possibility  of  considering 
some  other  unknown  process  of  combustion  (following  some  other 
combustion  curve)  which  will  lead  to  other  results. 
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(a)  External-combustion  Engines. 

Let  lis  next  consider  the  ordinary  steam-boiler  plant  in  which 
solid  fuels  are  burned  under  constant  atmospheric  pressure  po. 

Let  the  atmospheric  air  enter  the  furnace  with  the  specific 
volume  vo^OAo  and  the  atmospheric  temperature  To,  and  let 

combustion  begin  at  the  point  a  and 
stop  at  the  point  c.  The  curve  of  com- 
bustion is  therefore  represented  by  the 
horizontal  straight  line  ac. 

Now  from  the  point  c  let  the  process 
with  the  fire  gases  be  continued  in  the 
following  manner.  Let  the  products  of  combustion  first  expand 
adiabatically  according  to  the  curve  cd  till  it  reaches,  at  the 
point  d,  the  lower  temperature  limit  To  and  then  compress 
these  products  at  the  constant  lowest  temperature  To  (isother- 
mally  with  a  corresponding  withdrawal  of  heat)  till  atmospheric 
pressure  po  is  again  reached  at  the  point  e;  in  this  condition  the 
mass  of  gas  is  technically  worthless  and  is  now 
pushed  into  the  open  air  under  the  constant  pressure  po  which 
corresponds  to  an  expenditure  of  work  represented  by  the  rect- 
angular area  standing  over  OA3  (Fig.  64).  It  is  evident  that  we 
have  here  a  closed  working  cycle  before  us;  the  indicator-diagram 
area,  hatched  in  Fig.  64,  gives  the  work  produced  in  this  cycle, 
and  this  now  represents  the  working  value  of  the  fuel. 
If  the  work  area  ecd  is  first  reduced  to  a  kilogram  [pound]  of  the 
fire  gases  (products  of  combustion),  and  if  we  designate  by  Vi  and 
V  the  specific  volumes  belonging  to  the  points  e  and  c,  and  the 
corresponding  temperature  values  by  To  and  T,  then  the  work 
produced  along  the  path  ec,  expressed  in  units  of  heat,  is 

ALi^Apo{V''Vo)=AB{T''To);     ....    (5) 

here  it  is  always  permissible  to  assume  that  the  gas  constants 
(B,  Cpj  and  c^)  are  the  same  for  air  and  for  the  fire  gases;  T  k  the 
temperature  of  combustion. 
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The  work  Jv2,  performed  during  adiabatic  expansion  along  the 
path  cd,  is  found  (equation  62a),  p.  140,  from  equation 

AL2=c^{T'-To) (6) 

Finally  the  work  Lz  expended  along  the  path  de  is  found  from 
isothermal  compression,  i.e., 

ALs^ABTolog.^^ 

(equation  58a),  p.  138,  when  the  pressure  at  the  point  d  is  desig- 
nated by  p2. 

For  adiabatic  expansion  the  equation 


V2    \To/ 


V 


(equation  61,  p.  139)  holds,  and  because 

K  Cp  c 

ic— l""Cp-Cp~"ilB' 
it  follows  that 

ALz^CpTo  log,  TfT (7) 

■*  0 

The  work  area  Lo,  hatched  in  Fig.  64,  is  determined  by 
Lo^Li-\-L2'-L3,  and  therefore  with  the  utilization  of  the  preced- 
ing formulas, 

4Lo  «  Cp[r  -  To  -  To  log,  jt], 

reduced  to  the  unit  of  weight  of  the  products  of  combustion. 

Let  G  be  the  weight  of  the  products  of  combustion  per  kilo- 
gram [pound]  of  fuel,  then  the  working  value  Lq  of  the 
fuel  is 

ALo^CpG^T'To-TologejT^.    o    .    .    .    (8) 

The  weight  of  air  necessary  for  combustion  here  amounts  to 
(G-l)kg.[lb.]. 
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If,  for  example,  in  a  particular  boiler  plant  we  assume  the 
temperature  of  the  atmospheric  air  to  be  to^2(f  C.  [68^  F.]  and 
the  temperature  of  combustion  in  the  furnace  to  bet  =  1200^ C. 
[2192^  F.],  and  accordingly  70=293^  [527.4^  and  7=1473^ 
[2651. 4^,  which  to  be  sure  already  presupposes  a  certain  imper- 
fection of  combustion,  then  for  the  mean  value  Cp— 0.24,  equation 
(8)  gives 

ALo  =  169.64  (?  [ALo  -  305.35  G]. 

If  we  suppose  coal  (Steinkohle)  firing  and  estimate  the  quan- 
tity of  air,  per  kilogram,  of  coal  to  be  16  kg.  [lb.],  and  therefore 
G=17  kg.  [lb.],  then  for  the  present  case  the  working  value  of  the 
coal,  measured  in  units  of  heat,  is 

ilLo=2884  cal.  [i4Lo-6191  B.t.u.], 

while  its  heating  value,  based  on  the  combustion  in  the  calorimeter 
is  taken  up  at  the  mean  value  i7==7500  cal.  [13,500  B.t.u.]. 
The  heat  Qi  here  released  upon  the  grate  is 

Qi  =Cp(?(r  -  To)  =4814  cal.  [8665.2  B.t.u.]. 

Hence  follows  from  equation  (8) 

ALo=<?i[l-j^log.^] (9) 

and  with  the  assumed  temperature  values 

ALo=0.599  Qi  =2884  cal.  [5191  B.t.u.] 

as  before. 

If  we  now  substitute  the  value  ALq  for  H,  in  equation  (2a), 

assume  the  indicated  performance  Ni  for  N,  and  designate  the 

efficiency  by  ij,  we  have 

N- 
^=0.22r^\ 

-DA 

If  we  again  estimate  for  the  best  steam  engine  1  kg.  [2.2  lb.]  of 
coal  (Steinkohle)  per  indicated  horse  power,  we  get 

1^=0.221, 
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which  is  nearly  three  times  greater  than  was  found  on  p.  442, 
even  though  this  value  seems  still  unfavorable  enough. 

In  order  to  get  a  greater  insight  into  the  conditions,  let  us 
emphasize  the  following.  In  the  here  assumed  engines  (steam  or 
hot-air  engines)  the  fire  gases,  while  flowing  along  the  so-called 
heating  surface,  deliver  a  part  of  their  heat  to  the  mediating  body 
confined  in  the  interior  of  the  engine.  Let  7"  be  the  temperature 
with  which  the  fire  gases  leave,  and  flow  away  from,  the  heating 
surface,  then  the  heat  quantity  Q,  per  kg.  [lb.]  of  fuel,  which  is 
placed  at  the  disposal  of  the  engine  itself,  is : 

Q=cpG(r-n; 

and  the  work  L^,  which  is  here  produced  when  the  engine  describes 
a  C  a  r  n  o  t  cycle  between  the  limiting  temperatures  Ti  and  T2f 
is 

or,  utilizing  the  value  of  Q, 

Lm  =  J^(r-n  (7^1-^2),      .      .      .      (10) 

which  magnitude  can  be  presented  as  the  disposable  work  of  the 
prime  mover. 

Now  the  ratio  Lm'Lo  represents  the  important  magnitude  i^Ht 
which  can  be  regarded  as  the  efficiency  of  the  heating  plant,  and 
in  combination  with  equation  (8)  it  can  be  determined  from 

^h'^ — == ffr^ ^^^) 


rx[r-ro-roiog,y 


In  order  to  again  insert  a  numerical  example  let  the  tempera- 
tures be  t  =  120(f  C,  <o=20^  C.  [2192^  F.  and  68°  F.],  and  let  the 
temperature  at  which  the  fire  gases  leave  the  heating  surface  be 
f  =  300"^  C.  [572°  F.]  and  let  the  C  a  r  n  o  t  cycle  be  described 
between  the  temperatures  ^i  =  180°  C.  [356°  F.]  and  «2  =  20°  C. 
[68°  F.].    Equation  (11)  then  gives  for  the  efficiency  of  the  heating 

plant 

13^=0.450. 
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From  the  smallness  of  this  value  it  undoubtedly  follows  that  the 
efficiency,  found  above  for  the  best  steam  engines,  is  not  to  be 
charged  against  the  steam  engine  proper,  but  is  due  to  the  kind  of 
heating  and  to  the  steam  production  in  the  boiler.  That  is  why 
in  all  my  earlier  publications  on  steam  engines  I  have  rigorously 
distingiiished  the  efficiency  of  the  engine  from  the  efficiency  of 
the  whole  plant  (inclusive  of  the  heating),  as  I  did  above  in  air 
engines. 

Equation  (11)  gives  rise  moreover  to  an  additional  remark. 

The  temperature  i'  with  which  the  fire  gases  leave  the  heating 
siuiace  is  always  greater  than  the  upper  temperature  limit  i\  of 
the  cycle  described  by  the  engine,  greater,  for  example,  than  the 
steam  temperature  in  the  steam  boiler.  If  we  substitute  ^' =ii  -f  r 
and  again  h^U^  equation  (11)  gives 

(r-ri-r)(ri-!ro) 

M^ — F n^ (lltt) 


[rp  -|»       •        •      •      • 
r-ro-roiog,jrj 


For  a  particular  value  of  the  combustion  temperature  T,  for 
the  atmospheric  temperature  <o,  and  for  the  excess  r,  this  equation 
gives  a  most  profitable  value  for  the  upper  temperature  limit  Tx 
or  <i  of  the  C  a  r  n  o  t  cycle,  and  thus  furnishes  a  maximum  for 
the  efficiency  of  the  heating  plant.    We  get,  as  is  easily  seen, 


ri=vro(r-T). 

For  T  =  10(y'  C.  [180^  F.],  for  the  above-used  values  ^ = 1200^  C, 
[2192°  F.]  and  <o=20°  C.  [68°  F.]  we  get  ri=633°  [1139°],  or 
ii  =  360°  C.  [680°  F.],  and  ly^  =  0.662  for  a  maxunum. 

The  temperature  value  ^i  here  found  may  occur  in  hot-air 
engines,  but  in  the  earlier  discussion  of  these  engines  it  was 
stated  that  this  upper  temperature  limit  ought  to  be  chosen  as 
high  as  possible;  now  the  limitation  presents  itself,  that  with 
these  engines  a  certain  upper  value  should  not  be  exceeded;  for 
while  this  excess  increases  the  efficiency  of  the  engine,  it  dimin- 
ishes that  of  the  heating  plant. 

The   foregoing  considerations    confirm    the  view,   expressed 
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long  ago,  that  external-combustion  engines,  hence  such  as  possess 
special  heating  plants,  utilize  imperfectly  in  a  mechanical  way, 
the  heat  of  the  fuel,  which  fact  unfortunately  applies  to  steam 
engines  in  which  really  extraordinary  results  have  been  accom- 
plished with  the  prime  mover  proper.  It  seems  that  no  essential 
betterment  of  the  heating  plant  itself  is  to  be  expected,  and  that 
the  effort  to  produce  greater  and  more  perfect  combustion  en- 
gines are  thoroughly  justifiable.^ 


(6)  Internal-combustion  Engines. 

Let  the  investigation  be  again  confined  to  a  special  case  and 
let  the  "working  value  of  illuminating  gas"  be 
determined  for  the  Otto  gas  motor.  At  the  beginning 
of  the  cycle  let  there  be  in  the  cylinder  the  volume  Vq  of  a  mix- 
ture of  illuminating  gas  and  atmosjrfieric  air,  and  let  it  include 
a  remnant  of  the  products  of  combustion  (Fig.  65a);  the  pres- 
sure po  and  the  temperature 
To  correspond  to  the  values  of 
the  external  atmosphere.  First 
let  the  mixture  be  compressed 
adiabatically  along  the  path 
TqTi  till  the  pressure  has  risen 
to  pi  and  the  temperature  to  Ti . 

Let  combustion  begin  at  the 
point  Ti  and  let  it  be  concluded 
at  the  temperature  T2;  let  the 
products  of  combustion  expand 

adiabatically  from  T2  to  To  till  the  lower  temperature  limit  TqIs 
again  attained;  let  the  corresponding  pressure  72^0  be  desig- 
nated by  p2.  Finally  let  the  mass  be  compressed  isothermally 
till  the  initial  point  po  is  again  reached,  which  will  be  the  case 


^  The  investigation  given  above,  with  the  derivation  of  the  fundamental 
equation  (1 1 ),  is  already  found  in  the  edition  of  the  year  1887.  Later  L  o  r  e  n  z 
in  the  Zeitschrift  deut«cher  Ingenieure,  1894,  p.  1450,  and  in  1895,  p.  1239, 
under  the  title  "Die  Beurteilung  der  Dampfkessel,''  developed  the  same 
formulas  ina  somewhat  different  way,  assuming  a  cycle  presented  above 
as  the  L  o  r  e  n  z  cycle. 
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when  we  make  what  was  proved  above  to  be  a  permissible  as- 
sumption that  the  gas  constants  B,  c^,  and  c«  may  be  taken  as 
equally  large  for  the  mixture  and  for  the  products  of  combustion. 
The  area,  hatched  in  Fig.  65a,  now  represents  the  working  value 
Lq  of  G  kg.  [lb.]  of  the  mixture,  when  G  represents  the  weight  of 
the  mixture  consumed  per  period.  Since,  in  accordance  with  the 
hypothesis,  the  mass  has  returned  to  the  initial  state  we  can  trans- 
form  the  indicator  diagram  by  means  of  the  known  propositions. 
Fig.  656  shows  the  corresponding  entropy  diagram.  Its  line  T1T2 
represents  the  transformation  of  the  curve  of  combustion,  while 
the  area  P1T1T2P2  lying  under  it  is  proportional  to  the  heat  Q 
released  during  combustion,  and  at  the  same  is  proportional  to 
the  produced  work  L;  the  two  values  Q  and  L  should 
be  reduced  to  the  unit  of  weight  of  mixture. 

The  hatched  area  in  the  entropy  diagram  gives  the  working 
value  ALo  measured  in  units  of  heat;  therefore  we  at  once  have 

ALo=-G[Q-ATo(P2-Pi)] (12) 

Now,  in  order  to  include  an  infinite  number  of  special  cases  and 
all  technically  important  ones,  we  will  assume  a  curve  of  com- 
bustion to  be  a  poly  tropic  curve  having  the  course  pv^  =  constant, 
of  which  the  corresponding  specific  heat  c  is  given  by  (p.  152) 

dT 
then  dQ = cdT  and  AdP^c-j^,  and  there  follows  at  once  from  equa- 
tion 12 

iiLo=cG[r2-ri-roioga^'],  ....  (i3) 

because 

Q=c{T2-Ti) (14) 

The  work  L  produced  during  combustion  is  given  by  equation  (7) 
(p.  153) : 

AL^{c--c,){T2-Ti) (15) 
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If  the  compression  relation  is  pi :  po,  we  can  get  the  temperature 
at  the  end  of  compression  from 

If  we  refer  the  weight  G  of  the  mixture  to  one  kilogram 
(pound)  of  illuminating  gas,  equation  (13)  will  at  once  give  the 
working  value  Lq  per  kilogram  (pound)  of  gas. 

If  there  were  no  compression,  then  we  should  have  pi— po; 
and  should  have  to  make  Ti  =  Tq. 

In  equations  (14)  and  (15)  the  values  Q  and  L  refer  to  1  kg. 
[lb.]  of  mixture;  with  G  kg.  [lb.]  of  mixture  we  must  therefore 
write 

0=cG(T2-ri), (14a) 

where  Q  refers  to  G  kg.  [lb.]  of  illuminating  gas. 

Unfortunately  the  experiments  known  at  the  present  time  do 
not  render  it  possible  to  utilize  the  preceding  formulas  with  any 
degree  of  certainty.  If  we  assume,  as  seems  permissible  for 
many  cases,  combustion  at  constant  volume,  we  must  substitute 
specific  volume  c„  at  constant  volume  in  place  of  c.  The  uncer- 
tainty indicated  lies  in  our  ignorance  of  the  combustion  temperature 
T2,  and  hence,  according  to  equation  (14a),  the  heat  quantity  Q 
released  during  combustion  cannot  be  determined;  the  basis  for 
these  problems  will  only  be  furnished  by  experiments  which  may 
be  expected  in  the  future. 

In  order,  however,  to  get  an  insight  with  the  help  of  an  ex- 
ample let  us  assume  C'^c^;  then  follows 

ALo^c^G(T2-Ti-To\og,'^\ (13a) 

If  it  is  assumed  that  the  combustion  was  perfect,  we 
must  put  in  place  of  Q  in  equation  (14a)  the  heating  power  H  of 
illuminating  gas,  where  G  is  the  weight  of  the  mixture  for  1  kg. 
[lb.]  of  illuminating  gas;  then 

H^(^G(T2-'Ti) (146) 
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Here  the  influence  of  the  cooling  of  the  cylinder  walls  should  cer- 
tainly find  expression,  for  this  action  prescribes  a  smaller  value 
for  the  combustion  temperature  T2. 

If  there  is  preliminary  compression,  Ti  can  be  computed  from 
equation  (16),  and  by  the  known  value  of  G  the  temperature  T2 
can  be  found,  and  finally  the  working  value  Loi  according  to  equa- 
tion (13a). 

Example.  For  the  illuminating  gas  of  average  composition 
(p.  412),  there  is  found  H- 10113  cal.  [18203  B.t.u.]. 

For  this  illuminating  gas  there  was  found  B -60.823  [B- 110.86],  and 
for  a  mixture  of  gas  of  the  proportions  19  kg.  [lb.]  of  air  to  1  kg.  [lb.]  of 
gas,  i.e.,  for  G-20  kg.  [lb.]  there  was  fou&d  c^ -0.1837  and  B -30.846 
[B -56.223]. 

Let  the  initial  temperature  be  <o-20^  (68"*  F.),  To -293'*  [527.4°],  and 
before  ignition  suppose  the  mixture  of  one  atmosphere  pressure  to  be  com- 
pressed up  to  three  atmospheres,  then  according  to  equation  (16)  there  is 
determined  Ti  -403°  [725.4°],  and,  from  equation  (146), 

r,-- ^  +  ^,-3156° 
CvG 


[7'.-^  +  r.-5681°]; 


CvG 

accordingly  f,— 2883°  [5221.4°],  a  very  high  value  at  which  dissociation 
occurs;  to  be  sure,  as  was  mentioned,  the  cooling  influence  of  the  cylinder 
walls  was  completely  neglected.  From  equation  (13a)  there  can  now  be 
determined,  for  the  assumed  illuminating  gas,  the  "  working  value  "  meas- 
\ired  in  heat  units: 

i4Lo-7898  cal.  [14216  B.t.u.]. 

From  the  equation  of  condition  poV^BToi  for  the  atmospheric  pressure 
Po  =  10333  [2116.3],  and  for  the  temperature  <o=20°  C.  [68°  F.]  we  find, 
for  the  illuminating  gas  (with  the  given  value  of  B),  the  specific  volume  v 
—  1.4727  [23.591]  and,  for  atmospheric  air  at  the  same  pressure  and  at  the 
same  temperature,  v— 0.8299  [13.294];  as  19  kg.  [lb.]  of  air  are  mixed  with 
1  kg.  [lb.]  of  gas,  the  air  volume  V  is  19x0.8299-15.7681  cbm.  [252.59 
cu.  ft.],  according  to  which  we  must  count  on  9.14  cbm.  [cu.  ft.]  of  air  for 
every  1  cbm.  [cu.  ft.]  of  gas. 

That  the  working  value  of  1  kg.  [lb.]  of  illuminating  gas  is 
considerably  greater  than  that  found  on  the  average  for  1  kg.  [lb.] 
of  coal  (Steinkohle)  is  explicable  if  we  would  compare  fuel  con- 
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version  in  the  gas  engine  with  that  in  the  steam  engine.  We 
ought  really  to  introduce  into  the  calculation  the  quantity  of  coal 
needed  for  the  generation  of  the  illuminating 
gas. 

If,  in  the  example  calculated  on  p.  446,  we  take  the  working 
value  of  the  coal  to  be  2884  cal.  [5191  B.t.u.],  and,  on  the  other 
hand,  according  to  the  preceding  example,  the  working  value  of 
the  illuminating  gas  to  be  7898  cal.  [14216  B.t.u.],  then  the  latter 
value  is  2.74  times  the  former;  as,  in  the  best  steam  engines, 
we  can  count  on  an  hourly  consumption  of  1  kg.  [lb.]  of  coal 
[Steinhohle]  per  indicated  horse  power,  then,  in  a  gas  engine  of 
equal  excellence,  we  could  count  on  an  hourly  consumption  of 
0.365  kg.  [0.8  lb.]  or  0.63  cbm.  [22.25  cu.  ft.]  per  indicated  horse 
power,  a  value  which  is,  in  fact,  nearly  approached  in  good  gas 
motors;  accordingly  these  engines  are  to  be  placed  equal  to  the 
best  steam  engines — a  result  which,  for  the  present,  we  must 
accept  with  caution,  for  the  preceding  calculations  are  still  loaded 
with  uncertainties  because  of  the  indefiniteness  of  several  of  the 
assumed  values. 

Diesel's  motor,  like  Otto's,  might  have  been  sub- 
jected to  the  same  line  of  investigation,  but  we  have  avoided  doing 
so  because  here  similar  indefiniteness  would  arise.  For  the  pur- 
pose of  testing  the  preceding  propositions  it  is  necessary  that  the 
illuminating  gas  used  in  the  engine  considered  should  be  exactly 
examined  beforehand  as  to  its  physical  properties,  namely,  as  to 
the  gas  constants  B,  Cp,  and  c^,  and  also  as  to  its  heating  power  H, 
and  that  ways  and  means  be  found  to  determine  the  combustion 
temperature  T2  in  the  engine  itself.  From  the  observed  indicated 
and  effective  work  L<  and  Le,  with  the  help  of  the  computed 
working  value  Lo,  can  be  determined  the  corresponding  efficiencies ; 
consequently  there  still  exist  here  plenty  of  problems  for  experi- 
mental investigation. 
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Edition,  revised,    8vo,  doth,  iUustrated net,  %1 .  50 

ATB3NS0N,    P.     The    Elements    of    Electric    Lighting^. 

including  Electric  Generation,  Measurement,  Storage  and  Dis- 
tribution. Tenth  Edition,  ftUly  revised  and  new  matter  added. 
niustrated.     12mo,  doth $1 .50 

The  Elements  of  Dynamic  Electricity  and  Mag- 
netism.   Fourth  Edition,    120  illustrations.     12mo,  doth.  .   $2.00 

Power  Transmitted  by  Electricity  anc^  its  Appli- 
cation by  the  Electric  Motor,  indudin^  Electric  Railway  Coxt- 
struction.  Fourth  Edition,  fully  revised,  new  matter  added, 
12mo,  doth,  illustrated $2.00 

AUCHINCLOSS,   W.   S.    Link   and   Valve   Motions   Sun* 

plified.  Illustrated  with  29  woodcuts  and  20  lithographic  plates^ 
together  with  a  Travel  Scale,  and  numerous  useful  tames.  Four- 
te^rUh  Edition,  revised.    8vo,  doth $2.00 

AYRTON,  H.    The  Electrical  Arc.    With  numerous  figr- 

ures,  diagrams  and  plates.    8vo,  cloth,  illustrated $5 .  OO 

AYRTON,  W.  E.,  M.I.C.E.  Practical  Electricity.  A  Labo- 
ratory and  Lecture  Course  for  the  firat-year  students  of  Electrical 
Engineering,  based  on  the  International  Definitions  of  the  Electri- 
cal  Units.  Vol.  I,  Current,  Pressure,  Resistance,  Energy,  Power, 
and  Cells.  Completely  rewritten  and  containing  many  figures 
and  diagrams,     l^o,  doth $2 .00 
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BACON,  F.  W.    A  Treatise  on  the  Richards  Steam-engine 

Indicator,  with  directions  for  its  use.  By  Charles  T.  Porter. 
He  vised,  with  notes  and  Large  additions  as  developed  by  American 
practice;  with  an  appendix  containing^  useful  formulse  and  rules 
for  engineers.    Illustrated.    Fourth  EdiHon.     12mo,  cloth.  .  $1.00 

BAKER,  Arthtir  L.,  Prof.  (Univ.  of  Rochester).  Quater- 
nions   In  Press, 

BAKER,  M.  N.  Potable  Water  and  Methods  of  Detect- 
ing Impurities.  New  Edition,  revised  and  largely  rewritten.  16mo, 
cloth.    ( Van  Nostrand^s  Science  Series) SO .  50 

BALCH,    G.   T.,   Col.    Methods   of   Teaching   Patriotism 

in  the  Public  Schools.     8vo,  cloth $1 .00 

BALE,  M.  P.    Ptimps  and  Pumping.    A  Handbook  for 

Pump  Users.     12mo,  cloth $1 .  50 

BALL,  S.  R.    Popular  Guide  to  the  Heavens.    A  series  of 

eighty-three  plates,  many  of  which  are  colored  and  lithographed, 
with  explanatory  text  and  index.    Small  4to,  cloth,  illustrated. 

net,  $4.50 

BARBA,  J.    The  Use  of  Steel  for  Constructive  Purposes. 

Method  of    Working,  Applying  and   Testing  Plates  and  Bars. 
With  a  Preface  by  A.  L.  Holley,  C.E.     12mo,  cloth $1 .60 

BARKER,   A.   H.    Graphic  Methods   of  Engine   Design. 

Including  a  Graphical  Treatment  of  the  Balancing  of  Engines. 
12mo,  cloth $1.60 


BARNARD,  F.  A.  P.  Report  on  Machinery  and  Pro- 
cesses of  the  Industrial  Arts  and  Apparatus  of  the  Exact  Sciences 
at  the  Paris  Universal  Exposition,  1867.  162  illustrations  and 
8  folding  plates.    8vo,  cloth $6. 00 

BARNARD,  J.  H.    The  Naval  MiUtiaman's  Guide.    FuU 

leather,  pocket  size $1 .  26 

BARRUS,  G.  H.    Boiler  Tests:    Embracing  the  Results 

of  one  himdred  and  thirty-seven  evaporative  tests,  made  on 
seventy-one  boilers,  conducted  by  the  author.    8vo,  cloth.  $3.00 

Engine  Tests:    Embracing  the   Results  of  over  one 

hundred  feed-water  tests  and  other  investigations  of  various 
kinds  of  steam-engines,  conducted  by  the  author.  With  numer- 
ous figures,  tables,  and  diagrams.  8vo,  cloth,  illustrated. .  $4.00 
The  above  two  purchased  together $6 .00 
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BARWISE,    S.J    M.D.    (London).      The    Purification    of 

Sewage.  Being  a  brief  account  of  the  Scientific  Principles  of 
Sewage  Purification  and  their  Practical  Application.  12mo, 
cloth,  illustrated.    New  Edition net,  $3 .  50 

BEAUMONT,    R.    Color    in    Woven    Design.    WMi    32 

colored  plates  and  numerous  original  illustrations.  Laige, 
12mo $7.50 


-  W.  W.  Practical  Treatise  on  the  Steam-engine  In- 
dicator, and  Indicator  Diagrams.  With  notes  on  Engine  Per- 
formances, Expansion  of  Steam,  Behavior  of  Steam  in  Steam- 
enmie  Cylinders,  and  on  Gas-  and  Oil-en^ne  Diagrams.  Second 
Edition,  revised  and  enlarged.    8vo,  cloth,  illustrate. . . net,  $2 . 50 


BEECH,    F.    Dyeing    of    Cotton    Fabrics.    A    Practical 

Handbook  for  the  Dyer  and  Student.  Contiuninff  numerous 
recipes  for  the  production  of  Cotton  Fabrics  of  all  kin£,  of  a  great 
range  of  colors,  thus  making  it  of  ^reat  service  in  the  dye-house, 
whue  to  the  student  it  is  of  value  m  that  the  scientific  principles 
which  underlie  the  operations  of  dyeing  are  clearlv  laid  down. 
TVith  44  illustrations  of  Bleaching  and  Dyeing  Machinery.  8vo, 
cloth,  illustrated net,  $3.00 

Dyeing    of   Woolen    Fabrics.     With    diagrams    and 

figures.    8vo,  doth,  illustrated net,  $3 .  50 


BECKWITH,  A.    Pottery.    Observations  on  the 

and  Manufacture  of  Terra-cotta,  Stoneware,  Firebrick,  Porce- 
lain, Earthenware,  Brick,  Majolica,  and  Encaustic  Tiles.  Second 
Edition,    8vo,  paper 60 

BE6TRUP9  J.y  M.E.     The  Slide  Valve  and  its  Functions. 

With  Special  Reference  to  Modem  Practice  in  the  United  States. 
With  numerous  diagrams  and  figures.    8vo,  cloth $2.00 

BERITTHASENy  A.     A  Text-book  of  Organic  Chemistry. 

Translated  by  George  M'Gowan,  Ph.D.  F^th  English  Edition, 
revised  and  extended  by  author  and  translator.  Illustrated. 
12mo,  cloth In  Press. 

BERRY,  W.  J.    Differential  Equations  of  the  First  Species. 

12mo,  cloth,  illustrated In  Press^ 


6  D.  VAN  NOSTRAND  COMPANY'S 

BERSCHy  J.,   Dr.     Manufacture   of  Mineral   and   Lake 

Pigments.  Containing  directions  for  the  manufacture  of  all 
artificial  artists'  and  painters'  colors,  enamel  colors,  soot  and 
metallic  pisments.  A  text-book  for  Manufacturers,  Merchants, 
Artists  and  Painters.  Translated  from  the  second  revised  edition 
by  Arthur  C.  Wright,  M.A.    8vo,  cloth,  illustrated net,  %5. 00 

BERTIN^  L.  E.     Marine  Boilers:  Their  Construction  and 

Working,  dealing  more  especially  with  Tubulous  Boilers.  Trans- 
lated by  Leslie  S.  Robertson,  Assoc.  M.  Inst.  C.  £.,  M.  I.  Mech.  £., 
M.I.N.A.,  containing  upward  of  250  illustrations.  Preface  by 
Sir  William  White,  K.€f.B.,  F.R.S.,  Director  of  Naval  Construc- 
tion to  the  Admiralty,  and  Assistant  Controller  of  the  Navy. 
Second  Edition,  revised  and  enlarged.    8vo,  cloUi,  illustrated. 

net,  $5.00 

BIGGS,  C.  H.  W.      First  Principles  of  Electricity  and 

Magnetism.  A  book  for  beginners  in  practical  work,  containing 
a  good  deal  of  useful  information  not  usually  to  be  found  in 
similar  books.  With  numerous  tables  and  343  diagrams  and 
figures.     12mo,  cloth,  illustrated 12 .00 

BINNSy  C.  F.     Ceramic  Technology.    Being  Some  Aspects 

of  Technical  Science  as  applied  to  Pottery  Manufacture.  8vo, 
cloth net,  $5.00 

Manual  of  Practical  Potting.     Compiled  by  Experts. 


Third  Edition,  revised  and  enlarged.    8vo,  cloth net,  $7 .  50 

BIRCHMORE,  W.  H.,  Dr.     How  to  Use  a  Gas  Analysis. 

12mo,  cloth,  illustrated net,  $1 .  25 

BLAKE,  W.  H.    Brewer's  Vade  Mecmn.    With  Tables  and 

marginal  reference  notes.    8vo,  cloth net,  $4 .00 

W.  p.    Report   upon    the    Precious    Metals.     Being 


Statistical  Notices  of  the  Principal  Gold  and  Silver  producinjg 
regions  d  the  world,  represented  at  the  Paris  Universal  Exposi- 
tion.   8vo,  cloth $2.00 


BLAKESLEY,  T.  H.    Alternating  Currents  of  Electricity. 

For  the  use  of  Students  and  Engineers.     Third  Edition,  enlarged. 
12mo,  cloth $1 .50 

BLYTH,  A.  W.,  M.R.C.S.,  F.C.S.  Foods:  Their  Com- 
position and  Analysis.  A  Manual  for  the  use  of  Analvtical 
Chemists,  with  an  Introductory  Essajr  on  the  History  of  Adiutera- 
tions.  With  numerous  tables  and  illustrations.  Fifth  Edition, 
thoroughly  revised,  enlarged  and  rewritten.    8vo,  cloth $7.50 
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BLYTH,  A.  W.y  M.R.C.S.,  F.C.S.,  Poisons:  Their  Effects  and 

Detection.  A  Manual  for  the  use  of  Analytical  Chemists  and 
Experts,  with  an  Introductory  Essay  on  the  Growth  of  Modem 
Toxicology.    New  Edition In  Presa. 

BODMER,  6.  R.    Hydraulic  Motors  and  Turbines.    For 

the  use  of  Engineers,  Manufacturers  and  Students.  Third  Edi- 
tion,  revised  and  enlarged.  With  192  illustrations.  12mo. 
cloth $6.00 


• 


BOXLEAUy  J.  T.    A  New  and  Complete  Set  of  Traverse 

Tables,  showing  the  Difference  of  Latitude  and  Departure  of 
every  minute  of  the  Quadrant  and  to  five  places  of^  decimals. 
8vo,  cloth $6.00 

BONITEYy    6.    E.     The    Electro-platers'  Handbook.     A 

Manual  for  Amateurs  and  Young  Students  of  Electro-metalluiig^. 
60  iUustrations.     12mo,  cloth $1720 

BOOTH,  W.  H.  Water  Softening  and  Treatment,  Con- 
densing Plant,  Feed  Pumps,  and  Heaters  for  Steam  Users  and 
IMUmufacturers.  *  8vo,  cloth,  illustrated net,  $2.60 

BOITRRY,  E.    Treatise  on  Ceramic  Industries.    A  Complete 

Manual  for  Pottery,  Tile  and  Brick  Works.  Translated  from 
the  French  by  Wilton  P.  Rix.  With  323  figures  and  illustrations. 
8vo>  doth,  illustrated net,  $8.60 

BOW,  R.  H.  A  Treatise  on  Bracing.  With  its  applica- 
tion to  Bridges  and  other  Structures  of  Wood  or  Iron.  166  illus- 
trations.   8vo,  cloth $1 .  60 


BOWIE,  AUG.  J.,  Jr.,  M.E.      A   Practical    Treatise  on 

Hydraulic  Mining  in  California.  With  Description  of  the  Use 
and  Ck>n8truction  of  Ditches,  Flumes,  Wrougnt-iron  Pipes  and 
Dams;  Flow  of  Water  on  Heavy  Grades,  and  its  Applicability, 
under  High  Pressure,  to  Mining.  Ninth  Edition,  Small  quarto, 
cloth.    Illustrated $6.00 

BOWKER,  Wm.  R.     Dynamo,  Motor   and  Switchboard 

Circuits.  For  Electrical  E^ngineers.  A  practical  book,  dealing 
with  the  subject  of  Direct,  ^temating,  and  Polyphase  Currents. 
With  over  100  diagrams  and  engravings.    8vo,  doth. .  net,  $2.26 

BOWSERy    E.    A.J    Prof.    An    Elementary    Tre&tise    on 

Analytic  Geometry.  Embracing  Plane  Geometry,  and  an  Intro- 
duction to  Geometry  of  three  Dimensions.  Twenty-first  Edition. 
12mo,  cloth net,  $1 .75 
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BOWSER,  £.  A.,  Prof.    An  Elementary  Treatise  on  the 

Differential  and  Integral  Calculus.  With  numerous  examples. 
Twenly-firgt  Edition,  Enlarged  by  640  additional  examples. 
12mo,    cloth net,  $2.26 


An  Elementary  Treatise  on'  Analytic  Mechanics.  With 

numerous  examples.    Sxxteenih  Edition,     12mo,  cloth . .  net,  S3 .  00 

An  Elementary  Treatise  pn  Hydro-mechanics.    With 

numerous  examples.    Fifth  Edition,    12mo,  cloth net,  $2 .  50 

A  Treatise  on  Roofs  and  Bridges.    With  Numerous 

Exercises,  especially  adapted  for  school  use.  12mo,  cloth. 
Illustrated nei,  $2.26 

BRASSET'S  Naval  Annual  for   1905.    Edited  by  T.   A. 

Brassey.  With  numerous  full-page  diagrams,  half-tone  illustra- 
tions and  tables.  Nineteenth  year  of  publication.  8vo,  cloth, 
illustrated net,  $6.00 

BRAUN,  E.    The  Baker's  Book:    A  Practical  Handbook 

of  the  Baking  Industry  in  all  Countries.  Profusely  illustrated 
with  diagrams,  engravings,  and  full-page  colored  plates.  Trans- 
lated into  English  and  edited  by  £iml  Braun.      Vol.  I.,  8vo, 

cloth, illustrated, 308 pages $2.60 

Vol.  II.  303  pages,  iUustrated $2.50 

British    Standard    Sections.    Issued    by    the    Engineering 

Standards  Committee,  Supported  by  The  Institution  of  Civil 
Engineers,  The  Institution  of  Mechanical  Engineers,  The  Institu- 
tion of  Naval  Architects,  The  Iron  and  Steel  Institute,  and  The 
Institution  of  Electrical  Engineers.  Comprising  9  plates  of 
diagrams,  with  letter-press  and  tables.  Oblong  pamphlet, 
8}X16 $1.00 

BROWN,  WM.  N.    The  Art  of  Enamelling  on  Metal.  With 

figures  and  illustrations.     12mo,  cloth,  illustrated net,  $1 .00 

Handbook  on  Japanning  and  Enamelling,  for  Cycles, 

Bedsteads,  Tinware,  etc.     12mo,  cloth,  illustrated net,  $1 .  60 

House    Decorating   and   Painting.    With   Numerous 

illustrations.     12mo,  cloth net,  $1 .  60 

History  of  Dscorative  Art.    With  Designs  and  Illus- 
trations.    12mo,  cloth net,  $1 .  26 
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BROWN,   WH.  N.    Principle    and   Practice   of   Dipping, 

BumishlDg,  Lacquering  and  Bronzing  Brass  Ware.    12mo,  doth. 

net,%l.00 

Workshop  Wrinkles  for  Decorators,  Painters,  Paper- 
Hangers  and  Others.    8vo,  cloth net,  $1 .00 

BUCHANAN,  E.  E.    Tables  of  Squares.    Containing  the 

square  of  every  foot,  inch,  and  sixteenth  of  an  inch,  between  one 
sixteenth  of  an  inch  and  fifty  feet.  For  Engineers  and  Calcu- 
lators.   16mo,  oblong,  cloth $1 .00 

BULMAN,  H.  F.,  and  REDMAYNE,  R.  S.  A.    Colliery 

Workixig  and  Mana^^ement;  comprising  the  duties  of  a  oollieiy 
manager,  the  supenntendenoe  and  arran|;ement  of  labor  and 
wages,  and  the  oifferent  systems  of  working  coal-seams.  With 
engravings,  diagrams,  and  tables.  Second  Edition,  revised  and 
enlarged,    8vo,  cloth,  illustrated net,  $6 .00 

BURGH,  N.  P.    Modem  Marine  Engineering,  Applied  to 

Paddle  and  Screw  Propulsion.  Consisting  of  36  colored  plates, 
259  practical  woodcut  illustrations  and  403  pages  of  descriptive 
matter.  The  whole  being  an  exposition  of  the  present  practice 
of  James  Watt  &  Co.,  J.  &  G.  Kennie,  R.  Napier  &  Sons,  and 
other  celebrated  firms.    Thick  quarto,  half  morocco $10 .  00 

BURT,  W.  A.    Key  to  the  Solar  Compass,  and  Surveyor's 

Companion.  Comprising  all  the  rules  necessary  for  use  in  the 
field;  also  description  of  the  Linear  Stu-veys  and  Public  Land 
System  of  the  United  States,  Notes  on  the  Barometer,  Sugges- 
tions for  an  Outfit  for  a  Survey  of  Four  Months,  ete.  Seventh 
Edition.    Pocket  size,  full  leather $2.50 

BUSKETT,   E.   W.    Fire   Assaying.     lamo,   cloth,  illus- 
trated  In  Press, 

CAIN,  W.,  Prof.    Brief  Course  in  the  Calculus.    With 

figures  and  diagrams.    8vo,  cloth,  illustrated net,  $1 .  75 

Theory   of   Steel-concrete   Arches   and    of    Vaulted 

Structures.  New  Edition,  revised  and  enlarged.  16mo,  cloth,  il- 
lustrated,    iyan  Nostrand  Science  Series) $0. 50 

CAMPIN, '  F.    On   the   Construction    of   Iron   Roofs.    A 

Theoretical  and  Practical  Treatise,  with  woodcuts  and  plates  of 
roofs  recently  executed.    8vo,  cloth $2.00 
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CARPENTER,  Prof.  R.  C,  and  DIEDERICHS,  Prof.  H. 

Intenud  Combustion  Motors.  With  figures  and  diagrams.  8vo. 
cloth,  illustrated In  Preas^ 

CARTER,  E.  T.    Motive  Power  and  Gearing  for  Eieo- 

trical  Machinery.  A  treatise  on  the  Theory  and  Practice  of  the 
Mechanical  Equipment  of  Power  Stations  for  Electrical  Supdhr 
and  for  Electric  Traction.  Second  Editionf  revised  in  part  by  G. 
Tbomas-Davies.    8vo,  cloth,  illustrated $5.00 

CATHCART,  WM.  L.,  Prof.    Kachine  Design.    Part  I. 

Fastenings.    Svo,  cbth,  illustrated nU,  S3. 00 

Machine  Elements ;   Shrinkage  and  Pressure  Joints. 

With  tables  and  diagrams In  Press. 

Marine-Engine  Design In  Press. 

and  CHAFFEE,  J.  I.    Course  of  Grapliic  Statics  Applied 

to  Mechanical  Engineering In  Press 

CHAMBER'S   MATHEMATICAL    TABLES,   consisting  of 

Logarithms  of  Niunbers  1  to  108,000,  Trigonometrical,  Nautical 
ana  other  Tables.    New  Edition.    Svo,  cloth $1 .  75 

CHARPEimER,    P.     Timber.    A    Comprehensive    Study 

of  Wood  in  all  its  Aspects,  Commercial  and  Botanical.  Show- 
ing the  Different  Applications  and  Uses  of  Timber  in  Various 
Trades,  etc.    Translate  into  English.   Svo,  cloth,  ill  us. . .  net,  $6 .  00 

CHAXTVEHET,    W.,    Prof.     New    Method    of    Correcting 

Lunar  Distances,  and  Lnproved  Method  of  Finding  the  Error 
and  Rate  of  a  Chronometer,  by  Equal  Altitudes.    Svo,  doth.  $2.00 

CHILD,   C.   T.    The   How  and  Why  of  Electricity.    A 

Book  of  Information  for  non-technical  readers,  treatiog  of  the 
Properties  of  Electricity,  and  how  it  is  generated,  handled,  con- 
trolled, measured  and  set  to  work.  Ali^  explaining  the  opera- 
tion of  EHectrical  Apparatus.    Svo,  cloth,  illustrated $1 .00 

CHRISTIE,  W.  W.    Boiler-waters,  Scale,  Corrosion,  Foam- 
ing.   8vo,  cloth,  illustrated net,  S3 .00 


-  Chimney  Design  and  Theory.    A  Book  for  Engineers 

and  Architects,  with  numerous  half-tone  illustrations  and  plates 
of  famous  chimneys.    Second  Edition,  revised.    Svo,  cloth.  $3.00 
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CHRISTIE,  W.  W.  Furnace  Draft :  its  Production  by  Me- 
chanical Methods.  A  Handy  Reference  Book,  with  figures  and 
tables.    IQmo,  cloth,  illustrated.    (VanNostrand^e  Science  Series), 

10.50 


CLAPPERTONy  6.    Practical  Paper-making.    A  Manual 

for  Paper-maJcers  and  Owners  and  Managers  of  Paper  Mills,  to 
which  is  appended  useful  tables,  calculations,  data,  etc.,  with 
illustrations  reproduced  from  micro-photographs.  12mo,  cloth, 
illustrated , $2.60 

CLARK,  D.  K.,  C.E.     A  Manual  of  Rules,  Tables  and 

Data  for  Mechanical  En^eers.  Based  on  the  most  recent  inves- 
tigations. Illustrated  with  numerous  diagrams.  1012  pages.  8vo, 
cloth.    Sixth EdiHan $6.00 

Fuel:    its  Combustion  and  Economy;  consisting  of 

abridgments  of  Treatise  on  the  Combustion  of  Coal.  By  C.  W. 
Williams,  and  the  Economy  of  Fuel,  by  T.  S.  Prideaux.  With 
extensive  additions  in  recent  practice  in  the  Combustion  and 
Econoniy  of  Fuel,  Coal,  Coke,  Wood,  Peat,  Petroleum,  etc. 
Fourth  Sditian.     12mo,  cloth $1 .60 

The  Mechanical  Engineer's  Pocket-book  of   Tables, 


Formulae,  Rules  and  Data.  A  Handy  Book  of  Reference  for 
Daily  Use  in  Engineering  Practice.  16mo,  morocco.  Fifth 
Edition,  carefuUy  revised  throughout $3 .00 

Tramways.:   Their  Construction  and  Working.    Em- 


bracing  a  comprehensive  histoiy  of  the  system,  with  accounts  of 
the  various  modes  of  traction,  a  description  of  the  varieties  of 
rolling  stock,  and  ample  details  of  Cost  and  Working  Expenses. 
SecorM  Edition,  rewritten  and  greatly  enlarged,  with  upuxirds  of  400 
illuetrations.    Thick  8vo,  cloth $89.00 

CLARK,  J.  M.    New  System  of  Laying  Out  Railway  Turn- 
outs instantly,  by  inspection  from  tables.    12mo,  cloth. . .  $1.00 

CLAUSEN-THUE,  W.    The  ABC  Universal  Commercial 

Electric  Telegraphic  Code;  speciallv  adapted  for  the  use  of 
Financiers,  Mercnants,  Ship-owners,  Brokers,  Agents,  etc.    Fourth 

Edition.    Svo,  cloth $5.00 

Fifth  Edition  of  same $7.00 

The  A  1  Universal  Commercial  Electric  Telegraphic 

Code.  Over  1240  pages  and  nearly  90,000  variations.  Svo, 
cloth $7.50 
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CLEEHANN,  T.  M.    The  Railroad  Engineer's  Practice. 

Being  a  Short  but  Complete  Description  of  the  Duties  of  the 
Young  Engineer  in  Prelunin&ry  ana  Location  Surveys  and  in 
Ck)nstruction.  Fourth  Edition,  revued  and  enlarged.  Illustrated. 
12mo,  cloth $1 .50 

CLEVENGERy  S.  R.  A  Treatise  on  the  Method  of  Gov- 
ernment Surveying  as  prescribed  by  the  U.  S.  Congress  and  Com- 
missioner of  the  General  Land  Office,  with  complete  Mathemati- 
cal, Astronomical,  and  Practical  Instructions  for  the  use  of  the 
United  States  Surveyors  in  the  field.    16mo,  morocco 12 .  50 

CLOnTHy  F.    Rubber,  Gutta-Percha,  and  Balata.    First 

English  Translation  with  Additions  and  Emendations  by  the 
Author.  With  numerous  figures,  tables,  diagrams,  and  folding 
plates.     8vo,  cloth,  illustrated net,  $5.09 

COFFINy  J.  H.  C,  Prof.  Navigation  and  Nautical  Astron- 
omy. Prepared  for  the  use  of  the  U.  S.  Naval  Academy.  New 
Edition.  Revised  by  Commander  Charles  Belknap.  52  woodcut 
illustrations.     12mo,  cloth net,  $3.50 

COLEy  R.  S.9  M.A.    A  Treatise  on  Photographic  Optics. 

Being  an  account  of  the  Principles  of  Optics,  so  far  as  they  apply 
to  photography.     12mo,  cloth,  103  illus.  and  folding  plates . .  |2 .  50 

COLLINS,  J.  E.    The  Private  Book  of  Useful  Alloys  and 

Memoranda  for  Goldsmiths,  Jewelers,  etc.     18mo,  doth. .  ...  10 .  50 

COLLINS,  T.  B.    The  Steam  Turbine,  or  the  New  Engine. 

8vo,  cloth,  illustrated In  Frees. 

COOPER,  W.  R.,  M.A.  Primary  Batteries:  Their  Con- 
struction and  Use.  With  numerous  figures  and  diagrams.  Svo, 
doth,  illustrated net,  $4.00 

COPPERTHWAITE,   WM.   C.    Tunnel   Shields,   and   the 

Use  of  Compressed  Air  in  Subaqueous  Works.  With  numerous 
diagrams  and  figures.    4to,  cloth,  illustrated net,  $9.00 

COREY,  H.T.  Water-supply  Engineering.  Fully  illustrated. 

In  Press. 

CORNWALL,  H.  B.,  Prof.    Manual  of  Blow-pipe  Analysis, 

Qualitative  and  Quantitative.  With  a  Complete  System  of 
Determinative  Mineralogy.  Svo,  cloth,  with  many  illustra- 
tions   $2.50 
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COWELL,  W.  B.  Pure  Air,  Ozone  and  Water.  A  Prac- 
tical Treatiae  of  their  Utilization  and  Value  in  Oil,  Grease,  Soap. 
Paint,  Glue  and  other  Industries.  With  tables  and  figures. 
12mo,  cloth,  illustrated net,  $2.00 

CRAI6|  B.  F.    Weights  and  Measures.    An  Account  of 

the  Decimal  System,  with  Tables  of  Conversion  for  Conmiercial 
and  Scientific  Uses.    Square  32mo,  limp  doth 50 

CROCKER,  F.  B.,  Prof.    Electric  Lighting.    A  Practical 

Exposition  of  the  Art.  For  use  of  Engineers,  Students,  and 
others  interested  in  the  Installation  or  Operation  of  Mectrical 
Plants.    Vol.  I.  The  Generating  Plant.    New  Edition,  thoroughly 

revised  and  rtwrUten,    8vo,  cloth,  illustrated '$3 .00 

Vol.  II.  Distributing  Systems  and  Lamps.  Fifth  Edition.  8vo, 
cloth,  illustrated $3.00 


and  WHEELER,  S.  S.    The  Management  of  Electrical 

Machinery.  Being  a  thoroughly  revised  and  retoritten  edition  of 
the  authors'  '^  Practical  Management  of  Dynamos  and  Motors." 
With  a  special  chapter  by  H.  A.  Foster.    12mo,  cloth,  illustrated. 

n«^,  $1.00 

CROSSKEYy  L.  R.    Elementary  Perspective:  Arranged  to 

meet  the  requirements  of  Architects  and  Draughtsmen,  and  of 
Art  Students  preparing  for  the  elementary  examination  of  the 
Science  and  Art  Deps^ment,  South  Kensington.  With  numer- 
ous fuU-page  plates  and  diagrams.    8vo,  doth,  iUustrated  . .  $1 .  00 

and  THAW,  J.    Advanced  Perspective,  involving  the 

Drawing  of  Objects  when  placed  in  Oblique  Positions,  Shadows 
and  R^ections.  Arranged  to  meet  the  requirements  of  Archi- 
tects, Draughtsmen,  and  Students  preparing  for  the  Perspective 
Examination  of  the  Education  Department.  With  numerous  full- 
page  plates  and  diagrams.    8vo.  cloth,  illustrated $1 .  50 

DAVIES,    E.    H.    Machinery    for    Metalliferous    Mines. 

A  Practical  Treatise  for  Mining  Engineers,  Metallurgists  and 
Managers  of  Mines.  With  upwards  of  400  illustrations.  Second 
EdUion,  rewritten  and  enlarged.    8vo,  cloth net,  $8.00 

DAVIES,  D.  C.    A  Treatise  on  Metalliferous  Minerals  and 

Mining.  Sixth  Edition,  thoroughly  revised  and  much  enlarged  by  his 
son.    Svo,  cloth net,  $5.00 

Mining  Machinery In  Press, 

DAVISON,  6.  C,  Lieut.    Water-tube  Boilers In  Press. 
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DAY,  C.    The  Indicator  and  its  Diagrams.    With  Chap 

ters  on  Engine  and  Boiler  Testing;  including  a  Table  of  Piston 
Constants  compiled  by  W.  H.  Fowler.  12mo,  cloth.  125  illus- 
trations    $2.00 

DEITE,  Dr.  C.  Manual  of  Soapmaking,  including  medi- 
cated soaps,  stain-removinf  soaps,  metal  polishing  soaps,  soap 
powders  ana  detergents.  With  a  treatise  on  perfumes  for  scented 
soaps,  and  their  production  and  tests  for  purity  and  strength. 
Edited  from  the  text  of  numerous  experts.  Translated  from  the 
original  by  S.  I.  King,  F.C.S.    With  figures.    4to,  cloth,  illustrated. 

net,  $5.00 

DE  LA  COnX,  H.    The  Industrial  Uses  of  Water.    With 

numerous  tables,  figures,  and  diagrams.  Translated  from  the 
French  and  revised  by  Arthur  Morris.    8vo,  cloth net,  $4 .  50 

DEmrYy  6.  A.    Deep-leyel  Mines  of  the  Rand,  and  their 

future  development,  considered  from  the  commercial  point  of 
view.  With  folding  plates,  diagrams,  and  tables.  4to,  cloth, 
illustrated net,  $10.00 

DERRy    W.    L.    Block    Signal    Operation.    A    Practical 

Manual.    Pocket  SLse.    Oblong,  doth.    Second  Edition $1 .50 

DIBDIN,  W.  J.    Public  Lighting  by  Gas  and  Electricity. 

With  tables,  diagrams,  engravings  and  full-page  plates.  8vo, 
cloth,  illustrated twrf,  $8.00 

Purification   of  Sewage   and  Water.     With   tables^ 

engravings,  and  folding  plates.  Third  Edition,  revised  and 
enSxrged,    Svo,  doth,  illus.  and  numerous  folding  plates. ...  $6 .  50 

DIETERICH,  K.    Analjrsis  of  Resins,  Balsams,  and  Gum 

Resins:  their  Chemistry  and  Pharmacognosis.  For  the  use  of 
the  Scientific  and  Technical  Research  Chemist.  With  a  Bibliog- 
raphy. Translated  from  the  German,  by  Chas.  Salter.  Svo. 
doth net,$3.00 

DIXON,   D.   B.    The  Machinist's  and  Steam  Engineer's 

Practical  Calculator.  A  Compilation  of  Useful  Rules  and  Prob- 
lems arithmetically  solved,  together  with  General  Information 
applicable  to  Shop-tools,  MUl-gearing,  Pulleys  and  Shafts,  Steam- 
boilers  and  Engines.  Embracing  valuable  Tables  and  Instruc- 
tion in  Screw-cutting,  Valve  and  Link  Motion,  etc.  Third  Edition. 
16mo,  full  morocco,  pocket  form $1 .  25 

DOBLE,  W.  A.    Power  Plant  Construction  on  the  Pacific 

Coast In  Press, 
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DODD,  GEO.  Dictionary  of  Manufactures,  Huung,  Ma- 
chinery, and  the  Industrial  Arts.    12mo,  cloth $1 .50 

DORRy  B.  F.  The  Surveyor's  Guide  and  Pocket  Table- 
book.  Fifth  Edition^  thorovahly  revised  and  greatly  extended. 
With  a  second  appenduc  up  to  oate.     I6mo,  morocco  flaps.  .    $2 .  00 

DRAPER,   C.   H.     An   Elementary  Text-book   of  Light, 

Heat  and  Sound,  with  Numerous  Examples.    Fourth  Edition. 
12mo,  doth,  illustrated SI  .00 


Heat  and  the  Principles  of  Thermo-dynamics.    With 

many  iUustrations  and  numerical  examples.     12mo,  cloth. . .  $1 .  50 

DYSON,  S.  S.    Practical  Testing  of  Raw  Materials.     A 

Concise  Handbook  for  Manufacturers,  Merchants,  and  Users  of 
Chemicals,  Oils,  Fuels,  €ras  Residuals  and  By-products,  and 
Paper-making  Materials,  with  Chapters  on  Water  Anal3rBis  and 
the  Testing  of, Trade  Effluents.  Svo,  cloth,  illustrations,  177 
pages net,  $5.00 

ECCLES,  R.  G.  (Dr.),  and  DUCKWALL,  E.  W.  Food  Pre- 
servatives: their  Advantages  and  Proper  Use;  The  Practical 
vermia  the  Theoretical  Side  of  the  Pmre  Food  Problem.    8vo, 

gaper 10.60 
loth 1.00 

EDDY,   H.   T.,   Prof.     Researches  in   Graphical   Statics. 

Embracing  New  Constructions  in  Graphical  Statics,  a  New  General 
Method  in  Graphical  Statics,  and  the  Theory  of  Internal  Stress 
in  Graphical  Statics.    8vo,  cloth $1 .50 

Maximum  Stresses  under  Concentrated  Loads.  Treated 

graphically.    Illustrated.    Svo,  cloth $1 .  50 

EISSLER,M.    The  Metallurgy  of  Gold.  A  Practical  Treatise 

on  the  Metallurgical  Treatment  of  Gold-bearing  Ores,  including 
the  Processes  of  Concentration  and  Chlorination,  and  the  Assay- 
ing, Melting  and  Refining  of  Gold.  Fifth  Edition,  revised  and 
gnatly  enlarged.  Over  300  illustrations  and  numerous  folding 
plates.    8vo,  cloth $7 .  50 

^— The  Hydro-Metallurgy  of  Copper.    Being  an  Account 

of  processes  adopted  in  the  Hydro-metallurgical  Treatment  of 
Cupriferous  Ores,  including  the  Manufacture  of  Copper  Vitriol. 
With  chapters  on  the  sources  of  supply  of  Copper  and  the  Roasting 
of  Copper  Ores.  With  numerous  diagrams  and  figures.  8vo, 
doth,  Illustrated net,  $4. 50 
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EISSLER,   M.     The  Metallurgy  of   SSver.     A  Practical 

Treatiae  on  the  Amalgamation,  Roasting  and  Lixiviation  of  Silver 
Ores,  includii^  the  ABsayinf,  Melting  and  Refining  of  Silver 
Bullion.     124  ulustrations.    Second  EdtUan,  enlarged,    8vo,  cloth. 

$4.00 

The  Metallurgy  of  Argentiferous  Lead.    A  Practical 

Treatise  on  the  Smelting  of  Silver-Lead  Ores  and  the  Refining  of 
Lead  Bullion.  Including  Reports  on  Various  Smelting  Estabfish- 
ments  and  Descriptions  of  Modem  Smelting  Furnaces  and  Plants 
in  Europe  and  America.    With  183  illustrations.    Svo,  cloth, 

$5.00 

Cyanide  Process  for  the  Extraction  of  Gold  and  its 

Practical  Application  on  the  Witwatersrand  Gold  Fields  in  South 
Africa.  Third  Edition^  revised  and  enlarged,  Dlustrations  and 
folding  plates.    8vo,  cloth $3.00 

A  Handbook  on  Modem  Explosives.  Being  a  Prac- 
tical Treatise  on  the  Manufacture  and  Use  of  Dynamite,  Gun- 
cotton,  Nitroglycerine,  and  other  Explosive  Compounds,  in- 
cluding the  manufacture  of  Collodion-cotton,  with  chapters  on 
Explosives  in  Practical  Application.  Second  Edition^  erdarged 
MJWi  150  illu^rationa.     12mo,  cloth $5.00 

ELIOT,   C.   W.»   and  STORER,   F.   H.    A  Compendious. 

Manual  of  Qualitative  Chemical  Analysis.  Revised  with  the  co- 
operation of  the  authors,  by  Prof.  William  R.  Nichols.  Qlus- 
trated.  Twentieth  Edition,  newly  revised  by  Prof,  W,  B,  Lindsay, 
12mo,  cloth net,  %l. 25 

ELLIOT,   6.  H.y  Maj.     European  Light-house   Systems. 

Being  a  Report  of  a  Tour  of  Inspection  made  in  1873.  51  en- 
gravings and  21  woodcuts.    8vo,  cloth $5.00 

ERFURT,  J.    Dyemg  of  Paper  Pulp.  A  Practical  Treatise 

for  the  use  of  paper-makers,  paper-stainers,  students  and  others. 
With  illustrations  and  157  patterns  of  paper  dyed  in  the  pulp, 
with  formulas  for  each.  Translated  into  Ei^lish  and  edited, 
with  additions,  by  Julius  Hiibner,  F.C.S.  8vo,  cloth,  illu»- 
trated n«<,  $7.50 

EVERETT,    J.    D.     Elementary    Text-book    of    Physics. 

Illustrated.     Seventh  Edition,     12mo,  cloth $1 .  50 

EWIN6,  A.  J.,  Prof.    The  Magnetic  Induction  in  Iron 

and  other  metals.  Third  Edition,  revised,  159  illustrations 
8vo,  cloth $4.00 
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FAIRIEy  J.,  F.6.S.  Notes  on  Lead  Ores:  Their  Distribu- 
tion and  Properties.     12mO|  cloth $1 .00 

Notes  on  Pottery  Clays:  The  Distribution,  Properties, 

Uses  and  Analysis  of  Ball  Clays,  Chipa  Clays  and  China  Stone. 
With  tables  and  formulse.    12mo,  cloth $1 .  50 

FANNING,  J.  T.    A  Practical  Treatise  on  Hydraulic  and 

Water-supply  Engineering.  Relating  to  the  Hydrology,  Hydro- 
dynamics and  Practical  Construction  of  Water-works  in  North 
America.  180  illus.  8vo,  cloth.  Sixteenth  Editionf  revised,  en- 
largedf  and  new  tables  and  iUustraiiane  added,    650  pp $5.00 

FAY,  I.  W.  The  Coal-tar  Colors:  Their  Origin  and  Chem- 
istry.   Svo,  cloth,  illustrated In  Press. 

FERNBACH,  R.  L.  Glue  and  Gelatine ;  a  Practical  Trea- 
tise on  the  Methods  of  Testing  and  Use.     12mo,  cloth.  .In  Press. 

FISH,  J.  C.  L.  Lettering  of  Wo  king  Drawinp.  Thir- 
teen plates,  with  descriptive  text.    Oblong,  9  X 12),  boards .  $1 .  00 

FISHER,  H.  K.  C,  and  DARBY,  W.  C.    Students'  Guide 

to  Submarine  Cable  Testing.  Third  {new  and  enlarged)  Edir- 
tian.    8vo,  cloth,  illustrated $3 .  50 

FISHER,   W.   C.    The   Potentiometer  and  its  Adjuncts. 

8vo,  cloth $2.25 

FISKE,  B.  A.,  Lieut.,  U.S.N.     Electricity  in  Theory  and 

Practice ;  or,  The  Elements  of  Electrical  Engineering.  Eighth 
Edition.    8vo,  cloth $2.50 

FLEISCHMANN,  W.    The  Book  of  the  Dairy.    A  Manual 

of  the  Science  and  Practice  of  Dairy  Work.  Translated  from 
the  German,  by  C.  M.  Aikman  and  R.  Patrick  Wright.  8vo, 
cloth $4.00 

FLEMING,  J.  A.,  Prof.  Th?  Alternate-current  Trans- 
former in  Theory  and  Practice.  Vol.  I.,  The  Induction  of  Electric 
Currents;  611  pages.  iVeio  j^di^ion,  illusi rated.  8vo,  cloth,  $5.00 
Vol.  II.,  The  Utilization  of  Induced  Currents.  Illustrated.  '  8vo, 
cloth $5.00 

Centenaiy    of    the    El  ctrical    Current,    1799-1899. 

8vo,  paper,  illustrated $0 .  50 
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FLEMING,  J.  A.,  Prof.  Electric  Lamps  and  Electric  Light- 
ing. Being  a  course  of  four  lectures  delivered  at  the  Royal  Insti- 
tution, April-May,  1894.    8vo,  cloth,  fully  illustrated $3.00 

Electrical  Laboratory  Notes  and  Forms,  Elementary 

and  Advanced.    4to,  cloth,  illustrated. . $5.00 

A  Handbook  for  the  Electrical  Laboratory  and  Test- 
ing Room.    2  volumes.    8vo,  cloth each  $5 .  00 

FLEURY,  H.    The  Calculus  Without  Lunits  or  Lafinitesi- 

mals.    Translated  by  C.  O.  Mailloux In  Press 

FOLEY,    N.,    and   PRAY,    THOS.,    Jr.    The    Mechanical 

Engineers'  Reference  Book  for  Machine  and  Boiler  Construction, 
in  two  parts.  Part  1 — ^General  Engineering  Data.  Part  2 — 
Boiler  Construction.  With  51  plates  and  numerous  illustrations, 
specially  drawn  for  this  work.  Folio,  half  morocco.  New  Edi- 
tion  In  Press. 

FORNEY,  M.  N.    Catechism  of  the  Locomotive.    Second 

Edition,  revised  and  enlarged.    46th  thousand.     8vo,  cloth.  .$3.50 

FOSTER,  H.  A.    Electrical  Engineers'  Pocket-book.    With 

the  Collaboration  of  Eminent  Specialists.    A  handbook  of  useful 
data  for  Electricians  and  Electrical  Engineers.     With  innumer- 
able   tables,    diagrams,    and    figures.      Third    Edition^    revised 
Pocket  size,  full  leather,  1000  pp $5.00 

FOSTER,    J.    6.,    Gen.,    U.S.A.    Submarine    Blasting   in 

Boston  Harbor,  Massachusetts.  Removal  of  Tower  and  Corwin 
Rocks.     Illustrated  with  7  plates.    4to,  cloth $3 .  50 

FOSTER,  J.    Treatise  on  the  Evaporation  of  Saccharine, 

Chemical  and  other  Liquids  by  the  Multiple  System  in  Vacuum 
and  Open  Air.  Third  Edition.  Diagrams  and  laige  plates. 
8vo,  cloth $7.50 

FOX,   WM.,   and   THOMAS,   C.   W.,   M.E.    A   Practical 

Course  in  Mechanical  Drawing.  Second  Edition,  revised.  12mo, 
cloth,  with  plates $1 .  25 

FRANCIS,   J.  B.,   C.E.     Lowell   Hydraulic   Experiments. 

Being  a  selection  from  experiments  on  Hydraulic  Motors  on 
the  Flow  of  Water  over  Weirs,  in  Open  Canals  of  uniform  rect- 
angular section,  and  through  submerged  Orifices  and  diverging 
Tubes.  Made  at  Lowell,  Mass.  Fourth  Edition,  revised  and 
enlarged,  with  many  new  experiments,  and  illustrated  with  23 
copper-plate  engravings     4to,  cloth $15.00 
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FRASER,  R.  H.,  and  CLARK,  C.  H.    Marine  Engineering. 

In  Press. 

FULLER,  G.  W.    Report  on  the  Investigations  into  the 

Purification  of  the  Ohio  River  Water  at  Louisville,  Kentucky, 
made  to  the  President  and  Directors  of  the  Louisville  Water 
Company.  Published  under  agreement  with  the  Directors. 
3  full-page  plates.    4to,  cloth net,  $10.00 

FURIfELL,  J.     Students'  Manual  of  Paints,  Colors,  Oils 

and  Varnishes.    8vo,  cloth,  illustrated net,  $1 .  00 

6ARCKE,    E.y    and    FELLS,    J.    M.    Factory   Accounts: 

their  principles  and  practice.  A  handbook  for  accoimtants  and 
manu^turers,  with  appendices  on  the  nomenclature  of  machine 
details,  the  rating  of  factories,  fire  and  boiler  insurance,  the 
factory  and  workshop  acts,  etc.,  including  also  a  laige  number 
of  specimen  rulings.  Fifth  EditUm,  revised  and  extended,  8vo, 
cloth,  illustrated $3.00 

GEIEIE,  J.    Structural  and  Field  Geology^  for  Students  of 

Pure  and  Applied  Science.  With  figures,  diagrams,  and  half- 
tone plates.    8vo,  cloth,  illustrated net,  $4.00 

6ERBER,  N.    Chemical  and  Physical  Analysis  of  Milk, 

Condensed  Milk,  and  Infants'  Milk-food.    8vo,  doth $1 .  25 

GERHARD,    WM.    P.      Sanitary    Engineering.       i2mo, 

doth $1 .26 

6ESCHWIND,  L.    Manufacture  of  Alum  and  Sulphates, 

and  other  Salts  of  Alumina  and  Iron;  their  uses  and  applications 
as  mordants  in  dyeing  and  calico  printing,  and  their  otner  appli- 
cations in  the  Arts,  Manufactures,  Sanitary  Engineering,  Agri- 
culture and  Horticulture.  Trandated  from  the  .French  by 
Charles  Salter.  With  tables,  figures  and  diagrams.  8vo,  cloth, 
illustrated net,  $5.00 

GIBBS,  W.  E.    Lighting  by  Acetylene,  Generators,  Burners 

and  Electric  Furnaces.  With  66  illustrations.  Second  Edition, 
revised.     12mo,  cloth $1 .  50 

GILLMORE,  Q.  A.,  Gen.    Treatise  on  Limes,  Hydraulic 

Cements  and  Mortars.  Papers  on  Practical  Engineering,  United 
States  Engineer  Department,  No.  9,  containing  Reports  of  nu- 
merous Experiments  conducted  in  New  York  City  during  the 
years  185S  to  1861,  indusive.  With  numerous '  illustrations. 
Svo,  doth $4.00 
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GILLHOREi  Q.  A.,  Gen.  Practical  Treatise  on  the  Con- 
struction of  Roads,  Streets  and  Pavements.  Tenth  EdiUon.  With 
70  illustrations.     12mo,  cloth $2.00 

Report  on  Strength  of  the  Building  Stones  in  the 

United  States,  etc.    8vo,  illustrated,  cloth $1 .  00 

GOLDINGy  H.  A.    The  Theta-Phi  Diagram.    Practically 

Applied  to  Steam,  Gas,  Oil  and  Air  Engines.  12mo,  cloth, 
iUustrated n*^,  $1 .26 

GOODEVEy   T.   M.    A  Text-book   on   the   Steam-engine. 

With  a  Supplement  on  Gas-engines.  Twelfth  Edttiony  enlarged. 
143  illustrations.     12mo,  cloth $2.00 

GORE,  G.y  F.R.S.    The  Art  of  Electrolytic  Separation  of 

Metals,  etc.  (Theoretical  and  Practical.)  Illustrated.  8vo, 
cloth $3.60 

GOULD,    E.    S.    The    Arithmetic    of   the    Steam-engine. 

8vo,  cloth $1 .00 

Practical    Hydrostatics    and    Hydrostatic  Formulas. 

With  numerous  figures  and  diagrams.  {Van  No8trand*8  Science 
Series.)    16mo,  cloth,  illustrated,  114  pp $0. 60 

GRAY,   J.y  B.Sc.    Electrical  Influence  Machines:    Their 

Historical  Development,  and  Modem  Forms,  with  instructions 
for  making  them.  With  numerous  figures  and  diagrams.  Second 
EdiHon,  revised  and  enlarged,    12mo,  doth,  illus.,  296  pp $2 .  00 

GREENWOOD,  E.  Classified  Guide  to  Technical  and  Com- 
mercial Books.  Subject  List  of  Principal  British  and  American 
Works  in  print.    8vo,  cloth net,  $3 .00 

GRIFFITHS,  A.  B.,  Ph.D.    A  Treatise  on  Manures,  or 

the  Philosophy  of  Manuring.  A  Practical  Handbook  for  the 
Agriculturist,  Manufacturer,  and  Student.     12mo,  cloth. .  .  $3.00 

Dental    Metallurgy.     A    Manual    for    Students    and 

Dentists.    Svo,  doth,  iUustrated,  208  pp net,  $3.50 

GROSS,   E.    Hops,  in  their  Botanical,  Agricultural   and 

Technical  Aspect,  and  as  an  article  of  Commerce.  Translated 
from  the  German  by  Charles  Salter.  With  tables,  diagrams, 
and  illustrations.    Svo,  cloth,  illustrated net,  $4.50 
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6R0VER,    F.    Practical    Treatise    on    Modem    Gas    and 

Oil  Engines.     8vo,  cloth,  illustrated net,  $2.00 

GRUIfER,  A.  Power-loom  Weaving  and  Yam  Number- 
ing, according  to  various  systems,  with  conversion  tables.  An 
auxiliary  and  text-book  for  pupils  of  weaving  schools,  as  well 
as  for  self-instruction,  and  for  general  use  by  those  engaged  in 
the  weaving  industry.  Illustrated  with  colored  diagrams.  8vo, 
cloth net,$S.OO 


GURDER,  R.  L.  Traverse  Tables:  Computed  to  Four- 
place  Decimals  for  every  single  minute  of  angle  up  to  100  of 
Distance.  For  the  use  of  Surveyors  and  Engineers.  New  Edition. 
Folio,  half  morocco $7 .  50 

GUT,    A.    E.    Experiments   on    the    Flexure    of   Beams, 

resulting  in  the  Discovery  of  New  Laws  of  Failure  by  Buckling. 
Reprinted  from  the  ''American  Machinist.''  With  diagrams  and 
folding  plates.    8vo,  cloth,  illustrated,  122  pages net,  $1 .25 

A.  F.     Electric  Light  and  Power:  Giving  the  Result 

of  Practical  Experience  in  Central-station  Work.  8vo,  cloth, 
illustrated $2.50 


HAEDERy  H.y  C.E.    A  Handbook  on  the  Steam-engine. 

With  especial  reference  to  small  and  mediumnsized  engines.  For 
the  use  of  Engine-makers,  Mechanical  Draughtsmen,  Engineer- 
ing Students  and  Users  of  Steam  Power.  Translated  from  the 
German,  with  considerable  additions  and  alterations,  bv  H.  H. 
P.  Powles.  Third  English  Edition,  revised,  8vo,  cloth,  illus- 
trated, 468  pages $3.00 

HALL,  C.  H.    Chemistry  of  Paints  and  Paint  Vehicles. 

8vo,  cloth net,  $2. CO 

W.  S.y  Prof.    Elements  of  the  Differential  and  In- 
tegral Calculus.    Sixth  Edition^  revised.    8vo,  cloth,  illustrated. 

net,  S2.25 

Descriptive  Geometry,  with  Numerous  Problems  and 

Practical  Applications.  Comprising  an  8vo  volume  of  76  pages 
of  text  and  a  4to  atlas  of  31  plates.    2  vols.,  cloth net,  i3 .  5G 
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HALSET,  F.  A.    Slide-valve  Gears.    An  Explanation  of 

the  Action  and  Construction  of  Plain  and  Cut-off  Slide  Valves. 
Illustrated.    Seventh  Edition,     12mo,  cloth $1 .  50 


-The  Use  of  the  Slide  Rule.     With  illustrations  and 

folding  plates.       Second  Edition.       16mo,  boards.       {Van  Noa- 
irand^s  Science  Series,  No.  114.) 50 


The  Locomotive  Link    Motion,  with  Diagrams  and 

Tables.    8vo,  cloth,  illustrated $1 .00 

Worm    and   Spiral   Gearing.    Revised  and  Enlarged 

Edition,     16mo,  cloth  {Van  Nostrand^s  Science  Series,  No.  116.) 
Illustrated 50 

The   Metric   Fallacy,  and  "The   Metric   Failure   in 

the  Textile  Industry/'  by  Samuel  S.  Dale.    8vo,  cloth,  illus- 
trated   $1.00 

HAMILTON,    W.    G.    Useful    Information    for    Railway 

Men.     Tenth  Edition,  revised  and  enlarged,     562  pages,  pocket 
form.    Morocco,  gilt $2.00 

HAMMER,  W.  J.  Radium,  and  Other  Radio-active  Sub- 
stances; Polonium,  Actinium  and  Thorium.  With  a  considera- 
tion of  Phosphorescent  and  Fluorescent  Substances,  the  Proper- 
ties and  Applications  of  Selenium,  and  the  treatment  of  disease 
by  the  Uitra-Violet  Light.  Second  Edition.  With  engravings 
and  photographic  plates.    Svo,  cloth,  illustrated,  72  pp.. .  $1 .00 

HANCOCK,  H.  Text-book  of  Mechanics  and  Hydro- 
statics, with  over  500  diagrams.    Svo,  cloth net,  $1 .  50 

HARDY,   E.    Elementary  Principles  of  Graphic   Statics. 

Containing  192  diagrams.    Svo,  clotn,  illustrated $1 .50 

HARRISON,   W.    B.    The   Mechanics'   Tool-book.    With 

Practical  Rules  and  Suggestions  for  use  of  Machinists,  Iron- 
workers and  others.     Witn  44  engravings.     12mo,  cloth $1 .50 

HART,  J.  W.    External  Plmnbing  Work.    A  Treatise  on 

Lead  Work  for  Roofs.     With  numerous  figures  and  diagrams. 
Svo,  cloth,  illustrated net,  $3 .00 


( 


-Hints  to  Plmnbers  on  Joint  Wiping,  Pipe  Bending, 

and  Lead  Burning.     Containing  184  figures  and  diagrams.     Svo, 
cbth,  illustrated net,  $3 .00 
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HART,  J.   W.     Principles    of    Hot-water  Supply.    With 

numerous  illustrations.    Svo,  cloth net,  $3 .  00 

Sanitary  Plumbing   and   Drainage.    With  numerous 

diagrams  and  figures.     8vo,  cloth,  illustrated netf  13.00 

HASKINS,   C.   H.    The   Galvanometer  and  its  Uses.    A 

Manual  for  Electricians  and  Students.  Fourth  Edition.  12mo. 
cloth $1.50 

HATJFFy  W.  A.    American  Multiplier:  Multiplications  and 

Divisions  of  the  lai^est  numbers  rapidly  performed.  With  index 
giving  the  results  instantly  of  all  nimibers  to  1000x1000-1,000,- 
000;  also  tables  of  circumferences  and  areas  of  circles.  Cloth, 
6JX  15i $5.00 

HATJSBRAND,  E.    Drying  by  Means  of  Air  and  Steam. 

With  explanations,  formulas,  and  tables,  for  use  in  practice. 
Translated  from  the  German  by  A.  C.  Wright,  M.A.  12mo, 
cloth,  illustrated net,  $2.00 

Evaporating,    Condensing    and    Cooling    Apparatus: 

Explanations,  Formulse,  and  Tables  for  Use  in  Practice.  Trans- 
lated from  the  Second  Revised  German  Edition  by  A.  C.  Wright, 
M.A.  With  numerous  figures,  tables  and  diagrams.  8vo,  cloth, 
illustrated,  400  pages net,  $5. 00 

HATJSNERy    A.    Manufacture    of    Preserved    Foods    and 

Sweetmeats.  A  Handbook  of  all  the  Processes  for  the  Preserva- 
tion of  Flesh,  Fruit,  and  Vegetables,  and  for  the  Preparation  of 
Dried  Fruit,  Dried  Vegetables,  Marmalades,  Fruit-syrups,  and 
Fermented  Beverages,  and  of  all  kinds  of  Candies,  Canctied  Fruit 
Sweetmeats,  Rocks,  Drops,  Dragees,  Pralines,  etc.  Translated 
from  the  Third  Enlarged  German  Edition,  by  Arthur  Morris  and 
Herbert  Robson,  B.Sc.    8vo,  cloth,  illustrated net,  $3.00 

HAWKE,  W.  H.     The  Premier  Cipher  Telegraphic  Code, 

containing  100,000  Words  and  Phrases.  The  most  complete  and 
most  useful  general  code  yet  published.     4to,  cloth $5.00 

100,000   Words    Supplement    to   the   Premier   Code. 

All  the  words  are  selected  from  the  official  vocabulary.  Oblong 
quarto,  cloth $5 .  00 

HAWKESWORTH,  J.  Graphical  Handbook  for  Rein- 
forced Concrete  Design.  A  series  of  plates,  showing  graphically, 
by  means  of  plotted  curves,  the  required  design  for  slabs,  beams, 
and  columns  under  various  conditions  of  external  loading,  together 
with  practical  examples  showiqg  the  method  of  using  each  plate. 
8vo,  cloth In  Press, 
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HAWKINS,  C.  C,  and  WALLIS,  F.    The  Dynamo:    its 

Theory,  Design,  and  Manufacture.  190  illustrations.  12mo, 
cloth net,  $3.00 

HAY,  A.  Alternating  Currents;  Their  Theory,  Genera- 
tion, and  Transformation.    8vo,  cloth,  illustrated net,  $2.50 

Principles    of    Alternate-current    Working.     i2nio, 

doth,  illustrated $2.00 

HEAP,   D.   P.,   Major,   n.S.A.     Electrical  Appliances   of 

the  Present  Day.  Report  of  the  Paris  Electrical  Exposition  of 
1881.     250  illustrations.    8vo,  cloth $2.00 

HEAVISIDE,    0.    Electromagnetic    Theory.     8vo,    cloth. 

two  volumes each,  $5.00 

HECK,  R.  C.  H.    Steam-Engine  and  Other  Steam  Motors. 

A  text-book  for  engineering  colleges  and  a  treatise  for  engineers. 
Vol.  I.  The  Thermodynanucs  and  the  Mechanics  of  the  Engine. 
With  numerous  figures,  diagrams,  and  tables.    8vo,  cloth,  filus- 

trated net,  $3.50 

Vol.  II.  Form,  Construction,  and  Working  of  the  Engine:  The 
Steam  Turbine.    Svo,  cloth,  illustrated net,  $3.50 

HEDGES,  K.  Modem  Lightnine  Conductors.  An  Illus- 
trated Supplement  to  the  Report  ofthe  Lightning  Research  Com- 
mittee of  1905,  with  Notes  as  to  Methods  of  Protection  and  Speci- 
fications. With  figures,  half-tones,  and  folding  tables.  8vo,  cloth, 
illustrated net,  $3.00 

HEERMANN,  P.    Dyers'  Materials.    An  Introduction  to 

the  Examination,  Valuation,  and  Application  of  the  most  impor- 
tant substances  used  in  Dyeing,  Pnnting,  Bleaching  and  Finish- 
ing. Translated  by  Arthur  C.  Wright,  M.A.  12mo,  cloth,  illus- 
trated  n««,  $2.50 

HENRICI,  0.  Skeleton  Structures,  Applied  to  the  Build- 
ing of  Steel  and  Iron  Bridges.    8vo,  doth,  illustrated $1 .  50 

HERMANIf,  F.    Painting    on    Glass   and   Porcelain   and 

Enamel  Painting.  On  the  basis  of  Pensonal  Practical  Experience 
of  the  Condition  of  the  Art  up  to  date.  Translated  bv  Charles 
Salter.    Second  greatly  enlarged  edition.    8vo,  cloth,  illustrated, 

nef,  $3.50 

HERRMANN,   G.    The  Graphical  Statics  of  Mechanism. 

A  Guide  for  the  Use  of  Machinists,  Architects  and  Engineers;  and 
also  a  Text-book  for  Technical  Schools.  Translated  and  anno* 
tated  by  A.  P.  Smith,  M.E.  Fourth  Edition.  12mo,  cloth,  7 
folding  plates $2.00 
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HERZFELD,  J.,  Dr.    The  Technical  Testing  of  Yams  and 

Textile  Fabrics,  with  reference  to  of&cial  specifications.    Trans- 
lated by  Chas.  Salter.     With  69  illustrations.    8vo,  cloth  net,$S.&Q 

HEWSOK,    W.    Principles    and   Practice    of   Embanking 

Lands  from  River  Floods,  as  applied  to  the  Levees  of  the  Missis- 
sippi.    8vo,  cloth $2 .00 

HILLy  J.  W.    The  Purification  of  Public  Water  Supplies. 

Illustrated   with   valuable    tables,    diagrams,    and    cuts.      8vo, 
cloth $3.00 

HIROIy   I.    Statically-Indeterminate   Stresses  in   Frames 

Commonly  Used  for  Bridges.    With  figures,  diagrams,  and  ex- 
amples.    12mo,  cloth,  illustrated net,  $2 .00 

HOBBSy  W.  R.  P.  The  Arithmetic  of  Electrical  Measure- 
ments, with  numerous  examples,  fully  worked.  Revised  by 
Richard  Wormell,  M.A.    NitUh  EdiHon,     12mo,  cloth 50 

HOFFy  J.  N.    Paint  and  Varnish  Pacts  and  Formulas.    A 

hand-book  for  the  maker,  dealer,  and  user  of  paints  and  var- 
nishes.   Containing  over  600  recipes.    Svo,  cloth net,  $3 .00 

HOFFy  WM.  B.y  Com.,  n.S.N.    The  Avoidance  of  Collisions 

at  Sea.     18mo,  morocco 75 


HOLLEY,  A.  L.  Railway  Practice.  American  and  Euro- 
pean Railway  Practice  in  the  Economical  Generation  of  Steam, 
mduding  the  Materials  and  Construction  of  Coal-burning  BoHers, 
Combustion,  the  Variable  Blast,  Vaporization,  Circulation,  Super- 
heating, Supplying  and  Heating  Teed  Water,  etc.,  and  the 
Adaptation  of  Wood  and  Coke-burning  Engines  to  Coal-burning; 
and  in  Permanent  Way,  including  KoadHt>ed,  Sleepers,  Rai£, 
Joint  Fastenings,  Street  Railways,  etc.  With  77  kthographed 
plates.    Folio,  cloth $12.00 

HOLMESy  A.  B.    The  Electric  Light  Popularly  Explained. 

Fifth  Edition,    Illustrated.     12mo,  paper .40 

HOPEINS,  N.  H.  Experimental  Electrochemistry:  Theo- 
retically and  Practiculy  Treated.  With  132  figures  and  dia- 
grams.   Svo,  cloth,  illustrated net,  $3 .00 

Model  Engines  and  Small  Boats.    New  Methods  of 

Engine  and  Boiler  Making,  with  a  chapter  on  Elementary  Ship 
and  Construction.     12mo,  cloth $1 .25 
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HORNER)  J.  Engineers'  Tinning^  in  Principle  and  Prac- 
tice. A  Handbook  for  Working  Engineers,  Technical  Studento, 
and  Amateurs.  With  488  figures  and  diagrams.  8vo,  cloth, 
illustrated net,  S3. 60 

HOUSTON,  E.  J.,  and  IXNNELLY,  A.  E.    Algebra  Made 

Easy.  Being  a  clear  explanation  of  the  Mathematical  Formulso 
found  in  Fiof.  Thompson's  "Dynamo-electric  Machinery  and 
Polyphase  Electric  Currents."  With  figures  and  examples.  8vo, 
cloth,  illustrated 75 


-The  Interpretation  of  Mathematical  Formulae.    With 

figures  and  examples.    8vo,  cloth,  illustrated $1 .  25 


HOWARD,  C.  R.    Earthwork  Mensuration  on  the 

of  the  Prismoidal  Formulae.  Containing  Simple  and  Labor-saving 
Methods  of  obtaining  Prismoidal  Contents  directly  from  End 
Areas.  Illustrated  by  Examples  and  accompanied  by  Plain 
Rules  for  Practical  Use.     Illustrated.    8vo,  doth $1.50 

HOWORTH,   J.    Art   of  Repairing  and  Riveting   Glass, 

China  and  Earthenware.  Second  Edition.  8vo,  pamphlet,  illus- 
trated  net,  SO. 50 

HUBBARD,  E.  The  Utilization  of  Wood-waste.  A  Com- 
plete Account  of  the  Most  Advantageous  Methods  of  Working  Up 
Wood  Refuse,  especially  Sawdust,  Exhausted  Dye  Woods  and 
Tan  as  Fuel,  as  a  Source  of  Chemical  Products  for  Artificial  Wood 
Compositions,  Explosives,  Manures,  and  many  other  Technical 
Purposes.  Translated  from  the  Germkn  of  the  second  revised 
and  enlarged  edition,    8vo,  cloth,  illustrated,  192  pages . .  net,  $2 .  50 

HUMBER,  W.,  C.E.    A  Handy  Book  for  the  Calculation 

of  Strains  in  Girders,  and  Similar  Structures,  and  their  Strength; 
consisting  of  FormulsB  and  Corresponding  Diagrams,  with  numer- 
ous detaus  for  practical  application,  etc.  Fottrth  Edition.  12mo, 
cloth $2.50 

HlTMPHREYSy  A.  C.  (Stevens  Institute).    Lecture  Notes 

on  some  of  the  Business  Features  of  Engineering  Practice.  8vo, 
cloth,  with  supplement net,  $1 .25 

HlTRSTy  G.  H.,  F.C.S.    Color.    A  Handbook  of  the  Theory 

of  Color.  A  practical  work  for  the  Artist,  Art  Student,  Painter, 
Dyer  and  Calico  Printer,  and  Others.  Illustrated  with  10  colored 
plates  and  72  illustrations.     8vo,  cloth net,  $2. 50 

Dictionary   of  Chemicals   and   Raw  Products   Used 

in  the  Manufacture  of  Paints,  Colors,  Varnishes  and  Allied  Prep- 
arations.   8vo,  doth netf  $3 .  00 
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HURST,  6.H.,  F.C.S.    Lubricating  Oils,  Fats  and  Greases : 

Their   Origin,  Preparation,  Properties,  Uses  and  Analysis.    313 
pages,  with  65  illustrations.    Svo,  doth net,  $3 .00 

Soaps.    A  Practical  Manual  of  the  Manufacture  of 

Domestic,  Toilet  and  other  Soaps.     Illustrated  with  66  engrav- 
ings.   Svo,  cloth net,  $5.00 

Textile  Soaps  and  Oils :  A  Handbook  on  the  Prepara- 


tion, Properties,  and  Analysis  of  the  Soaps  and  Oils  Used  in 
Textile  Manufacturing,  Dyeing  and  Printing.  With  tables  and 
illustrations.     Svo,  cloth. net,  S2.50 

HUTCHINSON,  R.  W.,  Jr.    Long  Distance  Electric  Power 

Transmission:  being  a  Treatise  on  the  Hydro-electric  Genera- 
tion of  Energy;  its  Transformation,  Transmission,  and  Distri- 
bution.    12mo,  cloth,  illustrated In  Prese. 

and  IHLSENG.  H.  C.    Electricity  in  Mining ;  being  a 

Theoretical  and  Practical  Treatise  on  the  Construction,  Opera- 
tion, and  Maintenance  of  Electrical  Mining  Machinery.  12mo, 
cloth,  illustrated • In  Frees. 

W.  B.     Patents  and  How  to  Hake   Honey  out   of 

Them.     12mo,  cloth $1.25 

HUTTONy  W.  S.    Steam-boiler  Construction.    A  Practical 

Handbook  for  Engineers,  Boiler-makers  and  Steam-users.  Con- 
taining a  large  collection  of  rtiles  and  data  relating  to  recent 
practice  in  the  design,  construction  and  working  of  all  kinds 
of  stationary,  locomotive  and  marine  steam-boilers.  With  up- 
wards of  540  illustrations.  Fourth  Edition,  carefully  revised  and 
much  enlarged.    Svo,  cloth $6.00 

Practical  Engineer's  Handbook,  comprising  a  Treatise 

on  Modem  Engines  and  Boilers,  Marine,  Locomotive  and  Station- 
ary. Fourth  Edition,  carefully  revised,  with  additions.  With 
upwards  of  570  illustrations.    Svo,  cloth 17.00 

The  Works'  Hanager's  Handbook  of  Hodem  Rules, 


Tables  and  Data  for  Civil  and  Mechanical  Engineers,  Mill- 
wrights and  Boiler-makers,  etc.,  etc.  With  upwards  of  150  illus- 
trations. Fifth  Edition,  carefully  revised,  with  additions.  Svo, 
cloth $6.00 

INGLE,    H.    Manual    of    Agricultural    Chemistry.    Svo, 

doth,  illustrated,  388  pages net,  $3.00 
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INNES,   C.   H.    Problems  in   Machine   Design.     For  the 

use  of  Students,  Draughtsmen  and  others.     Second  Edition,  12mo, 
cloth net,  $2.00 

Centrifugal  Pumps,  Turbines  and  Water  Motors.    In- 


cluding the  Theory  and  Practice  of  Hydraulics.  Fourth  and  en- 
larged edition.     12mo,  cloth net,  $2 .  00 

ISHERWOODy  B.  F.    Engineering  Precedents  for  Steam 

Machinery.  Arranged  in  the  most  practical  and  useful  manner 
for  Engineers.  With  illustrations.  Two  volumes  in  one.  8vo, 
cloth $2.50 

JAMIESONy  A.,  C.E.  A  Text-book  on  Steam  and  Steam- 
engines.  Specially  arranged  for  the  use  of  Science  and  Art,  City 
and  Gmlds  of  London  Institute,  and  other  Engineering  Students. 
Thirteenth  Edition,     Illustrated.     12mo,  cloth $3.00 

Elementary  Manual  on  Steam  and  the  Steam-engine. 

Specially  arranged  for  the  use  of  First-year  Science  and  Art,  City 
and  Guilds  of  London  Institute,  and  other  Elementary  Engineer- 
ing Students.     Third  Edition.     12mo,  cloth $1.50 

JANNETTAZ,  E.    A  Guide  to  the  Determination  of  Rocks : 

bein£  an  Introduction  to  Litholo^.  Translated  from  the  French 
by  G.  W.  Flympton,  Professor  of  Physical  Science  at  Brooklyn 
Pol3rtechnic  Institute.     I2mo,  cloth $1 .  50 

JEHL,  F.9  Hem.  A.I.E.E.     The  Manufacture  of  Carbons 

for  Electric  Lighting  and  Other  Purposes.  A  Practical  Handbook, 
giving  a  complete  description  of  the  art  of  making  carbons,  electros, 
etc.  The  various  gas  generators  and  furnaces  used  in  caibonizing, 
with  a  plan  for  a  model  factory.  Illustrated  with  numerous  dia- 
grams, tables,  and  folding  plates.   8vo,  cloth,  illustrated,  net,  $4 .00 

JENNISON,  F.  H.    The  Manufacture  of  Lake  Pigments 

from  Artificial  Colors.  A  useful  handbook  for  color  manufac- 
turers, dyers,  color  chemists,  paint  manufacturers,  dr^salters, 
wallpaper-makers,  enamel  and  surface-paper  makers.  With  15 
plates  illustrating  the  various  methods  and  errors  that  arise  in 
the  different  processes  of  production.    8vo,  cloth net,  $3.00 

JEPSON,  6.    Cams^  and  the  Principles  of  their  Construe* 

tion.  With  figures,  half-tones,  full-page  and  folding  plates.  8vo, 
doth,  illustrated net,  $1 .50 

JOCKIN,  WM.    Arithmetic  of  the  Gold  and  Silversmith. 

Prepared  for  the  use  of  Jewelers,  Founders,  Merchants,  etc., 
especially  for  those  engaged  in  the  conversion  and  alloying  of 
gold  or  other  metals,  the  mixing  of  various  substances,  etc. 
With  numerous  examples.     12mo,  cloth $1 .  25 
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JOHITSON,  W.  McA.    "The  Metallurgy  of  Nickel."  In  Press. 
JOHNSTOK,  J.  F,  W.,  Prof.,  and  CAMERON,  Sir  Chas. 

Elements  of  Agricultural  Chemistry  and  Geology.    SeventeerUh 
Edition,     12mo,  cloth $2.60 

JONES,    H.    C.      Outlines    of    Electrochemistry.      With 

tables  and  diagrams.    4to,  cloth,  illustrated $1 .50 

Electrical  Nature  of  Matter  and  Radioactivity.     i2mo, 

cloth net,  $2.00 

JONES,  M.  W.    The  Testing  and  Valuation  of  Raw  Mate- 
rials used  in  Paint  and  Color  Manufacture.    12mOy  cloth, .  net,  $2 .  00 

JOYNSON,    F.    H.    The    Metals    Used    in    Construction. 

Iron,  Steel,  Bessemer  Metal,  etc.    Illustrated.     12mo,  cloth. . .    .76 


Designing   and   Construction   of   Machine 

Illustrated.    8vo,  cloth $2.00 


•• 


JUPTNER,  H.  F.  V.    Siderology:    The  Science  of  Iron. 

(The  Constitution  of  Iron  Alloys  and  Iron.)  Translated  from 
the  German.    8vo,  cloth,  345  pages,  illustrated net,  $5 .  00 

JEANSAS    CITY   BRIDGE,   THE.    With   an   Account   of 

the  Regimen  of  the  Missouri  River  and  a  Description  of  the 
Methods  used  for  Founding  in  that  River,  by  O.  Chanute,  Chief 
Engineer,  and  George  Morison,  Assistant  Engineer.  Illustrated 
with  5  lithographic  views  and  1 2  plates  of  plans.    4to,  cloth.    $6 .  00 

EAPP,   G.,   C.E.    Electric  Transmission   of  Energy  and 

its  Transformation,  Subdivision  and  Distribution.  A  practical 
handbook.    Fourth  Edition,  revised,    12mo,  cloth $3.50 

Dynamos,  Motors,  Alternators  and  Rotary  Con- 
verters. Translated  from  the  third  German  edition,  by  Harold 
H.  Simmons,  A.M.I.E.E.  With  numerous  diagrams  and  figures. 
8vo,  cloth,  507  pages $4.00 

EEIM,  A.  W.     Prevention   of   Dampness   in   Buildings. 

With  Remarks  on  the  Causes,  Nature  and  Effects  of  Saline  Efflo- 
rescences and  Dry  Rot.  For  Architects,  Builders,  Overseers, 
Plasterers,  Painters  and  House  Owners.  Translated  from  the 
eecond  revised,  German  edition.  With  colored  plates  and  dia- 
grams.   8vo,  cloth,  illustrated,  115  pages net,  $2 .  00 


KELSEY,    W.    R.      Continuous-current     Dynamos    and 
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KEHP,  J.  F.,  AJB.^  E.M.  (Columbia  Uniy.).    A  Handbook 

of  Hocks.  For  use  without  the  microscope.  With  a  glossary  of 
the  names  of  rocks  and  of  other  lithologicai  terms.  Third  Edition, 
revised,    8vo,  cloth,  illustrated $1 .  50 

KEMPE,  H.  R.    The  Electrical  Engineer's  Pocket-book 

of  Modem  Rules,  Formulae,  Tables  and  Data.  Illustrated. 
32mo,  morocco,  gilt $1 .  75 


KENNED Yy  R.    Modem  Engines  and  Power  Generators. 

A  Practical  Work  on  Prime  Movers  and  the  Transmission  of 
Power:  Steam,  Electric,  Water,  and  Hot-air.  With  tables,  fig- 
ures, and  full-page  engravings.    6  vols.    8vo,  cloth,  illustrated. 

$15.00 
Single  volumes,  each $3.00 

Electrical    Installations    of    Electric    Lieht,  Power, 

Traction,  and  Industrial  Electrical  Machinery.  With  numerous 
diagrams  and  engravings. 

Vol.  I.  The  Electrical  Circuit,  Measurement,  Ele- 
ments of  Motors,  Dynamos,  Electrolysis.     8vo,  doth,  illus . .  $3.50 

Vol.  n.  Instruments,  Transformers,  Installation  Wir- 
ing, Switches  and  Switchboards.    8vo,  cloth,  illustrated $3.50 

Vol.  in.     Production    of   Electrical  Energy,  Prime 

Movers,  Generators  and  Motora     8vo,  doth,  illustrated. . .  $3.50 

Vol.  IV.  Mechanical  Gearing ;  Complete  Electric  In- 
stallations; Electrolytic,  Mining  and  Heating  Apparatus;  Electric 
Traction;  Special  Applications  of  Electric  Motors.  8vo,  cloth, 
illustrated $3.50 

KENNEDY.  R.    Vol.  V.    Apparatus  and  Machinery  used  in 

Tele^aphs,  Tdephones,  Signals,  Wireless  Tdegraph,  X-Rays,  and 

Medical  Science.    8vo,  doth,  illustrated $3 .  50 

Complete  sets  of  the  five  volumes $15 .  00 

EENNELLY,    A.    E.    Theoretical    Elements    of    Electro- 

d3mamic  Machinery.    8vo,  doth $1 .  50 

KINGDON,  J.  A.    Applied  Magnetism.    An  Introduction 

to  the  Design  of  Electromagnetic  Apparatus.    8vo,  doth. .  $3.00 
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KINZBRUNNER,  C.    Alternate  Current  Windings;   Their 

Theory  and  Construction.  A  £[andbook  for  Students,  Designers, 
and  aU  Practical  Men.    8vo,  cloth,  iUustrated n€t,  $1 .  50 

Continuous  Current  Armatures ;   Their  Winding  and 

Construction.  A  Handbook  for  Students,  Designers,  and  all 
Practical  Men.    8y0|  doth,  illustrated net,  $1 .  50 

KIREALDY,   W.    6.    Illustrations    of   David   Kirkaldy's 

System  of  Mechanical  Testing,  as  Originated  and  Carried  on  by 
hun  during  a  Quarter  of  a  Century.  Comprising  a  Large  Selec- 
tion of  Tabulated  Results,  showing  the  Strength  and  other  Proper- 
ties of  Materials  used  in  Construction,  with  Explanatory  Text 
and  Historical  Sketch.  Numerous  engravings  and  25  lithographed 
plates.    4to,  doth $10 .00 

EIREBRIDE,  J.    Engraving  for  Illustration:    Historical 

and  Practical  Notes,  with  illustrations  and  2  plates  by  ink 
photo  process.    8vo,  doth,  illustrated net,  $1 .  50 

KIRKWOOD,  J.  P.    Report  on  the  Filtration  of  River 

Waters  for  the  Supply  of  Cities,  as  practised  in  Europe,  made 
to  the  Board  of  Water  Commissioners  of  the  City  of  St.  Louis. 
Illustrated  by  30  double-page  engravings.    4to,  doth 17 .  50 


SXEIN,  J.   F.     Design   of    a  High-speed  Steam-engine. 

With  notes,  diagrams,  formulas  and  tables.  Second  Edition, 
revised  and  enlarged.    8vo,  doth,  illustrated.     net,  $5 .  00 

ELEINHANS,  F.  B.  Boiler  Construction.  A  Practical  ex- 
planation of  the  best  modem  methods  of  Boiler  Construction, 
from  the  laying  out  of  sheets  to  the  completed  Boiler.  With 
diagrams  and  full-page  engravings.    8vo,  cloth,  illustrated. .  $3 .  00 

SinGHT,  A.  M;,  Lieut.-Com.  U.S.N.  Modem  Seaman- 
ship.   Illustrated  with  136  full-page  plates  and  diagrams.    8vo, 

doth,  illustrated.    SecanctfEdition,  revised net,  $6.00 

Half  morocco $7 .  50 

KirOTT,  C.  G.,  and  MACKAY,  J.  8.    Practical  Mathematics. 

With  numerous  examples,  figures  and  diagrams.  New  Edition, 
8vo,  doth,  illustrated $2.00 

KOLLER,    T.    The    Utilization    of   Waste    Products.    A 

Treatise  on  the  Rational  Utilization,  Recovery  and  Treatment 
of  Waste  Products  of  all  kinds.  Translated  from  the  German 
oecond  revised  edition.  With  numerous  diagrams.  8vo,  cloth, 
illustrated ne^,  $3.50 
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KOLLERy  T.    Cosmetics.  A  Handbook  of  the  Manufacture, 

Emplovment  and  Testing  of  all  Cosmetic  Materials  and  Cosmetio 
Specialties.  Tnuoslated  from  the  German  by  Chas.  Salter.  8vo. 
cloth net,  $2.50 

KRAUCH,   C,   Dr.    Testing   of   Chemical   Reagents   for 

Purity.  Authorized  translation  of  the  Third  Edition^  by  J.  A. 
Williamson  and  L.  W.  Dupre.  With  additions  and  emendations 
by  the  author.    Svo,  cloth net,  $4 .  50 

LAMBERT,  T.    Lead,  and  its  Compounds.    With  tables, 

diagrams  and  folding  plates.    Svo,  cloth net,  $3 .  50 

Bone    Products    and    Manures.      An    Account    of 

the  most  recent  improvements  in  the  manufacture  of  Fat,  Glue, 
Animal  Charcoal,  Sue,  Gelatine  and  Manures.  With  plans  and 
diagrams.    8vo,  doth,  illustrated net,  $3.00 

LAMBORIf ,  L.  L.    Cottonseed  Products :  A  Manual  of  the 

Treatment  of  Cottonseed  for  its  Products  and  Their  Utilization 
in  the  Arts.  With  Tables,  figures,  full-page  plates,  and  a  large 
folding  map.    8vo,  cloth,  illustrated net,  $3.00 

Modem  Soaps,  Candles,  and  Glycerin.     A  practical 

manual  of  modem  methods  of  utilization  of  Fats  and  Oils  in  the 
manufacture  of  Soaps  and  Candles,  and  the  recovery  of  Glycerin. 
8vo,  cloth,  illustrated net,  $7 .  50 

LAMPRECHTy   R.    Recovery  Work   after   Pit   Fires.    A 

description  of  the  principal  methods  pursued,  especially  in  fiery 
mines,  and  of  the  various  appliances  employed,  such  as  respira- 
tory and  rescue  apparatus,  dams,  etc.  With  folding  plates  and 
diaRrapis.  Translated  from  the  German  by  Charles  SaJter.  8vo, 
doth,  illustrated net,  $4 .00 

LARRABEEy  C.  S.  Cipher  and  Secret  Letter  and  Tele- 
graphic Code,  with  Hog's  Improvements.  The  most  perfect 
secret  Code  ever  invented  or  discovered.  Impossible  to  read 
without  the  key.     18mo,  cloth 60 

LASSAR-COHN,  Dr.  An  Introduction  to  Modem  Scien- 
tific Chemistry,  in  the  form  of  popular  lectures  suited  to  University 
Extension  Students  and  genenu  readers.  Translated  from  the 
author's  corrected  proofs  for  the  second  German  edition,  by 
M.  M.  Fattison  Muir,  M.A.    12mo,  doth,  illustrated $2.00 


SCIENTIFIC  PUBLICATIONS.  33 

LATTA|  H.  N.    Gas  Engineering  Practice.    With  figures, 

diagrams  and  tables,     bvo,  cloth,  illustrated in  Press. 

LEASK,  A.  R.    Breakdowns  at  Sea  and  How  to  Repair 

Them.     With  89  iUustrationfl.    Second  Edition.    8vo,  cloth.  $2.00 

Triple  and  Quadruple  Expansion  Engines  and  Boilers 

and  their  Management.  With  59  illustrations.  Third  Edition, 
revised,    12mo,  doth $2.00 

Refrigerating  Machinery:  Its  Principles  and  Man- 
agement.   With  64  illustrations.     12mo,  cloth $2.00 

LECET,   S.   T.   S.    "Wrinkles"  in  Practical  Navigation. 

With  130  illustrations.  8vo,  cloth.  Fourteenth  Edition,  revised 
and  enlarged $8 .  00 

LEFEVRE,  L.    Architectural  Pottery :  Bricks.  Tiles,  Pipes* 

Enameled  Terra-Cottas,  Ordinary  and  Incnisted  Quarries,  Stone- 
ware Mosaics,  Faiences  and  Architectural  Stoneware.  With 
tables,  plates  and  950  cuts  and  illustrations.  With  a  preface  by 
M.  J.-C.  Formiff6.  Translated  from  the  French,  by  KT  H.  Bird, 
M.A.,  and  W.  ^Juxyre  Binns.     4to,  cloth,  illustrated net,  $7. 50 

LEHNER,  S.  Ink  If  anuf  acture :  including  Writing,  Copy- 
ing, Lithographic,  Marking,  Stamping  and  Laundry  Inks.  Trans- 
lated from  the  fifth  German  edition,  by  Arthur  Morris  and 
Herbert  Robson,  B.Sc.      8vo,  cloth,  illustrated n^^,  $2.50 

LEMSTROM,  Dr.  Electricity  in  Agriculture  and  Horticul- 
ture.   Illustrated net,  $1 .50 

LEVY,  C.  L.    Electric-light  Primer.    A  simple  and  com- 
prehensive digest  of  all  the  most  important  facts  connected  with 
the  running  of  the  dynamo,  and  electric  lights,  with  precautions  . 
for  safety.     For  the  use  of  persons  whose  duty  it  is  to  look  after 
the  plant.     8vo,  paper 50 

LIVERMORE,  V.  P.,  and  WILLIAMS,  J.    How  to  Become 

a  Competent  Motorman.  Being  a  Practical  Treatise  on  the 
Prbper  Method  of  Operating  a  Street  Railway  Motor  Car;    also 

§iving  details  how  to  overcome  certain  defects.     16mo,   cloth, 
lustrated,  132  pages $1 .00 
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LOBBEN,  P.,  M.£.  Machinists'  and  Draftsmen's  Hand- 
book, containing  Tables,  Rules,  and  Formulas,  with  numerous 
examples,  explaining  the  principles  of  mathematics  and  mechanics, 
as  applied  to  the  mechanical  trades.  Intended  as  a  reference  book 
for  all  interested  in  Mechanical  work.  Illustrated  with  many 
cuts  and  diagrams.    8vo,  cloth $2 .  50 

LOCKE,  A.  G.  and  C.  G.    A  Practical   Treatise  on   the 

Manufacture  of  Sulphuric  Acid.  With  77  constructive  plates, 
drawn  to  scale  measurements,  and  other  illustrations,  lloyal 
8vo,  cloth $10.00 

LOCKERT,  L.    Petroleum  Motor-cars.     I2m0|  cloth,  S1.50 

LCCKWOOD,  T.  D.  Electricity,  Magnetism,  and  Electro- 
telegraphy.  A  Practical  Guide  for  Students,  Operators,  and 
Inspectors.    8vo,  cloth.     Third  Edition S2.50 

Electrical  Measurement  and  the  Galvanometer:    its 

Construction  and  Uses.  Second  Edition.  32  illustrations.  12mo, 
cloth $1 .60 

LODGE,  0.  J.  Elementary  Mechanics,  including  Hydro- 
statics and  Pneumatics.    Revised  Edition.    12mo,  cloth  ...  $1 .  50 

Signalling  Across   Space,  Without   Wires:    being  a 

description  of  the  work  of  Hertz  and  his  successors.  With  numer- 
ous diagrams  and  half-tone  cuts,  and  additional  remarks  con- 
cerning the  application  to  Telegraphy  and  later  developments. 
Third  Edition.    8vo,  cloth,  illustrated .^ ne^.  $2. 00 

LORD,  R.  T.    Decorative  and  Fancy  Fabrics.     A  Valuable 

Book  with  designs  and  illustrations  for  manufacturers  and  de- 
signers of  Carpets,  Damask,  Dress  and  all  Textile  Fabrics.  8vo, 
cloth,  illustrated net^  $3 .  50 

LORING,   A.  E.     A  Handbook   of  the   Electro-magnetic 

Telegraph.     16mo,  cloth,  boards.    New  and  enlarged  edition . .    .50 

LUCE,  S.  B.  (Com..  TJ.  S.  N.).    Text-book  of  Seamanship. 

The  Equippixig  and  Handling  of  Vessels  under  Sail  or  Steam. 
For  the  use  of  the  U.  S.  Naval  Academy.  Revised  and  enlarged 
edition f  by  Lieut.  Wm.  S.  Benson.    8vo,  cloth,  illustrated. $10. 00 

LUCKE,  C.  E.     Gas  Engine  Design.    With  figures  and 

diagxtuns.    Second  Edition,  revised,    8vo,  cloth,  illustrated. 

ru^,  $3.00 

Power,  Cost  and  Plant  Designs  and  Construction. 

In  Press. 
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LUCKE,  C.  E.    Power  Plant  Papers.    Form  I.    The  Steam 

Power  Plant.     Pamphlet  (8X13) net,  $1 .50 

LUNGEy  G.y  Ph.D.     Coal-tar  and  Ammonia:    being  the 

third  and  enlarged  edition  of  "A  Treatise  on  the  Distillation  of 
Goal-tar  and  Ammoniacal  Liquor, "  with  numerous  tables,  figures 
and  diagrams.    Thick  8vo,  cloth,  illustrated ne^,  $15.00 

A  Theoretical  and  Practical  Treatise  on  the  Man- 
ufacture of  Sulphuric  Acid  and  Alkali  with  the  Collateral  Branches. 

VoLI.  Sulphuric  Acid.  In  two  parts,  not  sold  separately. 

Second  Edition,  revised  and  enlarged.  342  illus.  8vo,  cloth . .  $1 5 .  00 

Vol.  n.  Salt  Cake,  Hydrochloric  Acid  and  Leblanc 

Soda.    Second  Edition,  reviaed  and  enlarged,    8vo,  cloth ...  $15 .  00 

Vol.  m.   Ammonia  Soda,  and  various  other  processes 

of  Alkali-making,  and  the  preparation  of  Alkalis,  Chlorine  and 
Chlorates,  by  Electrolysis.   8vo,  doth.  New  Edition,  1 896 . .  $  1 5 .  00 

and  HURTER,  F.     The  Alkali  Maker's  Handbook. 

Tables  and  Analytical  Methods  for  Manufacturers  of  Sulphuric 
Acid,  Nitric  Acid,  Soda,  Potash  and  Anmionia.  Second  Edition, 
12mo,  cloth $3.00 

LUPTON,  A.,  PARR,  6.  D.  A.,  and  PERKIN,  H.  Elec- 
tricity as  Applied  to  Mining.  With  tables,  diagrams  and  folding 
plates.  Second  Edition,  revised  and  enlarged,  -  8vo,  cloth,  illus- 
trated  net,  $4. to 

LUQUER,  L.  M.,  Ph.D.  (Columbia  Univ.).    Minerals  in 

Hock  Sections.  The  Practical  Method  of  Identifying  Minerals  in 
Rock  Sections  with  the  Microscope.  Especially  arranged  for 
Students  in  Technical  and  Scientinc  Schools.  lUvieed  Edition, 
8vo,  cloth,  illustrated net,  $1 .  50 

MACKIE,   JOHN.     How  to   Make   a  Woolen   Mill  Pay. 

8vo,  cloth net,  $2.00 

MACKROW,  C.    The  Naval  Architect's  and  Ship-builder's 

Pocket-book  of  Formulse,  Rules,  and  Tables;  and  En^neers'  and 
Surveyors'  Handy  Book  of  Reference.  Eighth  Edition,  revised 
and  enlarged,    16mo,  limp  leather,  illustrated. $5.00 

KAGUIRE,  E.,  Capt.,  n.S.A.    The  Attack  and  Defence 

of  Coast  Fortificationa  With  maps  and  numerous  illustrations, 
8vo,  cloth $2.60 
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MAGUIRE,   WM.   R.    Domestic   Sanitary   Drainage   and 

Plumbing  Lectures  on  Practical  Sanitation.  332  illustrations. 
8vo $4.00 

HAILLOUX,    C.    O.     Electro-traction    Machinery.      8vO| 

doth,  illustrated In  Preaa. 

HARKS,  E.  C.  R.    Notes  on  the  Construction  of  Cranes 

and  Lifting  Machinery.  With  numerous  diagrams  and  figures. 
New  and  enlarged  edition.   12mo,  cloth net,  $1 .50 

Notes  on  the  Construction  and  Working  of  Pumps. 

With  figures,  diagrams  and  engravings.  12mo,  cloth,  illus- 
trated  net,tl.50 

6.  C.    Hydraulic    Power   Engineering.    A  Practical 

Manual  on  the  Concentration  and  Transmission  of  Power  by  Hy- 
draulic Machinery.  With  over  200  diagrams  and  tables  8vo, 
cloth,  illustrated $3 .  50 

HARSH,  C.  F.    Reinforced  Concrete.    With  full-pace  and 

folding  plates,  and  512  fig\ires  and  diagrams.  4to,  cloth,  illus- 
trated  net,  $7.00 

HAVER,  W.    American  Telegraphy:   Systems,  Apparatus, 

Operation.     450  illustrations.     8vo,  cloth $5.00 

HAYER,  A.  H.,  Prof.    Lecture  Notes  on  Physics.    8vo, 

cloth $2.00 

HcCULLOCH,  R.  S.,  Prof.    Elementary  Treatise  on  the 

Mechanical  Theory  of  Heat,  and  its  application  to  Air  and  Steam- 
engines.     Svo,  cloth $3 .  50 

HcINTOSH,  J.  6.  Technology  of  Sugar.  A  Practical  Treatise 

on  the  Manufacture  of  Sugar  from  the  Sugar-cane  and  Sugar- 
beet.    With  diagrams  and  tables.    Svo,  cloth,  illustrated .  net,  $4 .  50 

Manufacture  of  Varnishes  and   Kindred  Industries. 

Based  on  and  including  the  ''Drying  Oils  and  Varnishes,"  of 
Ach.  Livache.  Volume  I.  Oil  Crushing,  Refining  and  Boiling, 
Manufacture  of  Linoleum,  Printing  and  Lithographic  Inks,  and 
India-rubber  Substitutes.     Second  greatly    enlarged  English  Edi* 

tion.     Svo,  cloth,  illustrated net,  $3 .  50 

(To  be  complete  in  three  volumes.)      / 
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McNeill,   B.     McNeill's   Code.    Arranged   to   meet   the 

requirements  of  Mining,  Metallurgical  and  Civil  Engineers,  Direc- 
tors of  Mining,  Smelting  and  other  Companies,  Bankers,  Stock 
and  Share  Brokers,  Solicitors,  Accountants,  Financiers  and 
General  Merchants.    Safety  and  Secrecy.    8vo,  doth.  ...  $6.00 

Mcpherson,   J.   a.,   a.   M.   Inst    C.   E.    waterworks 

Distribution.  A  practical  guide  to  the  laying  out  of  systems  of 
distributing  mains  for  the  supply  of  water  to  cities  and  towns 
With  tables,  folding  plates  and  numerous  full-page  diagrams 
8vo,  cloth,  illustrated $2.50 

MERCK,  E.    Chemical  Reagents :  Their  Purity  and  Tests. 

In  Press* 

MERRITT,  WM.  H.    Field  Testing  for  Gold  and  SQver. 

A  Practical  Manual  for  Prospectors  and  Miners.  With  numerous 
half-tone  cuts,  figures  and  tables.  16mo,  limp  leather,  illuft- 
tiBted $1.50 

METAL  TURNING.    By  a  Foreman  Pattern-maker.    HIus^ 

trated  with  81  engravings.     12mo,  doth $1 .  50 

MICHELLi  S.  Mine  Drainage:  being  a  Complete  Prac- 
tical Treatise  on  Direct-acting  Underground  Steam  Pumping 
Machinery.  Containing  many  folding  plates,  diag^ms  imd 
tables.  Second  EdiHan,  rewritten  aiw  enlarged.  Thick  8vo, 
cloth,  illustrated $10.00 

MIERZINSKI,  S.y  Dr.  Waterproofing  of  Fabrics.  Trans- 
lated from  the  German  by  Arthur  Morris  and  Herbert  Robson. 
With  diagrams  and  figures.    8vo,  cloth,  Ulustrated. . .  net,  $2.50 

MILLER,  E.  H.  (Columbia  Univ.).    Quantitative  Analysis 

for  Mining  Engineers.    8vo,  cloth net,  $1 .50 

MINIFIE,    W.    Mechanical    Drawing.    A    Text-book    of 

Geometrical  Drawing  for  the  use  of  Mechanics  and  Schools,  in 
which  the  Definitions  and  Rules  of  Geometry  are  familiarly  ex- 
plained; the  Practical  Problems  are  arranged  from  the  most 
simple  to  the  more  complex,  and  in  their  description  technicalities 
are  avoided  as  much  as  possible.  With  illustrations  for  drawing 
Flans,  Sections,  and  Elevations  of  Railwavs  and  Machinery;  an 
Introduction  to  Isometrical  Drawing,  and  an  Essay  on  Linear 
Perspective  and  Shadows.  Illustrated  with  over  200  diagrams 
engraved  on  steel.  TerUh  Thousand,  revised.  With  an  Appen- 
dix on  the  Theory  and  Application  of  Colors.    8vo,  cloth. .  $4.00 
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HINIFIE,  W.    Geometrical  Drawing.     Abridged  irom  tbe 

octavo  edition,  for  the  uae  of  schools,     niustrated  with  48  steel 
pistes.    Ninth  Edition.     12mo,  cloth $2.00 


MODERN  METEOROLOGY.     A  Series   of  Six  Lectures, 

delivered  under  the  auspices  of  the  Meteorological  Society  in 
1870.    Slustnited.     12mo,  cloth 11.60 

MOOREy  E.  C.  S.  New  Tables  for  the  Complete  Solu- 
tion of  Ganguillet  and  Kutter^s  Formula  for  the  flow  of  liquids  in 
open  channds,  pipes,  sewers  and  conduits.  In  two  parts,  rart  I, 
arranged  for  1080  inclinations  from  1  over  1  to  1  over  21,120  for 
fifteen  different  values  of  (n).  Part  II,  for  use  with  all  other 
values  of  (n).  With  large  folding  diagram.  8vo,  doth,  illus- 
trated  net,  $6.00 

MOREINGy  C.  A.,  and  NEAL,  T.    New  General  and  Mining 

Telegraph  Code.     676  pages,  alphabetically  arranged.     For  the 
use  of  mining  companies,  mining  engineers,  stock  brokers,  financial 

3i;ents,  and  trust  and  finance  companies.    Eighth  Edition,    8vo, 
oth $5.00 

MOSES,  A.  J.  The  Characters  of  Crystals.  An  Intro- 
duction to  Physical  Crystallography,  containing  321  illustrations 
and  diagrams.    8vo nd,  $2.00 

and    PARSONS,    C.    L.    Elements    of    Mineralogy, 


Crystalloffraphy  and  Blowpipe  Analysis  from  a  Practical  Stand- 
pomt.     Third  ErUarged  Edition.    8vo,  cloth,  336  illustrations, 

net,  $2.60 

MOSS,  S.  A.    Elements  of  Gas  Engine  Design.    Reprint 

of  a  Set  of  Notes  accompanying  a  Course  of  Lectures  delivered 
at  Cornell  University  in  1902.  16mo,  cloth,  illustrated.  (Van 
Nostrand's  Science  Series) $0 .  50 

MOSS,  S.  A.    The  Lay-out  of  Corliss  Valve  Gears.    {Van 

Nostrand's  Science  Seriee.)     16mo,  cloth,  illustrated $0.50 

MULLIN,  J.  P.,  tt.E.  Modem  Moulding  and  Pattern- 
making.  A  Practical  Treatise  upon  Pattern-shop  and  Foundry 
Work:  embracing  the  Moulding  of  Pulleys,  Spur  Gears,  Worm 
Gears,  Balance-wheels,  Stationary  Engine  and  Locomotive 
Cylinders,  Globe  Valves,  Tool  Work,  Mining  Machinery,  Screw 
Propellers,  Pattern-shop  Machinery,  and  tne  latest  improve- 
ments in  English  and  American  Cupolas;  together  with  a  large 
collection  of  ori^al  and  carefully  selected  Rules  and  Tables 
for  every-day  use  m  the  Drawing  Omce,  Pattemnshop  and  Foundry. 
12mo,  doth,  illustrated $2.50 
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MUNRO,  J^  C.E.,  and  JAHIESON,  A.,  C.E.    A  Pocket- 

book  of  Electrical  Rules  and  Tables  for  the  use  of  Electricians 
and  Engineers.  Fifteenth  EdiHonf  revised  and  enlarged.  With 
numerous  diagrams.    Pocket  size.    Leather $2 .  50 

mJRPHY,  J.  6.,  H.E.    Practical  Mming.    A  Field  Manual 

for  Mining  Engineers.  With  Hints  for  Investors  in  Mining 
Properties.    16mo,  cloth |1 .00 


]f  AQUET,  A.    Legal  Chemistzy.    A  Guide  to  the  Detection 

of  Poisons,  Falsincation  of  Writings,  Adulteration  of  Alimentary 
and  Pharmaceutical  Substances,  .£ial^sis  of  Ashes,  and  Exami- 
nation of  Hair,  Coins,  Arms  and  Stains,  as  applied  to  Chemical 
Jurisprudence,  for  the  use  of  Chemists,  Physicians,  Lawyers, 
Pharmacists  and  Experts.  Translated,  with  aidditions,  including 
a  list  of  books  and  memoirs  on  Toxicology,  etc.,  from  the  French, 
by  J.  P.  Battershall,  Ph.D.,  with  a  Preface  by  C.  F.  Chandler, 
Hi.D.,  M.D.,  LL.D.     12mo,  cloth 12.00 

VASMITHi    J.    The    Student's    Cotton    Spinning.    Third 

Edition,  rtuiaed  and  enlarged.  8vo,  cloth,  622  pages,  250  illus- 
trations   $3.00 

KEUfiURGER,   H.,   and  NOALHAT,   H.    Technology   of 

Petroleum.  The  Oil  Fields  of  the  World:  their  History,  Geog- 
raphy and  Geoloffv.  Annual  Production,  Prospection  and  Develop- 
ment,* Oil-well  Drilling;  Transportation  of  Petroleum  by  Land 
and  Sea.  Storage  of  Petroleum.  With  153  illustrations  and  25 
plates.  Translated  from  the  French,  by  John  Geddes  Mcintosh. 
8vo,  doth,  illustrated net,  $10.00 

HEWALLy  J.  W.    Plain  Practical  Directions  for  Drawing, 

Sizing  and  Cutting  Bevel-gears,  showing  how  the  Teeth  may 
be  cut  in  a  Plain  Milling  Machine  or  Grear  Cutter  so  as  to  give 
them  a  correct  shape  from  end  to  end;  and  showing  how  to  get 
out  all  particulars  for  the  Workshop  without  making  any  Draw- 
ings. Including  a  FuU  Set  of  Tables  of  Reference.  Folding 
plates.    8vo,  cloth $1 .  50 

IfEWLANDS,  J.    The  Carpenters*  and  Joiners'  Assistant: 

being  a  Ck)mprehen6ive  Treatise  on  the  Selection,  Preparation 
and  Strength  of  Materials,  and  the  Mechanical  Principles  of 
Framing,  with  their  application  in  Carpentry,  Joinery  and 
Hand-railing;  also,  a  Complete  Treatise  on  Sines;  and  an  Illus- 
trated Glossary  of  Terms  used  in  Architecture  and  Building. 
Blustrated.     Folio,  half  morocco (15.% 
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NIPHER,  F.  E.,  A.M.    Theory  of  Magnetic  Measurements^ 

with  an  Appendix  on  the  Method  of  Least  Squares.  12mo, 
cloth $1.00 

NOLL,  AUGUSTUS.    How  to  Wire  Buildings:    A  Manual 

of  the  Art  of  Interior  Wiring.  With  many  illustrations.  Fourth 
Edition.    8vo,  cloth,  illustrated $1 .  50 

BfUGENT,  E.    Treatise  on  Optics;    or,  Light  and  Sight 

Theoretically  and  Practically  Treat^,  with  the  Application  to 
Hne  Art  and  Industrial  Pursuits.  With  103  illustrations.  12mo, 
cloth $1 .60 

O'CONNOR,  H.  The  Gas  Engineer's  Pocket-book.  Com- 
prising Tables,  Notes  and  Memoranda  relating  to  the  Manu- 
facture, Distribution  and  Use  of  Goal-gas  and  the  Construction 
of  Gas-works.  Second  Edition^  revUed.  12mo,  full  leather,  gilt 
edges $3.60 

OLSEN,  J.  C,  Prof.    Text-book  of  Quantitative  Chemical 

Analysis  by  Gravimetric,  Electrolytic,  Volumetric  and  Gasometrio 
Methods.  With  Seventy-two  Laboratory  Exercises  giving  the 
Analysis  of  Pure  Salts,  Alloys,  Minerals  and  Technical  Products. 
With  numerous  figures  and  diagrams.  Second  Edition,  revised. 
8vo,  cloth net,  $4.00 

OSBORN,  F.  C.    Tables  of  Moments  of  Inertia,  and  Squares 

of  Radii  of  G3rration;  supplemented  by  others  on  the  Ultimate 
and  Safe  Strength  of  Wrought-iron  Columns,  Safe  Strength  of 
Timber  Beams,  and  Constants  for  readily  obtaining  the  Shearing 
Stresses,  Reactions  and  Bending  Moments  in  Swing  Bridges. 
Fifth  Edition,     12mo,  leather net,  S3. 00 

OUDIN,  M.  A.    Standard  Polyphase  Apparatus  and  Systems. 

With  many  diagrams  and  figures.  Third  Edition,  thoroughly 
revised.    Fully  illustrated $3.00 

PALAZ,  A.,  Sc.D.    A  Treatise  on  Industrial  Photometry^ 

with  special  application  to  Electric  Lighting.  Authorized  trans- 
lation from  tne  French  by  George  W.  Patterson,  Jr.  Second 
Edition,  revised.     8vo,  cloth,  illustrated $4 .00 

PAMELY,  C.  Colliery  Manager's  Handbook.  A  Compre- 
hensive treatise  on  the  Laying-out  and  Working  of  Collieries. 
Designed  as  a  book  of  reference  for  colliery  managers  and  for  the 
use  of  coal-mining  students  preparing  for  first-class  certificates. 
Fifth  Edition,  revised  and  enlarged.  Containing  over  1,000  dia- 
grams, plans,  and  engravings.     8vo,  cloth,  illustrated. .n€^,  $10.00 
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PARR,  6.  D.  A.  Electrical  Engineering  Hea8arin|  Instru- 
ments, for  Commercial  and  Laboratoiy  Purposes.  With  370 
diagrams  and  engravings.    8vo,  cloth,  iUustiated nef,  $3.50 

PARRY,  E.  J.,  B.Sc.     The  Chemistry  of  Essential  Oils 

and  Artificial  Perfumes.  Being  an  attempt  to  group  together 
the  more  important  of  the  published  facts  connectea  with  the 
subject;  also  giving  an  outline  of  the  principles  involved  in  the 
preparation  and  analysis  of  Essential  Cnls.  With  numerous  dia- 
grams and  tables.    8vo,  cloth,  illustrated net,  $5 .  00 

and  COSTE,  J.  H.     Chemistry  of  Pigments.    With 

tables  and  figures.     8vo,  cloth net^  $4 .  50 

PARRY,  L.  A.,  M.D.    The  Risks  and  Dangers  of  Various 

Occupations  and  their  Prevention.  A  book  that  should  be  in 
the  hands  of  manufacturers,  the  medical  profession,  sanitary 
inspectors,  medical  ofiicers  of  health,  managers  of  works,  foremen 
ana  workmen.    8vo,  cloth rut,  $3 .00 

PARSHALL,    H.    F.,    and  HOBART,    H.    H.     Armature 

Windings  of  Electric  Machines.  With  140  full-page  plates,  65 
tables  and  165  pages  of  descriptive  letter-press.    4to,  cloth .  $7 .  50 

and  PARRYi  £.    Electrical  Equipment  of  Tramways* 

In  Press, 

PASSHORE,  A.  C.    Handbook  of  Technical  Terms  used 

in  Architecture  and  Building,  and  their  Allied  Trades  and  Sub- 
jects.   8vo,  cloth net,  $3 .  50 

PATERSON,   D.,   F.C.S.     The   Color  Printing  of  Carpet 

Yarns.  A  useful  manual  for  color  chemists  and  textile  printers. 
With  numerous  illustrations.    8vo,  cloth,  illustrated . . .  net,  $3 .  50 

Color  Matching  on  Textiles.    A  Manual  intended  for 

the  use  of  Dyers,  Calico  Printers,  and  Textile  Color  Chemists. 
Containing  colored  frontispiece  and  9  illustrations,  and  14  dyed 
patterns  in  appendix.    8vo,  cloth,  illustrated net,  $3 .  00 

The  Science  of  Color  Mixing.     A  Manual  intended 


for  the  use  of  Dyers,  Calico  Printers,  and  Color  Chemists.  With 
figures,  tables,  and  colored  plate.   8vo,  cloth,  illustrated .  net,  $3 .  00 

PATTEN,   J.      A  Plan   for  Increasing  the   Humidity  of 

the  Arid  Region  and  the  Utilization  of  Some  of  the  Great  Rivers 
of  the  Unit^  States  for  Power  and  other  Purposes.  A  paper 
communicated  to  the  National  Irrigation  Congress,  Ogden,  Utah. 
Sept.  12,  1903.     4to,  pamphlet,  20  pages,  with  7  maps.  . .  $1 .00 
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PATTON,    H.    B.     Lecture    Notes    on     Crystallography 

Revised  Edition,  largely  rewritten.  Prepared  for  use  of  the  stu- 
dents at  the  Colorado  School  of  Mines.  With  blank  pages  for 
note-taking.    8vo,  cloth net  $1 .26 

PAULDINGy  C.  P.  Practical  Laws  and  Data  on  the  Con- 
densation of  Steam  in  Covered  and  Bare  Pipes;  to  which  is  added 
a  translation  of  P^clet's  ''Theory  and  Experiments  on  the  Trans- 
mission of  Heat  Through  Insulating  Materials."  8vo,  cloth, 
illustrated,  102  pages n^,  $2.0G 

Transmission  of  Heat  through  Cold-storage  Insula- 
tion: Formulas,  Principles,  and  Data  Relating  to  Insulation  of 
Evenr  Kind.  A  Manual  for  refrigerating  engineers.  With  tables 
and  diagrams.     12^0,  cloth,  illustrated net,  II  .00 

PEIRCEy    B.      System    of    Analytic    Mechanics.      4tOy 

cloth $10.00 

PERRINEy  F.  A.  C,  A.H.,  D.Sc.     Conductors  for  Elec<- 

trical  Distribution:  their  Manufacture  and  Materials,  the  Calcu- 
lation of  Circuits,  Pole  Line  Construction,  Underground  Working 
and  other  Uses.  With  numerous  diagrams  and  engravings.  8vo, 
cloth,  illustrated,  287  pages net,  $3.50 

PERRY,  J.     Applied  Mechanics.    A  Treatise  for  the  Use 

of  students  who  have  time  to  work  experimental,  niunerical,  and 
graphical  exercises  illustrating  the  subject.  8vo,  cloth,  650 
pages net,  $2 .  50 

PHILLIPS,    J.      Engineering    Chemistry.     A    Practical 

Treatise  for  the  use  of  Ana^tical  Chemists,  En^neers,  Iron 
Masters,  Iron  Founders,  students  and  others.  Compnsing  methods 
of  Analysis  and  Valuation  of  the  principal  materials  used  in 
Engineering  works,  with  numerous  Analyses,  Examples,  and 
Suggestions.  Illustrated.  Third  Edition,  revised  and  enlarged. 
8vo,  cloth nei,  $4.50 

Gold  Assaying.     A  Practical  Handbook  giving  the 


Modus  Operandi  for  the  Accurate  Assa^  of  Auriferous  Ores  and 
Bullion,  and  the  Chemical  Tests  req^uired  in  the  Processes  of 
Extraction  by  Amalgamation,  Qyanidation,  and  Chlorination. 
With  an  appendix  of  tables  and  statistics  and  numerous  diagrams 
and  engravmgs.    8vo,  cloth,  illustrated net,  $2 .  50 

PHIN,  J.    Seven  Follies  of  Science.    A  Popular  Account 

of  the  most  famous  scientific  impossibilities  and  the  attempts 
which  have  been  made  to  solve  them;  to  which  is  added  a  small 
Budget  of  Interesting  Paradoxes,  Illusions,  and  Marvels.  With 
numerous  illustrations.    8vo,  cloth,  illustrated net,  $1 .  25 
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PICKWORTH.  C.  N.  The  Indicator  Handbook.  A  Prac- 
tical Manual  for  Engineers.  Part  I.  The  Indicator:  its  Con- 
struction and  Application.    81  illustrations.    12mo,  cloth .  $1 .  50 

The  Indicator  Handbook.     Part  H.     The  Indicator 

Diagram:  its  Analysis  and  Calculation.    With  tables  and  figures. 
12mo»  cloth,  illustrated ll .  50 

Logarithms  for  Beginners.    Svo,  boards S0.50 


The  Slide  Rule.    A  Practical  Manual  of  Instruction  for 

all  Users  of  the  Modem  Type  of  Slide  Rule,  containing  Succinct 
Explanation  of  the  Principle  of  Slide-rule  Computation,  together 
with  Numerous  Rules  and  Practical  Illustrations,  exhibiting  the 
Application  of  the  Instrument  to  the  Ever^-day  Work  of  the 
Engineer — Civil,  Mechanical  and  Electrical.  Seventh  Edition. 
12mo,  flexible  cloth $1 .00 

Plane   Table,   The.     Its  Uses  in  Topographical  Survey- 
ing.    From   the   Papers   of  the   United   States  Coast  Survey. 

Illustrated.    8vo,  cloth $2.00 

''This  work  gives  a  description  of  the  Plane  Table  employed  at 
the  United  States  Coast  Survey  office,  and  the  manner  of  using  it." 

PLATTNER'S  Hanual    of    Qualitative    and    QuantitatiTe 

Analysis  with  the  Blow-mpe.  Eighth  Edition,  revised.  Translated 
by  Iienry  B.  Cornwall,  E.M.,  Ph.D.,  assistea  by  John  H.  Caswell, 
A.M.  From  the  sixth  German  edition,  by  Prof.  Friederich  Kol- 
beck.    With  87  woodcuts.    463  pages.    8vo,  cloth nef,  $4 .00 

PLYMPTON,  GEO.  W.,  Prof.     The  Aneroid  Barometer: 

its  Construction  and  Use.  Compiled  from  several  sources. 
Eighth,  Edition,  revised  and  enlarged.  16mo,  boards,  illus- 
trated   $0.50 

POCKET  LOGARITHMS,   to   Four  Places  of  Decimals. 

including  Logarithms  of  Numbers,  and  Logarithmic  Sines  ana 
Tangents  to  Single  Minutes.  To  which  is  added  a  Table  of 
Natural  Sines,  Tangents,  and  Co-tangents.     16mo,  boards.  $0.50 

POPE9  F.  L.    Modem  Practice  of  the  Electric  Telegraph. 

A  Technical  Handbook  for  Electricians,  Managers  and  Operators. 
Fifteenth  Edition,  rewritten  and  enlarged,  and  fully  illitstrated.  Svo, 
cloth $1 .50 

POPPLEWELL,  W.  C.    Elementary  Treatise  on  Heat  and 

Heat  Engines.  Specially  adapted  for  engineers  and  students  of 
engineering.     12mo,  cloth,  illustrated $3.00 
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POPPLEWELL,  W.  C.    Prevention  of  Smoke,  combined 

with  the   Economical  Combustion    of   Fuel.      With   diagrams, 
figures  and  tables.     8vo,  cloth  illustrated net,  $3 .  50 

Practical  Compounding  of  Oils,  Tallow  and  Grease,  for 

Lubrication,  etc.   By  an  Expert  Oil  Refiner.   8vo,  cloth .  net,  $3 .  50 

Practical  Iron  Founding.    By   the   Author  of   "  Pattern 

Making/'   etc.    Illustrated   with   over   100   engravings.     Third 
Edition.     12mo,  cloth $1 .50 

PRAY,  T.,  Jr.    Twenty  Tears  with  the  Indicator:   being 

a  Practical  Text-book  for  the  Engineer  or  the  Student,  with  no 
complex  Formula.    Illustrated.    8vo,  cloth $2.5^ 


Steam  Tables  and  Engine  Constant.    Compiled  from 

Regnault,  Rankine  and  Dixon  directly,  making  use  of  the 
exact  records.    8vo,  cloth $2.00 

PREECE,  W.  H.    Electric  Lamps In  Press. 

and  STUBBS,  A.  T.     Manual  of  Telephony.    Illus- 
trations and  plates.     12mo,  cloth $4 .  50 

PRELINI,  C,  C.E.    Earth  and  Rock  Excavation.    A  Manual 

for  Engineers,  Contractors,  and  Engineering  Students.  With 
tables  and  many  diagrams  and  engravings.    8vo,  cloth,  illustrated. 

net,  $3.00 

Retaining  Walls  and  Dams.    Svo,  cloth,  illustrated. 

In  Press, 

Tunneling.    A    Practical    Treatise    containing    149 

Workinfl^  Drawings  and  Figures.  With  additions  by  Charles  S. 
Hill,  CJJ.,  Associate  Editor  "Engineering  News."  311  pages. 
Second  Edition,  revised,    Svo,  cloth,  illustrated S3 .00 

PREMIER  CODE.     (See  Hawke,  Wm.  H.) 

PRESCOTT,  A.  B.,  Prof.    Organic  Analysis.    A  Manual 

of  the  Descriptive  and  Analytical  Chemistry  of  certain  Carbon 
Compounds  in  Common  Use;  a  Guide  in  the  Qualitative  and 
Qaantitative  Analysis  of  Organic  Materials  in  Commercial  and 
Pharmaceutical  Assays,  in  the  Estimation  of  Impurities  under 
Authorized  Standards,  and  in  Forensic  Examinations  for  Poisons, 
with  Directions  for  Elementary  Organic  Analysis.  Fifth  Edi- 
tion,   Svo,  cloth $5.00 


\ . 
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PRESCOTT,  A.  B.,  Prof.     Outlines  of  Proximate  Oi^ganic 

Analysis,  for  the  Identification,  Separation  and  Quantitative 
Determination  of  the  more  conmionly  occurring  Organic  Com- 
pounds.   Fourth  Edition.    12mo,  doth $1  75 

and  JOHNSON,  0.  C.    QualitatiYe  Chemical  Analysis. 

A  Guide  in  Qualitative  Work,  with  Data  for  Analytical  Opera- 
tions, and  Laboratory  Methods  in  Inorganic  Chemistry.  Sixth 
revised  and  enlarged  Edition,  entirely  retpritten,  with  an  appendix 
by  H.  H.  Willard,  containing  a  few  miproved  methods  of  analysis. 
8vo,  cloth net,  $3.50 

and  SULLIVAN,  E.  C.  (University  of  Michigan).   First 

Book  in  Qualitative  Chemistry.  For  Studies  of  Water  Solution 
and  Mass  Action.  Twelfth  ISdiHon,  entirely  rewritten,  12mo, 
cloth net,  $1.50 

PRITCHARD,  0.  G.     The  Manufacture  of  Electrio-Ught 

Carbons.    Blustrated.    8vo,  paper $0 .60 

PROST,  E.    Manual  of  Chemical  Analysis  as  Applied  to 

the  Assay  of  Fuels,  Ores,  Metals,  Alloys,  Salts,  and  other  Mineral 
Products.  Translated  from  the  original  b^  J.  C.  Smith.  Part 
I,  Fuels,  Waters,  Ores,  Salts,  and  other  nuneral  industrial  prod- 
ucts; Part  II,  Metals;  Part  III,  Alloys.    8vo,  cloth. .  .net,  i4.50 

PULLEN,  W.  W.  F.      Application  of  Graphic  Methods 

to  the  Design  of  Structures.  Specially  prepared  for  the  use  of 
Engineers.  A  Treatment  by  Graphic  Methods  of  the  Forces 
and  Principles  necessary  for  consideration  in  the  Design  of  En- 
nneering  Structures,  Roofs,  Bridges,  Trusses,  Framed  Structures, 
Wells,  Dams,  Chimneys,  and  Ma^nry  Structures.  12mo,  cloth, 
profusely  illustrated net,  $2 .  50 

PULSIFER,  W.  H.     Notes  for  a  History  of  Lead.    8vo, 

cloth,  gilt.top $4.00 

PUTSCH,  A.     Gas  and  Coal-dust  Firing.    A  Critical  Review 

of  the  Various  Appliances  Patented  in  Oermany  for  this  Purpose 
since  1885.  With  diagrams  and  figures.  Translated  from  the 
German  by  Charles  Salter.     8vo,  cloth,  illustrated net,  $3.00 

PYNCHON,  T.  R.,  Prof.    Introduction  to  Chemical  Physics, 

designed  for  the  use  of  Academies,  Colleges  and  High  Schools. 
Illustrated  with  numerous  engravings,  and  containmg  copious 
experiments,  with  directions  for  preparing  them.  New  Edition, 
revised  and  enlarged,  and  illustrated  by  269  wood  engravings.  8vo, 
cloth $3.00 
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RADFORD,  C.  S.,  Lieut.     Handbook  on  Naval  Gunnery. 

Prepared  by  Authority  of  the  Navy  Department.  For  the  use 
of  U.  S.  Navy,  U.  S.  Marine  Corps,  and  U.  S.  Naval  Reserves. 
Revised  and  enlarged,  with  the  assistance  of  Stokely  Morgan^ 
Lieut.  U.  S.  N.  Third  Edition,  revised  and  etdarged.  l&io, 
flexible  leather. net,  $2.00 

RAFTER,    G.    W.     Treatment   of   Septic    Sewage    {Vari 

NostraruVa  Science  Series,  No.  118).     16mo,  cloth $0.50 

Tables  for  Sewerage  and  Hydraulic  Engineers.  In  Press. 

and  BAKER,  M.  N.    Sewage  Disposal  in  the  United 

States.  Illustrations  and  folding  plates.  Third  Edition.  8vo, 
cloth $6.00 

RAM,  6.  S.    The  Incandescent  Lamp  and  its  Manufac- 
ture.   8vo,  cloth neti  $3 .  00 

RAMP,  H.  M.    Foundry  Practice In  Press^ 

RANDALL,  J.  E.    A  Practical  Treatise   on  the  Incan- 
descent Lamp.    16mo,  cloth,  illustrated $0 .  50 

RANDALL,   P.   M.    Quartz  Operator's  Handbook.     New 

Edition,  revised  and  enlarged,  fully  illiistrated.     12mo,  cloth,  $2.00 

RANDAU,  P.    Enamels  and  Enamelling.    An  introduction 

to  the  preparation  and  application  of  all  kinds  of  enamels  for 
technical  and  artistic  purposes.  For  enamel-makers,  workers 
in  gold  and  silver,  ana  manufacturers  of  objects  of  art.  Third 
German  Edition.  Translated  by  Charles  Salter.  With  figures, 
diagrams  and  tables.     8vo,  cloth,  illustrated net,  9^.00 

RANKINE,   W.   J.   M.    Applied   Mechanics.    Comprising 

the  Principles  of  Statics  and  Cinematics,  and  Theory  of  Struc- 
tures, Mechanism,  and  Machines.  With  nimierous  diagrams. 
Seventeenth  Edition,  thoroughly  revised  by  W.  J.  Millar.  8vo, 
cloth $5.00 

—  Civil    Engineering.     Comprising     Enrineering     Sur- 

ve3rs*  Earthwork,  Foundations,  Masonry,  Carpentry,  Metal- 
work,  Roads,  Railways,  Canals,  Rivers,  Water-works,  Harbors, 
etc.  With  numerous  tables  and  illustrations.  Twenty-first 
Edition,  thoroughly  revised  by  W.  J.  Millar.    8vo,  cloth. ...  $0 .  50 
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RANEmE,  W.  J.  M.  Machinery  and  Millwork.  Compris- 
ing the  Geometry,  Motions,  Work,  Strength,  Construction,  and 
Objects  of  Machines,  etc.  Illustrated  with  nearly  300  woodcuts. 
Seventh  Edition,  thoroughly  revised  by  W.  J.  Millar.     8vo,  cloth. 

$5.00 

— ^-The  Steam-engine  and  Other  Prime  Movers.    With 

diagram  of  the  Mechanical  Properties  of  Steam.  Folding  plates, 
numerous  tables  and  illustrations.  Fifteenth  Edition^  thor- 
oughly revised  by  W.  J.  Millar.    8vo,  cloth $5.00 

Useful  Rules  and  Tables  for  Engineers  and  Others. 

With  Appendix,  Tables,  Tests  and  Formulae  for  the  use  of  Elec- 
trical Engineers.  Comprising  Submarine  Electrical  Engineering, 
Electric  Lighting  and  Transmission  of  Power.  By  Andrew 
Jamieson,  C.E.»  F.R.S.E.  Seventh  Edition,  thoroughly  revised 
by  W.  J.  Millar.    8vo,  cloth $4 .  00 


and  BAMBER,  E.  F.,  C.E.    A  Mechanical  Text-book. 

With  numerous  illustrations.    Fifth  Edition,    Svo,  cloth. .  $3.50 

RAPHAEL,    F.    C.    Localization    of    Faults    in    Electric 

Li^ht  and  Power  Mains,  with  chapters  on  Insulation  Testing* 
With  figures  and  diagrams.  Second  Edition,  revised,  8vo» 
doth,  illustrated net,  $3.00 

RATEAXJ,  A.    Experimental  Researches  on  the  Flow  of 

Steam  through  Nozzles  and  Orifices,  to  which  is  added  a  note  on 
the  Flow  of  Hot  Water.  (Extrait  des  Annales  des  Mines,  Janu- 
ary, 1902.^  Authorized  translation  by  H.  Boyd  Biydon.  With 
figures,  tables,  and  folding  plates.    Svo,  cloth,  illustrated. 

net,  $1.50 

RAUTENSTRAUCH,  Prof.  W.    Syllabus  of  Lectures  and 

Notes  on  the  Elements  of  Machine  Design.  With  blsmk  pages 
for  note-t||dng.    Svo,  cloth,  illustrated net,  $1 .  50 

RAYMOND,  E.  B.  Alternating-current  Engineering  Prac- 
tically Treated.  With  numerous  diagrams  and  figures.  Second 
Edition,    12mo,  cloth net,  $2.50 

RAYNER,  H.    Silk  Throwing   and  Waste  Silk  Spinning. 

With  numerous  diagrams  and  figures.    Svo,  cloth,  illustrated, 

net,%2.60 

RECIPES    for  the  Color,  Paint,  Varnish,  Oil,  Soap  and 

Drysaltery  Trades.    Compiled  by  an  Analjrtical  Chemist.     Svo, 
cloth $3.50 
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RECIPES  FOR   FLINT  GLASS  MAKING.    Being  Leaves 

from  the  mixing-book  of  several  experts  in  the  Flint  Glass  Trade. 
Containing  up-to-date  recipes  and  valuable  information  as  to 
Crystal,  Demi-crystal,  and  Colored  Glass  in  its  many  varieties. 
It  contains  the  recipes  for  cheap  metal  suited  to  pressing^,  blowing, 
etc.,  as  well  as  the  most  costly  Crystal  and  Rubv.  British  manu- 
facturers have  kept  up  the  Quality  of  this  glass  from  the  arrival  of 
the  Venetians  to  Hungry  Uill,  Stourbridge,  up  to  the  present 
time.  The  book  also  contains  remarks  as  to  the  result  of  the 
metal  as  it  left  the  pots  by  the  respective  metal  mixers^  taken 
from  their  own  memoranda  upon  the  originals.  Compiled  by 
a  British  Glass  Master  and  Mixer.    12mo,  cloth net,  $4 .  50 

REED'S  ENGINEERS'  HANDBOOK  to  tlie  Local  Marine 

Board  Examinations  for  Certificates  of  Competency  as  First  and 
Second  Class  Engineers.  By  W.  H.  Thorn.  With  the  answers 
to  the  Elementary  Questions.  Illustrated  by  358  diagrams 
and  37  large  plates.  Seventeenth  Edition^  revised  and  enlarged, 
8vo,  doth $6.00 


Key  to  the  Seventeenth  Edition  of  Reed's  Engineers' 

Handbook  to  the  Board  of  Trade  Examination  for  First  and 
Second  Class  Engineers,  and  containing  the  woridnjgs  of  all  the 
questions  given  in  the  examination  papers.  By  wT  H.  Thorn. 
8vo,  cloth $3.00 

REED.    Useful  Hints  to  Sea-going  Engineers,  and  How  to 

Repair  and  Avoid  ''Breakdowns'';  also  appendices  containing 
Boiler  Explosions,  Useful  FonnuLee,  etc.  With  42  diagrams 
and  8  plates.  Third  Edition,  revised  and  enlarged,  12mo, 
cloth $1.60 

Marine  Boilers.    A  Treatise  on  the  Causes  and  Pre- 

vention  of  their  Priming,  with  Remarks  on  their  General  Manage* 
ment.     12mo,  cloth,  iUustrated $2.00 

REINHARDT,  C.  W.    Lettering  for  Draftsmen,  Engineers, 

and  Students.  A  Practical  System  of  Free-hand  Lettering  for 
Working  Drawings.  Revised  and  enlarged  edition.  Eighteenth 
Thousand,    Oblong  boards $1 .00 

The  Technic  of  Mechanical  Drafting.    A  Practical 

guide  to  neat,  correct  and  legible  drawing,  containing  many  illus- 
trations, diagrams  and  full-page  plates.     4to,  cloth,  ilTus.. .  $1 .00 

REISER,  F.    Hardening  and  Tempering  of  Steel,  in  Theory 

and  Practice.  Translated  from  the  German  of  the  third  arid 
enlarged  edition,  by  Arthur  Morris  and  Herbert  Robson.  Svo, 
cloth,  120  pages $2.50 
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REISER,  N.    Faults  in  the  Manufacture  of  Woolen  Goods, 

and  their  Prevention.  Translated  from  the  second  German 
ediHon,  by  Arthur  Morris  and  Herbert  Robson.  8vo,  cloth, 
illustrated net,  $2.50 


Spinning   and   Weaving   Calculations   with   Special 

reference  to  Woolen  Fabrics.  Translated  from  the  German  by 
Chas.  Salter.    Svo,  cloth,  illustrated net,  $5.00 

RICE,  J.  H.,  and  JOHNSON,  W.  W.    On  a  New  Hethod 

of  Obtaining  the  Differential  of  Functions,  with  especial  refer- 
ence to  the  Newtonian  Conception  of  Rates  or  Velocities.  12mo, 
paper $0.50 

RIDEAL,  S.,  D.Sc.     Glue  and  Glue  Testing,  with  figures 

and  tables.    Svo,  cloth,  illustrated net,  $4 .00 

RIPPER,  W.    A  Course  of  Instruction  in  Machine  Drawing 

and  Design  for  Technical  Schools  and  Engineer  Students.  With 
52  plates  and  numerous  explanatory  engravings.    Folio,  cloth, 

fM<,$6.00 

ROBERTSON,   L.   S.    Water-tube   Boilers.    Based   on   a 

short  course  of  Lectures  delivered  at  University  CoUege,  London. 
With  upward  of  170  illustrations  and  diagrams.  8vo,  cloth, 
illustrated $3.00 

ROBINSON,  S.  W.    Practical  Tteatise  on  the  Teeth  of 

Wheels,  with  the  theory  and  the  use  of  Robinson's  Odontograph. 
Third  Mdition.  revised ,  with  additiana,  16mo,  cloth,  illustrated. 
(Van  Nostrana's  Science  Series.) $0 .  50 

ROEBLING,  J^A.    Long  and  Short  Span  Railway  Bridges. 

Illustrated  with  large  copper>plate  engravings  of  plans  and  views. 
Imperial  folio,  doth $25.00 

ROLLINS,   W.    Notes   on  X-Light.    With   152   full-page 

plates.    8vo,  cloth,  illustrated net,  $7. 50 

ROSE,  J.,  H.E.  The  Pattern-makers'  Assistant.  Embrac- 
ing Lathe  Work,  Branch  Work,  Core  Work,  Sweep  Work  and 
Practical  Gear  Constructions,  the  Preparation  and  Use  of  Tools, 
together  with  a  large  collection  of  useful  and  valuable  Tables. 
Ninth  Edition.    With  250  engravings.    8vo,  cloth $2 .  50 
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ROSE,  J.y  M.£.    Key  to  Engines  and  Engine-running.    A 

Practical  Treatise  upoo  the  Mana^ment  of  Steam-engines  and 
Boilers  for  the  use  of  those  who  desire  to  pass  an  examination  to 
take  charge  of  an  engine  or  boiler  With  numerous  illustrations, 
and  Instructions  upon  Engineers'  Calculations.  Indicators, 
Diagrams,  Engine  Adjustments  and  other  Valuable  Information 
necessary  for  Engineers  and  Firemen     )2mo  cloth     Ulus. .  $2  50 

ROWAffy   F.    J,    The   Practical   Physics   of  the   Modem 

Steam-boiler  With  an  Introduction  by  Prof  R.  H  Thurston 
With  nimierous  illustrations  and  diagrams  8vo,  cloth,  illus- 
trated      $7.60 

SABINE,  R.  History  and  Progress  of  the  Electric  Tele- 
graph. With  descriptions  of  some  of  the  apparatus  Second 
EdUionf  loith  additions     1 2mo  doth  $1  25 

SAELTZER,    A.    Treatise    on    Acoustics    in    Connection 

with  Ventilation.     12mo  cloth $1 .00 

SALOMONS,    Sir   D.,    H.A.     Electric-light   Installations. 

A  Practical  Handbook  With  numerous  illustrations.  Vol.  I., 
The  Management  of  Accumulators.     Ninth  Edition,  revised  and 

mosUy  rewritten.     12mo  cloth $1 .  50 

Vol.  11.   Seventh  Edition,   revised  and  enlarged.    Apparatus.  296 

illustrations.     12mo,  cloth $2. 25 

Vol.  III.    Seventh  Edition    revised  and  enlarged.    Applications. 

12mo,  cloth $1 .50 

SANFORD,  P.  6.    Nitro-ezplosives.    A  Practical  Treatise 

concerning  the  Properties,  Manufacture  and  Analysis  of  Nitrated 
Substances,  indudmg  the  Fulminates.  Smokeless  Powders  and 
Celluloid.    8vo,  cloth,  270  pages $3 .00 

SAUNDERS,    C.    H.    Handbook   of   Practical   Mechanics 

for  use  in  the  Shop  and  Draughting-room;  containine  Tables, 
Rules  and  Formulae,  and  Solutions  of  Practical  Problems  by 
Simple  and  Quick  Methods.     16mo,  limp  cloth $1 .00 

SAUNNIER,  C.    Watchmaker's  Handbook.    A  Workshop 

Companion  for  those  engaged  in  W^atchmaking  and  allied  Mechan- 
ical Arts.  Translated  by  J.  Tripplin  and  E.  Rigg.  Second  Edi- 
tion, revised,  vnth  appendix.     12mo,  cloth $3 .  50 

SCHELLEN,  H.,  Dr.  Magneto-electric  and  Dynamo- 
electric  Machines:  their  Construction  and  Practical  Application 
to  Electric  Lighting,  and  the  Transmission  of  Power.  Trans- 
lated from  the  third  German  edition  by  N.  S.  Keith  and  Percy 
Neymann,  Ph.D.  With  very  large  additions  and  notes  relating 
to  "American  Machines,  by  N.  S.  Keith.  Vol.  1,  with  353  illus- 
trations.   Second  Edition.    8vo,  cloth $5. 00 


SCIENTIFIC  PUBLICATIONS.  61 

SCHERERf  R.    Casein:    its  Preparation  and  Technical 

Utilization.     Tranfilated   from  the  Gennan.    8vo,   cloth,   illus- 
trated  net,  $3.00 

SCHHALL,  C.  N.    First  Course  in  Analytical  Geometry, 

Plane  and  Solid,  with  NumerouB  Examples.    Containing  figures 
and  diagrams.     12mo,  cloth,  illustrated net,  $1 .  75 

SCHMALL,  C.  N.y  and  SHACK,  S.  M.    Elements  of  Plane 

Geometry.    An  Elementary  Treatise.    With  many  examples  and 
diagrams.     12mo,  half  leatner,  illustrated net,  $1 .  25 


ER,  LOUIS.    Flow  of  Water:  A  New  Theory  of 

the  Motion  of  Water  under  Pressure,  and  in  Open  Conduits.    8vo, 
^     cloth,  illustrated In  Prew. 

SCHTTMAinr,  F.    A  Manual  of  Heating  and  Ventilation 

in  its  Practical  Application,  for  the  use  of  Enrineers  and  Archi- 
tects. Embracing  a  Series  of  Tables  and  Formmie  for  Dimensions 
of  Heatine,  Flow  and  Return  Pipes  for  Steam  and  Hot-water 
Boilers,  Flues,  etc.     12mo,  illustrated,  full  roan $1 .50 

8CHWEIZER,  V.  Distillation  of  Resins,  Resinate   Lakes 

and  Pigments;  Carbon  Pigments  and  Pigments  for  T3rpewriting 
Machines^  Manifolders,  etc.  A  description  of  the  proper  methods 
of  distilhnjg  resin-oils,  the  manufacture  of  resinates,  resin-var- 
nishes, resm-pigments  and  enamel  paints,  the  preparation  of  all 
kinds  of  carbon  pimients.  and  printers'  ink,  lithographic  inks 
and  chalks,  and  also  inks  for  typewriters,  manifolaers,  and 
rubber  stamps.  With  tables  and  68  figures  and  diagrams.  8vo, 
cloth,  illustrated net,  $3 .  50 

SCIENCE  SERIES,  The  Van  Nostrand.     (Follows  end  of 

this  list.) 

SCRIBNERy    J.    M.    Engineers'    and    Mechanics'    Com* 

S anion.  Comprising  United  States  Weights  and  Measures, 
[ensuration  of  Superfioes  and  Solids,  Tables  of  Squares  and 
Cubes,  Square  and  Cube  Roots,  Circumference  and  Areas  of 
Circles,  the  Mechanical  Powers.  Centres  of  Gravity,  Gravitation 
of  Bodies,  Pendulums,  Specific  Gravity  of  Bodies,  Strength, 
Weight  and  Crush  of  Materials,  Water-wheels.  Hydrostatics, 
Hydraulics,  Statics,  Centres  of  Percussion  and  Gyration,  Friction 
Heat,  Tables  of  the  Weight  of  Metals,  Scanthnff.  etc.,  Steam 
and  Steam-engine.  TtoerUy-first  Edition,  revised,  16mo,  full 
morocco $1.50 
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SEATONy  A.  E.    A  Manual  of  Marine  Engineering.    Com- 

prisinjs  the  Designiiig,  Gonstruction  and  Working  of  Marine 
Machinery.  With  numerouB  tables  and  illustrations  reduced  from 
Working  Drawings.  Fifteenth  Edition,  revised  throughout,  with 
an  additional  chapter  on  Water-tube  Boilers.    8vo,  cloth.  $6.00 

and   ROUHTHWAITE,   H.   M.     A  Pocket-book  of 

Marine  Engineering  Rules  and  Tables.  For  the  use  of  Marine 
Engineers  and  Naval  Architects,  Designers,  Draughtsmen,  Super- 
intendents and  all  engaged  in  the  design  and  construction  of 
Marine  Machinery,  Naval  and  Mercantile.  Seventh  Edition, 
revised  and  enlarged.    Pocket  size.    Leather,  with  diagrams.  $3.00 

SEIDELL,    A.    Handbook    of    Solubilities.     i2mo,  cloth. 

In  Press, 


SEVER,  G.  F.,  Prof.  Electrical  Engineering  Experi- 
ments and  Tests  on  Direct-current  Machinery.  With  diamuns 
and  figures.    8vo  pamphlet,  illustrated net,%l  .00 

and  TOWNSEin),  F.    Laboratory  and  Factory  Tests 

in   Electrical   Engineering.    Second  Edition.    8vo,    cloth,    illus- 
trated  net,  $2.50 


SEWALL,  C.  H.    Wireless  Telegraphy.     With 

and  engravings.  Second  Editian,  corrected.  8vo,  cloth,  illus- 
trated  net,  $2.00 

Lessons   in  Telegraphy.     For  use   as   a    text-book 

in  schools  and  colleges,  or  for  individual  students.  Illustrated. 
12mo,  cloth $1.00 

SEWELL,    T.    Elements    of   Electrical   Engineering.     A 

First  Year's  Course  for  Students.  Second  Edition,  revised,  with 
additional  chapters  on  Alternating-current  Working  and  Ap- 
pendix of  Questions  and  Answers.  With  many  diagrams,  tables 
and  examples.     8vo,  cloth,  illustrated,  432  pages net,  $3 .  00 


SEXTON,   A.   H.    Fuel   and   Refractory  Materials.    8vo, 

cloth $2.00 

Chemistry  of  the  Materials  of  Engineering.  A  Hand- 
book for  Ebigineerine  Students.  With  tables,  diagrams  and 
illustrations.     12mo,  cloth,  illustrated.    $2 .  50 

^TMOUR,  A.    Practical  Lithography.    With  figures  and 

engravings.    8vo,  cloth,  illustrated. net,  $2 .50 
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SHAW,  S.    The  History  of  the  Staffordshire  Potteries,  and 

the  Rise  and  Progress  of  the  Manufacture  of  Pottery  and  Por- 
celain; with  references  to  genuine  specimens,  and  notices  of 
eminent  potters.  A  re-issue  of  the  original  work  published  in 
1829.     8vo,  cloth,  illustrated : net,%S.OO 


Chemistry    of    the    Several    Natural    and    Artificial 

Heterogeneous  Compounds  used  in  Manufacturing  Porcelain  ^ 
Glass  and  Pottery.  Re-issued  in  its  original  form,  published  in 
1837.     8vo,  cloth net,  $5.00 

SB[ELDON,   S.,   Ph.D.,   and   MASON,  H.,  B.S.     Dynamo- 

dectric  Madiinery:  its  Construction,  Design  and  Operation, 
Direct-current  Machines.  Fifth  EdUion,  revved,  8vo,  cloth,  il* 
lustrated net,  $2.60 

Alternating-current    Machines:    being    the    second 

voliune  of  the  author's  "  Dynamo-electric  Machinery :  its  Construc- 
tion, Design  and  Op|eration. ''  With  many  diagrams  and  figures* 
(Binding  uniform  with  volume  I.)  Fourth  Edition.  8vo,  cloth, 
illustrated net,  %2.10 

SHIELDS,    J.    £.    Notes    on    Engineerine    Construction. 

Embracing  Discussions  of  the  Principles  involved,  and  Descrip- 
tions of  the  Material  employed  in  Tunneling,  Bridging,  Canal  and 
Road  Building,  etc.     12mo,  cloth $1 .  50 

SHOCK,  W.  H.    Steam  Boilers:   their  Design,  Construc- 
tion and  Management.    4to,  half  morocco $15 .  00 

SHKEVE,  S    H.    A  Treatise  on  the  Strength  of  Bridges 

and  Roofs.  Comprising  the  determination  of  algebraic  formulas 
for  strains  in  Horizontal,  Inclined  or  Rafter,  'in-iangular,  Bow- 
string, Lenticular  and  other  Trusses,  from  fixed  and  moving  loads^ 
with  practical  applications  and  examples,  for  the  use  of  Students 
and  Engineers.  87  woodcut  illustrations.  Fourth  Edition.  8vo,. 
doth. $3.50 

SHUNK,  W.   F.    The   Field  Engineer.    A  Handy  Book 

of  practice  in  the  Survey,  Location  and  Track-work  of  Railroads^ 
containing  a  large  collection  of  Rules  and  Tables,  original  and 
selected,  applicable  to  both  the  Standard  and  Narrow  Gauge, 
and  prepared  with  special  reference  to  the  wants  of  the  younff 
Engineer.  Sixteenth  Edition,  revised  and  enlarged.  With 
addenda     12mo,  morocco,  tucks $2.50 
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SnOfS,  F.  W.    A  Treatise  on  the  Principles  and  Practice 

of  Leveling.  Showing  its  application  to  purposes  of  Railway 
Engineering,  and  the  Uonstruction  of  Roads,  etc.  Revised  and 
corrected,  with  the  addition  of  Mr.  Laws'  Practical  Examples  for 
setting  out  Railway  Curves.     Illustrated.     8vo,  cloth $2 .  50 

Practical   Tunneling.    Fourth   Edition,   Revised  and 

greatly  extended.  With  additional  chapters  illustrating  recent 
practice  by  D.  Kinnear  Clark.  With  36  plates  and  other  illustra- 
tions.    Imperial  8vo,  cloth $8 .  00 

SIMPSON,  6.    The  Naval  Constructor.    A  Vade  Hecum 

of  Ship  Desi^,  for  Students,  Naval  Architects,  Ship  Builders  and 
Owners,  Marme  Superintendents,  Engineers  and  Draughtsmen. 
12mo,  morocco,  illustrated,  500  pages net,  $5.00 

SLATER,    J.    W.    Sewage     Treatment,    Purification   and 

Utilization.  A  Practical  Manual  for  the  Use  of  Corporations, 
Local  Boards,  Medical  OflScers  of  Health,  Inspectors  of  Nuisances, 
Chemists,  Manufacturers,  Riparian  Owners,  Engineers  and  Rate- 
payers.    12mo,  cloth $2 .25 

SMITH,  F.  E.    Handbook  for  Mechanics.     lamo,  cloth, 

illustrated In  Press, 

Mechanics  for  Practical  Men.    Svo,  cloth,  about  400 

pp.,  illustrated In  Press, 

1.  W.,  C.E.  The  Theory  of  Deflections  and  of  Lati- 
tudes and  Departures.  With  special  applications  to  Curvilinear 
Survesrs,  for  Alignments  of  Railway  Tracks.  Illustrated.  16mo, 
morocco,  tucks $3 .00 

J.  C.    Manufacture  of  Paint.    A  Practical  Handbook 

for  Paint  Manufacturers,  Merchants  and  Painters  With  60  illus- 
trations and  one  large  diagram.    Svo,  cloth net,  13.00 

SNELL,  A.  T.    Electric  Motive  Power:   The  Transmission 

and  Distribution  of  Electric  Power  by  Continuous  and  Alternate 
Currents.  With  a  Section  on  the  Applications  of  Electricity  to 
Mining  Work.    Second  Edition,    Svo,  cfoth,  illustrated. .  net,  S4 .00 

SNOW,  W.  G.,  and  NOLAN,  T.    Ventilation  of  Buildings. 

16mo,  cloth.    (Van  Nostrand's  Science  Series.) $0.50 

SODDY,    F.     Radio-Activity :     An     elementary     treatise 

from  the  standpoint  of  the  disintegration  theory.  With  40  figures 
and  diagrams.    Svo,  cloth,  illustrated net,  &.00 
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SOXHLET,  D.  H.    Art  of  Dyeing  and  Staining  Marble, 

Artificial  Stone,  Bone,  Horn,  Ivory  and  Wood,  and  of  imitating 
aU  sorts  of  Wood.  A  practical  Handbook  for  the  use  of  Joiners, 
Turners,  Manufacturers  of  Fancy  Goods,  Stick  and  Umbrella 
Makers,  Comb  Makers,  etc.  Translated  from  the  German  by 
Arthur  Morris  and  Herbert  Robson,  B.Sc.  8vo,  cloth,  170 
pages. netf  $2 .  50 

SPANG,  H.  W.  A  Practical  Treatise  on  Lightning  Pro- 
tection.   With  figures  and  diagrams.     12mo,  cloth $1 .00 

SPEYERS,    C.    L.    Text-book    of    Physical    Chemistry. 

8vo,  cloth $2.25 

STAHL,  A.  W.,  and  WOODS.  A.  T.  Elementary  Mechan- 
ism. A  Text-book  for  Students  of  Mechanical  Engineering. 
Fifteenth  Edition.     12mo,  cloth $2.00 

STALEY,  C,  and  PIERSON,  G.  S.    The  Separate  System 

of  Sewerage:  its  Theory  and  Construction.  Third  Edilum, 
revised  and  enlarged.  With  chapter  on  Sewage  Disposal  With 
maps,  plates  and  illustrations.     8vo,  cloth $3 .00 

STANDA6E,   H.   C.    Leatherworkers'   Manual:    being  a 

Compendium  of  Practical  Recipes  and  Working  Formulse  for 
Cumers,  Boot-makers,  Leather  Dressers,  Blacking  Manufac- 
turers, Saddlers,  Fancy  Leather  Workers,  and  all  persons  en- 
gaged in  the  manipulation  of  leather.     8vo,  doth net,  $3 .  50 

Sealing  Waxes,  Wafers,  and  Other  Adhesives.    For 

the  Household,  Office,  Workshop  and  Factory.  8vo,  cloth,  96 
pages net,  $2 .00 

STEWART,  R.  W.    Text-book  of  Heat.    Illustrated.    8vo, 

doth $1 .00 

Text-book  of  Magnetism  and  Electricity.  i6o  Illus- 
trations and  numerous  examples.     12mo,  cloth $1 .00 

STILES,   A.    Tables   for   Field   Engineers.    Designed   for 

Use  in  the  Field.  Tables  containing  all  the  Functions  of  a  One 
Degree  Curve,  from  which  a  corresponding  one  can  be  found  for 
any  required  Degree.  Also,  Tables  of  Natural  Sines  and  Tangents. 
12mo,  morocco,  tucks $2.00 
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STILLMAN,  P.    Steam-engine  Indicator  and  the  Improved 

Manometer  Steam  and  Vacuum  Gauges;  their  Utility  and  Appli- 
cation.   New  edition.     12mo,  flexible  cloth $1 .  00 

STODOLAy  Dr.  A.    Steam  Turbines.    With  an  appendix 

on  Gas  Turbines,  and  the  future  of  Heat  Engines.  Authorized 
translation  by  Dr.  Louis  C.  Loewenstein  (Lehifh  University). 
With  241  cuts  and  3  lithographed  tables.    8vo,  cloth,  illustrated. 

ne^,  14.50 

STONE,  R.,  Gen'i.    New  Roads  and  Road  Laws  in  the 

United  States.  200  pages,  with  numerous  illustrations.  12mo, 
cloth $1 .  00 

STONEY9  B.  D.    The  Theory  of  Stresses  in  Girders  and 

Similar  Structures.  With  Observations  on  the  Application  of 
Theory  to  Practice,  and  Tables  of  Strength  and  other  Properties 
of  Materials.  New  revised  edition^  with  numerous  additions  on 
Graphic  Statics,  Pillars,  Steel,  Wind  Pressure,  Oscillating  Stresses, 
Working  Loads,  Riveting,  Strength  and  Tests  of  Materials. 
777  i>ages,  143  illus.  and  5  folding-plates.     8vo,  cloth. . . .  $12.50 

SUFFLINGy  E.  R.    Treatise  on  the  Art  of  Glass  Painting. 

Prefaced  with  a  Review  of  Ancient  Glass.  With  engravings  and 
colored  plates.    8vo,  cloth net,  $3 .  50 

SWEET,  S.  H.  Special  Report  on  Coal,  Showing  its  Dis- 
tribution, Classification,  and  Costs  delivered  over  Different  Routes 
to  Various  Points  in  the  State  of  New  York  and  the  Principal 
Cities  on  the  Atlantic  Coast.    With  maps.    8vo>  oJoth $3.00 

SWOOPEy  C.  W.  Practical  Lessons  in  Electricity:  Prin- 
ciples, Experiments,  and  Arithmetical  Problems.  An  Elementary 
Text-book.  With  numerous  tables,  formuls,  and  two  large  in- 
struction plates.  8vo,  cloth,  illustrated.  Seventh  Edition . .  net,  S2 .  00 

TAILFER,   L.    Practical   Treatise    on   the    Bleaching   of 

Linen  and  Cotton  Yam  and  Fabrics.  With  tables  and  diagrams. 
Translated  from  the  French  by  John  Geddes  Mcintosh.  8vo, 
cloth,  illustrated net,  $5.00 

TEMPLETON,  W.     The  Practical  Mechanic's  Workshop 

Companion.  Comprising  a  ^reat  variety  of  the  most  useful 
rules  and  formulae  in  Mechanical  Science,  with  numerous  tables 
of  practiced  data  and  calculated  results  facilitating  mechanical 
operations.  Revised  and  enlarged  by  W.  S.  Hutton.  12mo, 
morocco $2.00 
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THOMy  C,  and  JONES,  W.  H.    Telegraphic  Connections: 

embracing  Recent  Methods  in  Quadruplex  Telegraphy.    20  fuU- 
page  plates,  some  colored.    Oblong,  8vo,  cloth $1 .50 


THOMAS,  C.  W.    Paper-makers'  Handbook.    A  Practical 

Treatise.     Illustrated In  Press. 

THOMPSON,  A.  B.    Oil  Fields  of  Russia  and  the  Russian 

Petrolewn  Industry.  A  Practical  Handbook  on  the  Explora- 
tion, Exploitation,  and  Management  of  Russian  Oil  Properties, 
including  Notes  on  the  Origin  of  Petroleum  in  Russia,  a  Descrip- 
tion of  tne  Theory  and  Practice  of  Liquid  Fuel,  and  a  Translation 
of  the  RiQes  and  Regulations  concerning  Russian  Oil  Properties. 
With  nmnerous  illustrations  and  photographic  plates  and  a  map 
of  the  Balakhany-Saboontchy-Romany  Oil  Field.  8vo,  cloth, 
illustrated net,  $7.50 

THOMPSON,    E.    P.,    M.E.    How   to    Make    Inventions; 

or.  Inventing  as  a  Science  and  an  Art.  A  Practical  Guide  for 
Inventors.    Second  Edition,    8vo,  boards $0. 50 

Roentgen   Rays  and  Phenomena  of  the  Anode  and 

Cathode.  Principles,  Applications,  and  Theories.  For  Students, 
Teachers,  Physicians,  Photoffraphers,  Electricians  and  others. 
Assisted  by  Louis  M.  Pignolet,  N.  D.  C.  Hodges  and  Ludwig 
Gutmann,  E.E.  With  a  cnapter  on  Generalizations,  Arguments, 
Theories,  Kindred  Radiations  and  Phenomena.  By  Professor  Wm. 
Anthony.    60  diagrams^  40  half-tones.    8vo,  cloth $1 .00 

THOMPSON,  W.  P.    Handbook  of  Patent  Law  of  AU 

Countries.  Thirteenth  Edition,  completely  revised,  March,  1905. 
16mo,  cloth $1.50 

THORNLEY,  T.  Cotton  Combing  Machines.  With  Nu- 
merous tables,  engravings  and  diagrams.  8vo,  cloth,  illustrated, 
343  pages net,   S3. 00 

THURSO,  J.  W.    Modem  Turbine  Practice  and  Water- 

Power  Plants.  With  eighty-eight  figures  and  diagrams.  8vo, 
cloth,  illustrated net,  $4.00 


» ■> 


TOCH,  M.    Chemistry  and  Technology  of  Mixed  Paints. 

8vo,  cloth In  Press. 
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TODD,  J.f  and  WHALL,  W.  B.    Practical  Seamanship 

for  Use  in  the  Merchaiit  Service:  including  all  ordinary  subjects; 
also  Steam  Seamanship,  Wreck  Lifting,  Avoiding  Collision.  Wire 
Splicing,  Displacement  and  everything  necessary  to  be  known 
by  seamen  of  the  present  day.  Fifth  Edition^  with  247  illus- 
trations and  diagrams.    8vo,  cloth net,  $7 .  50 

TOMPKINS,   A.   £.    Text-book   of  Marine   Engineering. 

Second  Edttionf  entirely  rewritten,  rearranged,  and  enlarged.  With 
over  250  figures,  diagrams,  and  full-page  plates.  8vo,  cloth, 
illustrated net,  $6.00 

TOOTHED  GEARING.    A  Practical  Handbook  for  Offices 

and  Workshops.  By  a  Foreman  Patternmaker.  184  illustra- 
tions.   12mo,  cloth $2 .  25 

TRATMANy  E.  E.  R.     Railway  Track  and  Track-work. 

With  over  200  illustrations.    8vo,  cloth $3.00 

TRAVERSE    TABLE,    Showing   Latitude    and   Departure 

for  each  Quarter  Degree  of  the  Quadrant,  and  for  Distances  from  1 
to  100,  to  whidi  is  ai)pended  a  Table  of  Natural  Sines  and  Tan- 
gents for  each  five  minutes  of  the  Quadrant.  (Reprinted  from 
Scribner's  Pocket  Table  Book.)     Van  Nostrand^a  Science  Series, 

16mo,  cloth $0.50 

Morocco $1 .00 

TRINKS,  W.,  and  HOUSUM,  C.    Shaft  Governors.     i6mo, 

cloth,  illustrated.    (Van  Nostrand's  Science  Series.) $0 .  50 

TUCKER,  J.  H.,  Dr.  A  Manual  of  Sugar  Analysis,  in- 
cluding the  Applications  in  General  of  Analytical  Methods  to  the 
Sugar  Industry.  With  an  Introduction  on  the  Chemistiy  of 
Cane-sugar,  Dextrose,  Levulose,  and  Milknsugar.  Sixth  Edition, 
8vo,  cloth,  illustrated $3 .  50 

TUMLIRZ,  O.J  Dr.    Potential  and  its  Application  to  the 

Explanation  of  Electrical  Phenomena,  Popularly  Treated.  Trans- 
lated from  the  German  by  D.  Robertson.    12mo,  cloth,  ill.. $1 .25 

TUNNERy  P.  A.  Treatise  on  RoU-tuming  for  the  Manu- 
facture of  Iron.  Translated  and  adapted  by  John  B.  Pearse,  of 
the  Pennsylvania  Steel  Works,  with  numerous  engravings,  wood- 
cuts.   8vo,  cloth,  with  folio  atlas  of  plates $10.00 

TTJRBAYNE,  A.  A.     Alphabets  and  Numerals.    With  27 

plates.    4to,  boards $2 .  00 


SaENTIFIC  PUBLICATIONS.  59 

Uin^ERHILLy    C.    R.    The    Electro-magnet    New    and 

revised  edition,    8vo,  cloth,  illustrated net^  $1 .  50 

URQUHARTy  J.  W.     Electric  Light  Fitting.     Embodying 

Practical  Notes  on  Installation  Management.  A  Handbook  for 
Working  Electrical  Engineers.  With  numerous  illustrations. 
12mo,  cloth $2.00 

Electro-plating.  A  Practical  Handbook  on  the  Depo- 
sition of  Copper,  Silver,  Nickel,  Gold,  Brass,  Aluminium,  Plati- 
num, etc.    Fourth  Edition.    12mo $2.00 

. Electrot]rping.    A  Practical  Manual  Forming  a  New 

and  Systematic  Guide  to  the  Reproduction  and  Multiplication  of 
Printing  Surfaces,  etc.     12mo $2.00 

Electric  Ship  Lighting.    A  Handbook  on  the  Practical 

Fitting  and  Rimning  of  Ship's  Electrical  Plant.  For  the  Use  of 
Ship  Owners  and  Builders,  Marine  Electricians  and  Searcoing 
Engineers-in-Charge.    Illustrated.     12mo,  cloth &.00 

UNIVERSAL    TELEGRAPH    CIPHER    CODE.    Arranged 

for  General  Corresi)ondence.     12mo,  cloth $1 .00 

VAN  NOSTRAND'S  Chemical  Annuali  based  on  Bieder- 

mann's  'Themiker  Kalender."  Edited  by  Prof.  J.  C.  Olsen,  with 
the  co-operation  of  Ekninent  Chemists,  rirst  year  of  issue  1906. 
12mo,  cloth,  illustrated In  Press. 

En^eering  Magazine.    Complete  Sets,  1869  to  1886 

inclusive.     35  vols.,  in  cloth $60.00 

"    "      in  half  morocco $100.00 

Year  Book  of  Mechanical  Engineering  Data.     With 

many  tables  and  diagrams.     (First  Year  of  issue  1906.)    In  Press. 

VAN  WAGENEN.   T.   F.    Manual  of  Hydraulic   Mining. 

For  the  Use  of  the  Practical  Miner.  Revised  and  enlarged  edition, 
18mo,  cloth $1 .00 

VILLON,  A.  M.    Practical  Treatise  on  the  Leather  Industry. 

With  maiw  tables  and  illustrations  and  a  copious  index.  A  trans- 
lation of  Villon's  ''Traite  Pratique  de  la  Fabrication  des  Cuirs  et 
du  Travail  des  Peaux,"  by  Frank  T.  Addyman,  B..Sc.  8vo, 
cloth,  iDustrated net,  %10. 00 
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VINCENT,    C.     Ammonia    and    its    Compounds:     their 

Manufacture  and  Usw.  Translated  from  the  French  by  M.  J. 
Salter.    8vo,  cloth,  illustrated net,  S2.00 

VOLE,    C.    Haulage   and   Winding   Appliances   Used   in 

Mines.  With  plates  and  engravings.  Translated  from  the  Ger- 
man.   8vo,  cloth,  illustrated net,  $4 .00 

VON  GEORGIEVICS,  G.    Chemical  Technology  of  Textile 

Fibres:  their  Origin,  Structure,  Preparation,  Washing,  Bleaching, 
Dyeing,  Printing,  and  Dressing.  Translated  from  the  German 
by  Charles  Salter.     With  many  diagrams  and  figures.     8vo,  cloth, 

illustrated.     306  pages net,  $4 .50 

Contents. — ^The  Textile  Fibres;  Washing,  Bleaching,  and  Car- 
bonizing; Mordants  and  Mordanting;  Dyemg,  Printing,  Dressing 
and  Finishing;  Index. 

Chemistry  of  Dyestuffs.    Translated  from  the  Second 

German  edition  by  Chas.  Salter.     8vo,  cloth,  412  pages. . .  net,  $4 .  50 

WABNER,    R.    Ventilation   in   Mines.    Translated   from 

the  German  by  Charles  Salter.  With  plates  and  engravings. 
8vo,  doth,  illustrated,  240  pages net,  $4.50- 

WADEy  £.  J.  Secondary  Batteries:  their  Theory,  Con- 
struction and  Use.  Witii  innumerable  diagrams  and  figures. 
8vo,  cloth,  illustrated,  492  pages net^M.OO 

WALKER,    F.,    C.E.      Atrial    Navigation.     A    Practical 

Handbook  on  the  Construction  of  Dirigible  Balloons,  Aerostats, 
Aeroplanes  and  Aeromotors.  With  diagrams,  tables  and  illus- 
trations.    Svo,  doth,  illustrated,  151  pages net,  $3 .00 

WALKER,  S.  F.    Electrical  Enginetrinf  in  Our  Homes 

and  Workshops.  A  Practical  Treatise  on  Auxiliary  Electrical 
Apparatus.  Third  Edition,  revised,  unih  numerous  illustrations* 
8vo,  cloth $2.00 

Electric  Lighting  for  Marine  Engineers,  or  How  to 

Light  a  Ship  by  the  Electric  Light  and  How  to  Keep  the  Apparatus 
in  Order.     Second  Edition.     103  illus.,  Svo,  cloth $2 . 00 

WALKER,  W.   H.    Screw  Propulsion.    Notes  on  Screw 

Propulsion;  its  Rise  and  History.     Svo,  cloth $0. 75 

WALLING,  B.  T.,  Lieut.  Com.  n.S.N.,  and  MARTIN,  JULIUS* 

Electrical  Installations  of  the  United  States  Navy.  With  many 
diagrams  and  engravings.    Svo,  cloth,  illustrated In  Press. 


SaENHFIC  PUBLICATIONS.  61 

WALLIS  TATLER,  A.  J.    Bearings  and  Lubrication.    A 

Handbook  for  Every  user  of  Machinery.    Fully  illustrated.    8vo, 
doth $1 .60 

Modern  Cycles,  a  Practical  Handbook  on  Their  Con- 
struction and  Repair.    With  300  illustrations.    8vo,  cloth.  $4.00 

Motor  Cars,  or  Power  Carriages  for  Common  Roads. 

With  numerous  illustrations.    8vo,  cloth $1 .80 


Motor  Vehicles  for  Business  Purposes.    8vo,  cloth, 

illustrated. net,  $3.50. 

Refrigerating  and  Ice-making  Machinery.  A  Descrip- 
tive Treatise  for  the  use  of  persons  emplojring  refngeratinc  and 
ice-making  installations,  and  others.    8vo,  cloth,  illustrated.    93 .  00 

Refrigeration  and  Cold  Storage:    being  a  Complete 

practical  treatise  on  the  art  and  science  of  refrigeration.    600 
pages,  361  diagrams  and  figures.    8vo,  doth net,  $4 .  50 

Sugar  Machinery.    A   Descriptive   Treatise,   devoted 

to  the  Machinery  and  Apparatus  used  in  the  Manufacture  of 
Cane  and  Beet  Sugars.     12mo,  cloth,  illustrated $2.00 

WANEXTN,  J.  A.  A  Practical  Treatise  on  the  Exam- 
ination of  Milk  and  its  Derivatives,  Cream,  Butter  and  Cheese. 
12mo,  doth. $1 .00 

Water  Analysis.  A  Practical  Treatise  on  the  Exam- 
ination of  Potable  Water.    Tenth  Edition,    12mo,  cloth $2.00 

WANSBROUGH,  W.  D.    The  A  B  C  of  tiie  Differential 

Calculus.     12mo,  doth $1 .50 

WARD,  J.  H.  Steam  for  the  Million.  A  Popular  Treat- 
ise on  Steam,  and  its  application  to  the  Usefid  Arts,  especially  to 
Navigation.     8vo,  doth. $1 .00 

WARING,   G.   E.,  Jr.      Sewerage    and    Land    Drainage. 

Illustrated  with  woodcuts  in  the  text,  and  full-page  and  folding 
plates.    New  Edition In  Press. 

Modem   Methods   of  Sewage  Disposals  for   Towns, 

Public  Institutions  and  Isolated  Houses.    Second  Edition,  revised 
and  enlarged.    260  pages.    Illustrated.    Cloth $2 .  00 
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WARING,  G.  E.y  Jr.    How  to  Drain  a  House. 

Information  for  HousdioldeTB.  Third  EdUion,  enlarged.  12mo, 
doth. $1.25 

WARREN.    F.   D.    Handbook    on   Reinforced   Concrete. 

16mo,  doth,  illustrated net,  $2 .50 

WATSON,  E.  P.    Small  Engines  and  Boilers.    A  Manual 

of  Concise  and  Specific  Directions  for  the  Construction  of  Small 
Steam-engines  and  Boilers  of  Modem  Types  from  five  Horse- 
power down  to  moded  sizes.  Illustrated  with  Numerous  Dia- 
grams and  Eblf-tone  Cuts.    12mo,  cloth $1 .25 


WATT,  A.    Electro-plating  and  Electro-refining  of  Metals : 

being  a  new  edition  of  Alexander  Watts'  "Electro-Deposition." 
Revised  and  largely  rewritten  by  Arnold  Philip,  B.Sc.  With 
numerous  figures  and  engravings.  8vo,  cloth,  illustrated,  680 
pages. net,  $4.50 

Electro-metallurgy    Practically    Treated.      Eleventh 

Edition,  considerably  eriarged,    12mo,  cloth $1 .00 

The  Art  of  Soap-making.    A  Practical  Handbook  of 

the  Manufacture  of  Hard  and  Soft  Soaps,  Toilet  Soaps,  etc.  In- 
cluding many  New  Processes,  and  a  Chapter  on  the  Kecover^r  of 
Glycenne  from  Waste  Lyes.  With  illustrations.  Fifth  Edition, 
revised  and  enlarged,    8vo,  doth. $3 .00 

The  Art  of  Leather  Manufacture:    being  a  Practical 


Handbook,  in  which  the  Operations  of  Tanning,  Currying  and 
Leather  Dressing  are  Fully  Described,  and  the  Principles  of 
Tanning  Explained,  and  many  Recent  Processes  Introduced. 
With  numerous  illustrations.    New  Edition In  Press. 

WEALE,  J.    A  Dictionary  of  Terms  Used  in  Architecture, 

Building,  Engineering,  Mining,  MetuUargy,  Archseolog^,  the  Fine 
Arts,  etc.,  with  explanatory  observations  connected  with  applied 
Science  and  Art.  Fifth  Edition,  revised  and  corrected.  12mo, 
cloth $2.50 

WEBB,  H.  L.    A  Practical  Guide  to  the  Testing  of  Insu- 
lated Wires  and  Cables.    Illustrated.     12mo,  doth $1 .00 

The  Telephone  Handbook.      128  Illustrations.      146 

pages.     lOmo,  cloth $1 .00 
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WEEKESy  R.  W.  The  Design  of  Alternate  Current  Trans- 
formers,   niustrated.    12mo,  doth $1 .00 

WEISBACH,    J.    A    Manual    of    Theoretical   Mechanics. 

Ninth  American  edition.  Translated  from  the  fourth  aiigmented 
and  improved  German  edition,  with  an  Introduction  to  the  Calculus 
by  Eckiey  B.  Coxe,  A.M.,  Mining  Engineer.     1,100  pages  and  902 

woodcut  illustrations.    8vo,  cloth S6.00 

Sheep. $7.50 

and  HERRMANIV^y  G.    Mechanics  of  Air  Machinery. 

Authorized  translation,  with  an  appendix  on  American  practice 
by  A.  Trowbridge.  With  figures,  diagrams,  and  folding  plates. 
8vo,  cloth,  illustrated net,  $3 .  75' 

WESTON,  E.  B.    Tables  Showing  Loss  of  Head  Due  to 

Friction  of  Water  in  Pipes.    Second  Edition,     12mo,  doth . .  $1 .  50 

WETMOUTHy  F.  M.    Drum  Armatures  and  Commutators. 

(Theory  and  Practice.)  A  complete  Treatise  on  the  Theory 
and  Construction  of  Drum  Winding,  and  of  conunutators  for 
closed-coil  armatures,  together  with  a  full  r6sum6  of  some  of  the 
principal  points  involved  in  their  design,  and  an  exposition  of 
armature  reactions  and  sparking.    8vo,  cloth $3 .  00 

WHEELER,   J.    B.,    Prof.    Art   of   War.     A   Course    of 

Instruction  in  the  Elements  of  the  Art  and  Science  of  War,  for 
the  Use  of  the  Cadets  of  the  United  States  Military  Academy, 
West  Point,  N.  Y.     12mo,  cloth $1 .  75 

Field  Fortifications.  The  Elements  of  Field  Forti- 
fications, for  the  Use  of  the  Cadets  of  the  United  States  Military 
Academy,  West  Point,  N.  Y.     12mo,cloth $1.75 

WHIPPLE,  S.y  C.E.    An  Elementary  and  Practical  Treatise 

on  Bridge  Building.     8vo,  cloth $3 .  00 

WHITE,  W.  H.,  K.C.B.    A  Manual  of  Naval  Architecture, 

for  use  of  Officers  of  the  Royal  Navy,  Officers  of  the  Mercantile 
Marine,  Yachtsmen,  Shipowners  and  Shipbuilders.  Containing 
many  figures,  diagrams  and  tables.  Thick,  8vo,  cloth,  illus- 
trated   $9.00 

WH/KINSON,  H.  D.    Submarine  Cable-laying,  Repairing, 

and  Testing.    8vo,  cloth.    New  Edition In  Press. 
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WILLIAMSON,  R.  &    On  the  Use  of  the  Barometer  on 

Surveys  and  Recozmoissanoes.  Part  I.  Meteorology  in  its  Con- 
nection with  Hypsometry.  Part  II.  Barometric  Hypeometry. 
With  illustrative  tables  and  engravings.    4to»  doth $15.00 

Practical  Tables  in  Meteorology  and  Hypsometry,  in 

connection  with  the  use  of  the  Barometer.    4tO|  doth $2 .  50 


WILSON,  6.    Inorganic  Chemistry,  with  New  Notation* 

Revised  and  enlarged  by  H.  G.  Madan.  New  ediHon.  12mo, 
cloth $2.00 

f 

WILLSON,   F.   N.     Theoretical   and   Practical   Graphics. 

An  Eklucational  Course  on  the  Theory  and  Practical  Ap^ications 
of  Descriptive  Geometry  and  Mechanical  Drawing.  Prepared 
for  students  in  General  Science,  Engraving,  or  Architecture. 
Third  Edition,  revised.    4to,  cloth,  illustrated nat,  $4.00 

Note-taking,  Dimensioning  and  Lettering.    4to,  Cloth, 

illustrated neT,  $1 .26 

r 

Third  Angle  Method  of  Making  Working  Drawings. 

4to,  cloth,  illustrated md,  $1 .25 

Some    Mathematical    Curves,    and    Their    Graphical 

Construction.    4to,  doth,  illustrated net,  $1 .  50 


Practical   Engineering,    Drawing,    and   Third   Angle 

Projection.    4to,  doth,  illustrated net,  $2.80 

Shades,  Shadows,  and  Linear  Perspective.    4to,  Cloth. 

illustrated net,  $1 .  00 

Descriptive   Geometry  —  Pure    and   Applied,   with   a 

chapter  on  Higher  Plane  Curves,  and  the  Hdix.  4to,  cloth 
illustrated net,  $3.00 

WINKLER,  C,  and  LUNGE,  G.    Handbook  of  Technical 

Gas-Anal3r8is.  With  figures  and  diagrams.  Second  English  edv- 
Hon.  Translated  from  the  third  greatly  enlarged  German  edition, 
with  some  additions  by  Geoiige  Lunge,  Ph.D.  8vo,  doth,  illus- 
trated, 190  pages $4 .00 
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WOODBURY,  D.  V.    Treatise  on  the  Various  Elements 

of  Stability  in  the  Well-proportioned  Arch.  With  numerous 
tables  of  uie  Ultimate  and  Actual  Thrust.  Svo,  half  morocco. 
Illustrated v S4.00 

WRIGHT,  A.  C.    Analysis  of  Oils  and  Allied  Substances. 

8vo,  cloth,  illustrated,  241  pages ne/,  $3.60 

Simple  Method  for  Testing  Painters'  Materials.    8yo, 

•  doth,  160  pages n«/,  $2.60 

WRIGHT,  T.  W.,   ProL    (Union   College.)    Elements  of 

Mechanics;  including  Kinematics,  Kinetics  and  Statics.  With  ap- 
plications.   Third  Edition f  revised  and  enlarged,  8vo,  doth ...  $2 .  50 

— ^  and  HAYFORD,  J.  F.    Adjustment  of  Observations 

by  the  Method  of  Least  S<]|uares,  with  applications  to  Geodetic 
Work.   Second  Edition,  rewritten.   8vo,  clotn,  illustrated,  net,  $3 .  00 

YOUNG,  J.  E.    Electrical  Testing  for  Telegraph  Engineers. 

With  Appendices  consisting  of  Tables.    8vo,  cloth,  illus. . .  $4.00 

YOUNG  SEAMAN'S   MANUAL.    Compiled  from  Various 

Authorities,  and  Illustrated  with  Numerous  Original  and  Select 
Designs,  for  the  Use  of  the  United  States  Training  Ships  and  the 
Marine  Schools.     8vo,  half  roan $3 .00 

ZEUNER.  A.y  Dr.  Technical  Thermodynamics.  Trans- 
lated irom  the  German,  by  Prof.  J.  F.  Klein,  Lehigh  University. 
8vo,  doth,  illustrated In  Press, 

ZIMMER,  6.  F.  Mechanical  Handling  of  Material.  Be- 
ing a  treatise  on  the  handling  of  material,  such  as  coal,  ore,  tim- 
ber, etc.,  by  automatic  and  semi-automatic  machinery,  together 
with  the  various  accessories  used  in  the  manipulation  of  such 
plant,  also  dealing  fully  with  the  handling,  storing,  and  ware- 
nousing  of  grain.  With  542  fibres,  diagrams,  full-page  and  fold- 
ing plates.    Ro3ral  8vo,  cloth,  illustrated. net,  $10 .00 

ZIP3ER.  J.    Textile  Raw  Materials,  and  Their  Conversion 

into  Yams,  The  study  of  the  Raw  Materials  and  the  Technology 
of  the  Spinning  Process.  A  Text-book  for  Textile,  Trade  and 
higher  Technic^  Schools,  as  also  for  seIf>instruction.  Based  upon 
the  ordinary  syllabus  and  curriculum  of  the  Imperial  and  Royal 
Weaving  Schools.  Translated  from  the  German  by  Chas.  Salter. 
8vo,  doth,  illustrated vet,  $5.00 


Catalogtie  of  the  Van  Nostrand 

Science  Series. 


'T^HEY  are  put  up  in  a  uniform,  neat,  and  attractive  form.    i8mo, 
boards.     Price  §o  cents  per  volume.     The  subjects  are  of  an 
eminently  scientific  character  and  embrace  a  wide  range  of  topics,  and 
are  amply  illustrated  when  the  subject  demands. 

No.  I.  CHIMNEYS  FOR  FURNACES  AND  STEAM  BOILERS.  By 
R.  Armstrong,  C.E.  Third  American  Edition.  Revised  and 
partly  rewritten,  with  an  Appendix  on  "Theory  of  Chimney 
Draught,"  by  F.  E.  Idell,  M.E. 

No.  2.  STEAM-BOILER  EXPLOSIONS.  By  Zerah  Colbum.  New 
Edition,  revised  by  Prof.  R.  H.  Thurston. 

No.  3.  PRACTICAL  DESIGNING  OF  RETAINING-WALLS.  Fourth 
edition,  by  Prof.  W.  Cain. 

No.  4.  PROPORTIONS  OF  PINS  USED  IN  BRIDGES.  By  Charles 
£.  Bender,  C.E.    Second  edition,  with  Appendix. 

No.  5.  VENTILATION  OF  BUILDINGS.  By  Wm.  G.  Snow,  S.B.,  and 
Thos.  Nolan,  A.M. 

No.  6.  ON  THE  DESIGNING  AND  CONSTRUCTION  OF  STORAGE 
Reservoirs.  By  Arthur  Jacob,  B.A.  Third  American  edition, 
revised,  with  additions  by  E.  Sherman  Gould. 

No.  7.  SURCHARGED  AND  DIFFERENT  FORMS  OF  RETAINING- 

walls.     By  James  S.  Tate,  C.E. 

No.  8.  A  TREATISE  ON  THE  COMPOUND  STEAM-ENGINE.    By 

John  Tumbull,  Jr.     2nd  edition,  revised  by  Prof.  S.  W.  Robinson. 

No.  9.  A  TREATISE  ON  FUEL.    By  Arthur  V.  Abbott,  C.B.    Founded 

on  the  original  treatise  of  C.  WiUiam  Siemens,  D.C.L.    i?hird  ed. 

No.  xo.  COMPOUND  ENGINES.  Translated  from  the  French  of  A. 
Mallet.  Second  edition,  revised  with  results  of  American  Prac- 
tice, by  Richard  H.  Buel,  C.E. 

No.  zz.  THEORY  OF  ARCHES.    By  Prof.  W.  Allan. 

No.  za.  THEORY  OF  VOUSSOIR  ARCHES.  By  Prof.  Wm.  Cain. 
Third  edition,  revised  and  enlarged. 

No.  zj.  GASES  MET  WITH  IN  COAL  MINES.  By  J.  T.  Atkinson. 
Third  edition,  revised  and  enlaived,  to  which  is  addea  The  Action 
of  Coal  Dusts  by  Edward  H.  Williams,  Jr. 
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No.  14.  FRICTION  OF  AIR  IN  MINES.  By  J.  J.  Atkinson.  Second 
Ameriean  edition. 

No.  15.  SKEW  ARCHES.  By  Prof.  E.  W.  Hyde,  C.E.  Illustrated. 
Second  edition. 

No.  x6.  GRAPHIC  METHOD  FOR  SOLVING  CERTAIN  QUESTIONS 
in  Arithmetic  or  Algebra.  By  Prof.  G.  L.  Vose.  Second 
edition. 

No.  17.  WATER  AND  WATER-SUPPLY.  By  Prof.  W.  H.  Corfield, 
of  the  University  Collie,  London.    Second  Ameriean  edition. 

No.  18.  SEWERAGE  AND   SEWAGE  PURIFICATION.    Bv   M.    N. 

Baker,  Associate  Editor  ''Engineering  News."     Second  edition, 
revised  and  enlarged. 

No.  19.  STRENGTH  OF  BEAMS  UNDER  TRANSVERSE  LOADS. 
By  Prof.  W.  AHan,  author  of  "Theoiy  of  Arches."  Second 
edition,  revised. 

No.  30.  BRIDGE  AND  TUNNEL  CENTRES.  By  John  B.  McMaster, 
C.E.     Second  edition. 

No.  21.  SAFETY  VALVES.    By  Richard  H.  Buel,  C.E.     Third  edition. 

No.  as.  HIGH  MASONRY  DAMS.  By  E.  Sherman  Gould,  M.  Am. 
Soc.  O.  E. 

No.  23.  THE  FATIGUE  OF  METALS  UNDER  REPEATED  STRAINS. 
With  various  Tables  of  Results  and  Experiments.  From  the 
German  of  Prof.  Ludwig  Spaogenburg,  with  a  Preface  by  S.  H. 
Shreve,  A.M. 

No.  24.  A  PRACTICAL  TREATISE  ON  THE  TEETH  OF  WHEELS. 

By  Prof.  S.  W.  Robinson.     2nd  edition,  revised,  with  additions. 

No.  25.  THEORY  AND  CALCULATION  OF  CANTILEVER  BRIDGES. 
By  R.  M.  Wilcox. 

No.  26.  PRACTICAL  TREATISE  ON  THE  PROPERTIES  OF  CON- 

tinuous  Bridges.     By  Charles  Bender,  C.E. 

No.  27.  BOILER  INCRUSTATION  AND  CORROSION.  By  F.  J. 
Rowan.  New  edition.  Revised  and  partly  rewritten  by  F.  E, 
IdeU. 

No.  2S.  TRANSMISSION  OF  POWER  BY  WIRE  ROPES.    By  Albert 

W.Stahl)  U>S.N.    Second  edition,  revised. 

No.  29.  STEAM  INJECTORS.  THEIR  THEORY  AND  USE.  Trans- 
latedfrom  the  French  ot  M,  Leon  Pochet. 

No.  30.  MAGNETISM    OF    IRON    VESSELS    AND    TERRESTRIAL 

Magnetism.     By  Prof.  Fairman  Rogers. 
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No.  31.  THE  SAinTARY  GONDIHOH  OF  CITT  AHD  COUHTRT 
Dwelling-houBes.  By  Geoige  E.  WanDg.  Jr.  Second  edition, 
revised. 

No.  32.  CABLB-MAKINO    FOR    SUSPENSION   BRIDGSa    Bj    W. 

Hildenbrand,  C.E. 

No.  33.  MECHANICS  OF  VENTILATION.    By  George  W.  Rafter,  CB. 

Second  edition,  revised. 

No.  34.  FOUNDATIONS.     By  Prof.    Julee    Gaudard,    C.B.     Thma- 

lated  from  the  French.    Second  edition. 

No.  35.  THE  ANEROID  BAROMETER:  ITS  CONSTRUCTION  AND 
Use.  Compiled  by  George  W.  Piympton.  Ninth  edition, 
revised  and  enlarged. 

No.  36.  MATTER  AND  MOTION.  By  J.  Qerk  MazweU,  MJL  Second 
American  edition. 

No.  37.  GEOGRAPHICAL  SURVEYING:  ITS  USES,  ICETHODSp 
and  Results.     By  Frank  De  Yeaux  Carpenter,  C.E. 

No.  38.  MAXIMUM  STRESSES  IN  FRAMED  BRIDGES.  By  Prof. 
William  Cain,  A.M.,  C.E.     New  and  revised  edition. 

No.  39.  A    HANDBOOK    OF    THE    ELECTRO-MAGNETIC    TELE- 

graph.     By  A.  E.  Loring.     Fourth  edition,  revised. 

No.  40.  TRANSMISSION  OF  POWER  BY  COMPRESSED  AIR.    By 

Robert  Zahner,  M.E.     New  edition,  in  press. 

No.  41.  STRENGTH  OF  MATERIALS.  By  WlUiam  Kent,  C.E., 
Assoc.  Editor  ''Engineering  News.''    Second  edition. 

No.  43.  THEORY  OF  STEEL-CONCRETE  ARCHES,  AND  OF 

Vaulted    Structures.      By    Prof.    Wm.    Cain.      Third    edition, 
thoroughly  revised. 

No.  43.  WAVE  AND  VORTEX  MOTION.    By  Dr.   Thomas  Craig^ 

of  Johns  Hopkins  University. 

No.  44.  TURBINE  WHEELS.  By  Prof.  W.  P.  Trowbridge,  Columbia 
College.     Second  edition.     Hevised. 

No.   45.  THERMO-DYNAMICS.    By  Prof.   H.   T.   Eddy,   Univenity 

of  Cincinnati.     New  edition,  in  press. 

No.  46.  ICE-MAKING  MACHINES.    From  the  French  of  M.  Le  Douz. 

Revised  b^  Prof.  J.  E.  Denton,  D.  S.  Jacobus,  and  A.  Riesenberger. 
Fifth  edition,  revised. 

No.  47.  LINKAGES:  THE  DIFFERENT  FORMS  AND  USES  OF 
Articulated  Links.     By  J.  D.  C.  De  Roos. 

No.  48.  THEORY  OF  SOLID  AND  BRACED  ELASTIC  ARCHES 
By  William  Cain,  C.E. 

No.  49.  MOTION  OF  A  SOLID  IN  A  FLUID.    By  Thomas  Craig,  Ph.D. 
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Ko.  50.  DWELLING-HOnSES:  THEIR  SANITARY  CONSTRUC- 
tion  and  Arrangements.    By  Prof.  W.  H.  Corfield. 

Ho.  51.  THE  TELESCOPE :  OPTICAL  PRINCIPLES  INVOLVED  IN 
the  Construction  of  Refracting  and  Reflecting  Telescopes,  with 
a  new  chapter  on  the  Evolution  of  the  Modem  Telescope,  and  a 
BibUograpnv  to  date.  With  diagrams  and  folding  plates.  By 
Thomas  Nolan.     Second  edition,  revised  and  enlarged. 

No.  52.  IMAGINARY  QUANTITIES:  THEIR  GEOMETRICAL  IN- 
terpretation.  Translated  from  the  French  of  M.  Argand  by 
Prof.  A.  S.  Hardy. 

No.  s$.  INDUCTION  COILS:  HOW  MADE  AND  HOW  USED. 
Seventh  American   edition. 

No.  $4.  KINEMATICS  OF  MACHINERY.  By  Prof.  Alex.  B.  W. 
Kennedy.     With  an  introduction  by  Prof.  R.  H.  Thurston. 

No.  55.  SEWER  GASES:    THEIR  NATURE  AND  ORIGIN.    By  A. 

de  Varona.    Second  edition,  revised  and  enlarged. 

No.  56.  THE  ACTUAL  LATERAL  PRESSURE  OF  EARTHWORK. 

By  Benj.  Baker,  M.  Inst.,  C.E. 

No.  57.  INCANDESCENT  ELECTRIC  LIGHTING.  A  Practical  De- 
scription  of  the  Edison  System.  By  L.  H.  Latimer.  To 
which  is  added  the  Design  and  Operation  of  Incandescent  Sta- 
tions, by  C.  J.  Field;  and  the  Maximum  Efficiency  of  Incandescent 
Lamps,  by  John  W.  Howell. 

No.  58.  VENTILATION  OF  COAL  MINES.  By  W.  Fairley,  M.E., 
and  Geo.  J.  Andr^. 

No.  59.  RAILROAD  ECONOMICS;  OR,  NOTES  WITH  COMMENTS. 
By  S.  W.  Robinson,  C.E. 

No.  60.  STRENGTH    OF    WROUGHT-IRON    BRIDGE    MEMBERS. 

By  S.  W.  Robinson,  C.E. 

No.  6x.  POTABLE    WATER.    AND    METHODS    OF    DETECTING 

Impurities.     By  M.  N.  Baker.    Second  ed.,  revised  and  enlarged. 

No.  6a.  THEORY  OF  THE  GAS-ENGINE.  By  Dougald  Clerk.  Third 
edition.     With  additional  matter.     Edited  by  F.  E.  Idell,  M.E. 

No.  63.  HOUSE-DRAINAGE  AND  SANITARY  PLUMBING.  By  W. 
P.  Gerhard.     Tenth  edition. 

No.  64.  ELECTRO-MAGNETS.    By  A.  N.  Mansfield. 

No.  6s.  POCKET  LOGARITHMS  TO  FOUR  PLACES  OF  DECIMALS. 

Including  Logarithms  of  Numbers,  etc. 

No.  66.  DYNAMO-ELECTRIC  MACHINERY.  By  S.  P.  Thompson. 
With  an  Introduction  by  F.  L.  Pope.     Third  edition,  revised. 

No.  67.  HYDRAULIC  TABLES  FOR  THE  CALCULATION  OF  THE 
Discharge  through  Sewers,  Pipes,  and  Conduits.  Based  on 
"KuttePs  Formula."     By  P.  J.  Flynn. 
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No.  68.  STEAM-HEATIHG.  Bj  Robert  Biioi.  Third  edition,  re- 
viBed,  with  additions  by  A.  R.  Wolff. 

No.  69.  CHEMICAL    PROBLEMS.    By    Prof.    J.    C.    Foye.    Fourth 

edition,  revised  and  enlai^ged. 

No.  70.  EXPLOSIVE  MATERIALS.    By  Lieut  John  P.  Wisser. 

No.  71.  DYNAMIC    ELECTRICITY.    By    John    Hopkinson,    J.    A. 

Shoolbred,  and  R.  E.  Day. 

No.  72.  TOPOGRAPHICAL  SURVEYING.  By  George  J.  Specht« 
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